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Abstract

This document provides results regarding CT2 that were omitted from the main text.

1 Proof of Theorems

Proof of part (c) of Theorem 1. We prove (3.3) by contradiction. That is, suppose that lim inf x_,o (Pn(0n €
CI*) — Py(y € CI)) < 0 for some j = 1,2,3. We can then find a subsequence {ky}yen s.t.

A}im (Piy (Oky € CI2) — Pyy (0gy € CIS)) > 0 for some j = 1,2,3. (S-1)
—00
The proof is completed by showing that (S-1) cannot hold.

By possibly taking a further subsequence,

V kN(eu(PkN) - el(PkN) - ka)? V kN(el(PkN) - 9kN)7 1% kN(ekN - eu(PkN))
— (el)eu)gl70uap7u7nu\1117\1111)' (8_2)
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where {by}n>1 is the tuning parameter sequence used to implement C'1T, 3
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We then divide the argument into six exhaustive cases, depending on possible values of (u, U, ¥,,).
In this regard, note that Oy € O;(Py)¢ implies that either (i) Vkn(0;(Pry) — Oky) > 0 or (ii)
VEN(Oky — 0u(Pry)) > 0. By taking limits, we conclude that either (i) ¥; > 0 or (ii) ¥, > 0. The

result is completed by showing that none of the following exhaustive cases satisfy (S-1).

Case 1: =00, ¥; > 0, and i € (0, 00]. Then, for any j = 1,2, 3, consider the following derivation.

1)
PkN(HkN € Clé) > PkN(ekN € Cjiya)

= Py (01— 610(p)/ Vb < Opy < Ou+ 6uc(p)/ k)
{VEN (01— 0(Piy)) /61— c(p) < —VEN(O(Pry) — Oky ) /5130
= Py { ~VEN(O(Pry) = Oky ) /0w — VEN(Ou(Pry) — 01(Pry))/6u < }
\/ﬁ(éu - Hu(PkN))/(AﬂL + c(pA)
P({z1 —c(p) < =Vi/or} N{=(V; + p)/ou < 220/ 1= p* + 21p+¢c(p)})
P({z1 —c(p) < =V /01})
O(c(p) — ¥y /oy)

(I)((I’_l(l — Oc) — \I/l/Ul)
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lim Py, (0x, € CT2), (S-3)

where (1) holds by CI+® C CI4 with CIN® = [6; — 61¢(p)/VEN, O + 6uc(p) /v En] with ¢() as in
Definition S-1, (2) by (S-2), Lemma S-1, and OBS (Definition 1), (3) by u = oo, (4) by Lemma
S-2, and (5) by part (a) of Lemma 1, Fy(0c0,07,0,) = ®1(1 — a), part (a) of Lemma 2, and part
(c) of Lemma 3. Note that (S-3) implies that (S-1) fails.

Case 2: pu = oo, U; > 0, and € [—00,0]. By this and Lemma 4, we deduce that p = 1 and

o = 07 = 0. Then, for any j = 1,2, 3, consider the following derivation.

—

1)
Puy Oy € CIE) = Piy(0h, € OIS

{VEN (01 = 01(Piy)) /61— c(p) < —VEN(O(Piy) = Ory) /130
Py { ~VENO1(Pry) = k) /60 — VEN(Ou(Pry) — 01(Pry)) /0w }
< VEN(Ou = 0u(Pry)) /6w + c(p)
P({z1 —c(1) < =¥ /a})
2 P{z— 9 (1 - /2) < —T;/0})
= O(d (1 —/2) - V;/0)

@ .
> lim Py (O € C1L1), (5-4)
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where (1) holds by CIo® C CI4 with CIN® = [6; — 61¢(p)/VEN, Oy + 6uc(p) /v/En] with ¢() as in
Definition S-1, (2) by (S-2), Lemma S-1, and OBS (Definition 1), (3) by Lemma S-3, and (4) by



11 —-a/2) > d (1 —a), Lemma 1, Fi(c0,0,0) = ®1(1 — a), part (a) of Lemma 1, and parts
(b) and (d) of Lemma 3. Note that (S-4) implies that (S-1) fails.

Case 3: u < oo and ¥; > 0. By p € Ry, it follows that 6, (P, ) —6;(Pgy) — 0. By this and Lemma
4, we deduce that p = 1 and 0 = 07 = 0,,. Also, by repeating the argument in (A-5), we deduce
that ®~'(1 — /2) > G(u/o). Then, for any j = 1,2,3, consider the following derivation.

—

1)
Py Oy € Clé) > Poy(Ory € Clgﬂ)

{(VEN (0 — 0:(Piy)) /61 — c(p) < —VEN(01(Pry) — Ory)/1}0
Piy { —VEN (O Piy) = Okn) /60 — VEN(Ou(Pry) — 0(Piy)) /6 }

B P({z1— e(1) < ~Wifo} N{~(U1+ ) /o < 21+ (1))
(W + p)fo+ (1 - a/2) - B(Wfo — (1 - a/2))
(é) ]\}E}n PkN (HkN S Cfg[), (8_5)

where (1) holds by CI&® C CI4 with CIx® = [6; — 61¢(p)/VEN, O + 6uc(p) /v/En] with ¢() as in
Definition S-1, (2) by (S-2), Lemma S-1, and OBS (Definition 1), (3) by Lemma S-3, and (4) by
d~1(1 — a/2) > G(u/o), Lemma 1, Fy(u,0,0) = G(u/o), part (a) of Lemma 2, and part (e) of
Lemma 3. Note that (S-5) implies that (S-1) fails.

Case 4: p = o0, ¥,, > 0, and n € (0,00]. This case is analogous to case 1 and, therefore, omitted.
Case 5: p =00, ¥, >0, and n € [—o0,0]. This case is analogous to case 2 and, therefore, omitted.
Case 6: u < oo and ¥, > 0. This case is analogous to case 3 and, therefore, omitted.

To conclude the proof, it suffices to verify (3.3) holds strictly for suitably chosen sequences
{(Pn,0n) € P x O7(Pn)}nen. We use Example 1 with Y =0, Y = 1, {V;|Z; = 1} ~ Be(1/2),
and Z; ~ Be(1 — n(Py)), where 7(Py) = (InN)/v'N +a1/vVN | 0 for some a; > 0. We
consider coverage of O = 0;(Py) — aa/ VN e © 1(Py)¢ for some az > 0 and CI2 implemented with
by = (InN)/+/N and the full sample the data (i.e., A = 1).

By repeating arguments presented in the proof of Theorem 2, we deduce that (0;, 0, o7, 0w, p, 1, m, ¥;) =
(1/2,1/2,1/2,1/2,1, 00, a1, az), and part (c) of Lemma 3 implies that

Jim Py (0y € CI3) = ®(@ (1 —a) — 2V \as). (S-6)
—00
In turn, Lemmas 1, 2, S-3, and S-4 imply that

Jim Py(fy € CIl) = ®(@ 11— a)—2VAag) forj=1,2,
—00

Jim Py (0 € CIY) = (11— a/2) — 2V Aay). (S-7)



The desired result follows from (S-6), (S-7), and ®~1(1 — a) < ®~(1 — «/2). For instance, using
a1 = 1.5, as = 0.01, and o = 0.05 yields limy_yo0 Py (0 € CI2) = 0.974 > 0.948 limy_yo0 Py (O €
CI}) =limy 0o Py(Oy € CI2) = limy_ oo Pn(On € CI3). m

Proof of Theorem 5. To show this result, we construct specific sequences where (3.9) and (3.10)

can occur. We focus on sequences {(Py,0n) € P x O7(Pn)°} nen s.t.

VN (0., (P [(PN)), VN(0i/(Py) — 0n), VN (6N — 0.,(Py))
% (0l70u7UlE70-57pE’O-lI7J/{L7pI7M’ g’l7\Pu)' (8_8)

( 0.(Pn), 0u(Pn), of (Pn), o (Pn), p¥ (Px), of (Pn), of(Pn), o' (PN) )
N) — 6

I

w*

with ¥; > 0 and p € R,. By Lemma 4, p¥ = p! =1 and alE =P and alI =0

u

We can construct concrete sequences in the context of Example 1. In particular, we use
Example 1 with Y = 0, Y = 1, {V;|Z; = 1} ~ Be(1/2), and Z; ~ Be(l — n(Py)), where
7(Py) = ai1/VN | 0 for some a; > 0. We consider coverage of 6 = 0;(Pn) —as/V'N € O7(Py)°
for some as > 0 and CT2 implemented with the subsample of the data {(Y;, Zl)}}ijl\” for A € (0,1].
In this context, we consider two estimators for the bounds. The efficient estimator uses the full
sample, while the inefficient estimator uses only a fraction A = ag € (0,1) of the sample. By

repeating arguments in Theorem 2, we deduce that (S-8) holds with

(11111 11
227227 2 /a3’ 2,/az

E FE E I I I
(elaeuao-l yOusP 501,04, P 7,“’7\111) = ,1,(11,@2).

Part (b) of Lemma S-4 then yields

Jim Py (0 € CINE) = ©(2(az+a1) + @7 1(1 — a/2)) — @(2ap — @7 1(1 — o/2)),

Jim Py (fy € CIy') = ®(2yaz(az +a1) + @ (1 — a/2)) — ®(2y/azas — (1 — a/2)).

We now verify the strict inequalities. To obtain (3.9), set a; = ag = 1, a3 = 0.3, and o = 0.05,

which give
lim Py(fy € CIZF) = 048 < 0.81 = lim Py(0y € CI2T).
N—oo N—o0
To obtain (3.10), set a; = 0.15, ag = 0.01, ag = 0.3, and o = 0.05, which give
lim Py(y € CI®F) = 0.963 > 0.958 = lim Py(8y € CIZT).
N—oo N—oo

This completes the proof. m



2 Auxiliary material
This section collects auxiliary definitions and intermediate results that are useful to prove parts
(e)-(f) of Theorem 1 and Theorem 5.

Definition S-1. For any p € [—1,1], c(p) is the unique c that solves

. {z1-A—-c<0< pzi 4 200/1 = p2 4 ¢} U )
in = 1-aq,
2200 \ {|[(L+p)z1 +22¢/1 = p? = A < 24+ 2p27 (1~ a/2)}

where z = (21, 22) ~ N (02x1,I2x2).

Remark S-1. By definition, Stoye (2020) uses ¢* = c(p). To see this, observe that z = (21, z2) ~

N (02x1,Iax2) is equivalent to Z(p) = (21(p), Z2(p)) = (21, p21 + 220/ 1 — p?) ~ N (0251, [1, p; p, 1]).
Therefore, c(p) can equivalently be characterized as the unique ¢ solving

infp< {21(p) — A — ¢ S 0 < 5(p) + cJU ) o
2207\ {12100) + 22(p) — Al < VIF (1 — a/2)}

If we set p = p and condition on p, the above expression coincides with the one in Stoye (2020).

Lemma S-1. ¢(p) in Definition S-1 is a continuous function of p € [—1,1].

Proof. Define the function G : [—1,1] x Ry x R, as follows:

{z1 = A —¢<0< pz1 + 29/1 — p? + c}U )

Clr bl = P( (L4 P21+ 22T 72 - Al < VETZ567(1 - a/2)

It is easy to see that G is continuous in all its arguments. By definition,

clp) = {c : ir;fOG(p,A,c) =1- a},

where the uniqueness of the solution follows from Stoye (2020).

Suppose this is not the case, i.e., {pm}tmen with p,, — p € [=1,1] and c(pm) 4 c(p). By
possibly taking a subsequence, we have that c¢(p,) — ¢ # ¢(p) as m — oo, where ¢ € [0,00]. By
definition of ¢(pp,),

inf A =1-a -
Juf Glpm, A, c(pm)) o (5-9)

Since ¢(p) is unique and ¢ # c¢(p), we have infa>oG(p,A,¢) # 1 — a. There are two cases:
infa>0G(p,A,¢) > 1 —a or infa>o G(p, A,¢) < 1 — a. To complete the proof, it suffices to show

that both cases are contradictory.

Case 1: infa>0G(p,A,¢) > 1 — . Then, Je > 0 s.t. infa>oG(p, A, ¢) > 1 — a +e. Then, for all
A>0,G(p,A,¢) > 1—a+e. Fix A > 0 arbitrarily. By continuity of G, lim,—,o0 G(pm, A, c(pm)) =



G(p,A,¢) > 1 — a+e. Therefore, IM s.t. for all m > M, G(pm, A, c(pm)) > 1 —a + /2. Since
A > 0 was arbitrary, this implies

> 1- _
igfoG(’Om’A clpm)) > 1—a+¢e/2 > 1—-a,

which is a contradiction to (S-9).

Case 2: infa>0 G(p, A,¢) < 1—a. Then, 3¢ > 0s.t. infa>o G(p, A, &) < 1—a—e. Then, A > 0 s.t.
G(p,A,e) <1—a—¢g/2. By continuity of G, limy, 00 G(pm, A, c(pm)) = G(p, A,e) <1 —a —¢/2.
Therefore, IM s.t. for all m > M, G(pm, A, c(pm)) <1 —a — /4. Then, for all m > M,

fnf Glom, A, clpm)) < Glom, A, clpm)) < 1-a—c/4 < 1-a,

which is a contradiction to (S-9). m

Lemma S-2. For any p € [—1,1] and o € (0,1), ¢(p) in Definition S-1 satisfies c(p) > @ (1 —a).

Proof. Fix p € [—1,1] arbitrarily. Assume the result is false, i.e., ¢(p) < @~ (1 — «). Define

{z1 = A—¢c<0<pz1+29¢/1—p>+c}U
M(c) = inf P A—V2F2p07 11— a/2) <
B 21(14p) +20/1 = p2 <A+ 2+ 20071 (1 — /2)

First, we show that II(c) is strictly increasing in ¢. We have two cases, depending on whether a
minimizer of the right-hand side, denoted by A*, is finite. If A* < oo,

{z1 —A* — ¢ <0< pz1 + 22/1 — p? + c}U
H(c) = P A* — 24 2p07 11 — /2) < ,
21(14p) + 220/1 — p? < A* + 2+ 20711 — a/2)

and the right-hand side is strictly increasing in c¢. If A* = oo,
I(c) = P(0<pz1 + 221 —p?+c),

which is also strictly increasing in c.

By II(c(p)) = 1 — a and c(p) < ®71(1 — ), the strict increasingness of II(c) implies that
(@11 -a)) >1—a. Then, Je > 0 s.t. (@~ 1(1 —a)) >1—a+e. Then, for any A >0,

P {21 —A—® 11 —a) <0< pzg + 200/1 — p2 + 071 1—a}U
{A = V24200711 —a/2) < 21(14p) + 20/1 = p2 <A+ 2+ 2p071(1 — a/2)}

> 1—a+¢e/2.



Now evaluate this inequality for a sequence A,, — oo to obtain
PO<pzi+2/1—-p24+0 Y (1—a)) > 1—a+e/2.
Using Z = pz1 + 22¢/1 — p?> ~ N(0,1), we obtain
l—a+e/2 < PO<2+07'(1-a) = P(-2'(1-a)<2) = 1—aq,
which is a contradiction. m

Lemma S-3. For any a € (0,1), c(p) in Definition S-1 satisfies c(1) = ®~1(1 — a/2).

Proof. By definition,

c(l) = {c:ian( B {_CSZSA_‘_C_} N )zl—a}.
A>0 {A/2-071(1-a/2) <2< Y1 —a/2)+A/2}

Given any ¢ € R, consider the minimization of
G(A) = P(max{® (1 —a/2)+A/2,A+¢})— ®(min{A/2 — d (1 — a/2),—c})

with respect to A > 0. We have four cases.

Case 1: A >2071(1—-q/2)—2c>0. Then, A+c>® (1—a/2)+A/2and —c < A/2—-071(1-
a/2), and so G(A) = ®(A + ¢) — P(—c). The function is increasing in A, so it is minimized by
setting A = 2071(1 — a/2) — 2c.

Case 22 A > 2071(1 — a/2) — 2¢ and 207 (1 — a/2) — 2c < 0. The same argument with the
constraint A > 0 yields A = 0.

Case 3: A < 2071(1 —a/2) — 2c and 2071(1 — a/2) — 2¢ > 0. Then, G(A) = &(®~1(1 — a/2) +
AJ2) — ®(A/2 — &1 — «/2)). The function is decreasing in A, so it is minimized by setting
A=20"11-qa/2) - 2c

Case 4: A < 20741 — a/2) — 2c and 207 1(1 — a/2) — 2¢ < 0. The same argument with the
constraint A > 0 yields A = 0.

Combining all cases,

inf G(A) = { (S-10)

A>0

H{® (1 — a/2) > cH (D211 — a/2) — c) — B(—c)) } |
+I{®71(1 — a/2) < c}(®(c) — ®(—c))

Now, we solve for ¢ s.t. (S-10) equals 1 — a which, by definition, equals ¢(1).

We now show that ®~1(1—a/2) > ¢. Suppose otherwise that (1 —a/2) < c. Then, the right-
hand side of (S-10) equals ®(c) —®(—c). Then, the desired solution c¢ satisfies ®(c) —®(—c) = 1 —«,



which yields ®(c) = 1 — /2, and, so, ¢ = ® (1 — a/2), which contradicts the premise that
P 11-a/2) <e.

Since ®~1(1 — a/2) > ¢, the right-hand side of (S-10) equals ®(2®~1(1 — a/2) — ¢) — ®(—c).
Then, the desired solution c¢ satisfies
D201 —/2) —¢) —B(—c) = 1—a. (S-11)
Note that the left-hand side of (S-11) is strictly increasing in ¢. Therefore, the unique solution is
c=®1(1 - a/2), as desired. m

Lemma S-4. Let o € (0,0.5) and Assumption 1 hold. Let {(Pn,0n) € P X O1(Pn)}nen be a

sequence S.t.

( al(PN)aGu(PN)vUZ(PN)>JU(PN)ap(PN)7 )
VN(0u(Py) = 0:(Px)), VN (0,(Pn) — On), VN (0 — 0u(Px))
- (elaeuaalaauapnu'vqjlalpu)' (8—12)

Moreover, assume that ¥; > 0. Then,
(a) If p= o0, Pn(On € CI) — ®(c(p) — Wi/o).
(b) If w € Ry, then p =1, 07 = oy, and, if we denote o = o7 = oy, we get
Py(Oy € CIY) — (U4 p)/o+ 0711 —a/2)) — &(¥; /o — &1 (1 — a/2)).
Proof. As a preliminary result, note that
U, = —lm(VNOu(Py) — 0(P)) + VNO(PY) — O3) = —p—Tp  ($13)

We divide the proof into two parts.

Part (a): In this case, g = co. Then ¥; > 0 and, by (S-13), ¥,, = —oco. Hence,

Pn(Oy € CI3)
= Py(Oy € CIZ¢ U CILY)

{(VN (0, — 0,(Py)) /61— c(p) < —V/N(0,(Py) — On) /6130
{ —VN(O(Px) = On) /60 = VN(0u(Px) = 0/(Pn)) /6 }
< VN(Ou = 0u(PN)) /60 + c(p)
VN(On — 0u(Px)) /60 — VN (0((Px) — On) /61 — 2+ 2p@ 71 (1 — /2)
U < VN(B) —0,(Px)) /61 + VN8 — 0,(Pn)) /60 <
VN (0N = 0u(PN)) /60 — VN(OI(PN) = On) /61 + 2+ 20071 (1 — @/2)




X {{z1 —clp) < —W/oi} N{-Wi/o1 — p/ow < pz1 + 22¢/1 = p* + ¢(p) }}U
Y p Wy /0w — Wi /o1 — VZF 29011 — a/2) < (14 p)z1 + 220/T — p2

< Wy )ou — Vifor + V2 F 2 (1 — a)2)
2)

= P(z1—clp) < =Vi/or) = D(c(p) = Vi/01),

—~

as desired, where (1) holds by (S-12), Lemma S-1, and OBS (Definition 1), and (2) by u = oo,
U; >0, and (S-13), which implies that ¥,, = —oc.

Part (b): In this case, 4 € Ry. Lemma 4 then implies that p = 1 and o; = 0y,. Let 0 = 07 = 0y,

By a similar derivation as in part (a),

{{z1 —c(l) < —Wi/o} N{=(V1 + p)/o < z1 + c(1)}}

Py(oy ccry)y Y p L[ @ wjo 20711 - a/2) < 2
< (¥, — W) /o +2071(1 —a/2)
)

P(~(T+ p) /o — @ (1—a/2) < 21 < —Wy /o + (1 - a/2))
S((Wy+ 1) /o + (1 - a/2)) - B(Tyfo — (1 - a/2)),

where (1) holds by (S-12), Lemma S-1, and OBS (Definition 1), and (2) by Lemma S-3, u > 0,
U; > 0, and (S-13), which implies that ¥,, = —p — ¥;. m
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