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Abstract

This document provides results regarding CI4α that were omitted from the main text.

1 Proof of Theorems

Proof of part (c) of Theorem 1. We prove (3.3) by contradiction. That is, suppose that lim infN→∞(PN (θN ∈
CI4α)− PN (θN ∈ CIjα)) < 0 for some j = 1, 2, 3. We can then find a subsequence {kN}N∈N s.t.

lim
N→∞

(PkN (θkN ∈ CIjα)− PkN (θkN ∈ CI4α)) > 0 for some j = 1, 2, 3. (S-1)

The proof is completed by showing that (S-1) cannot hold.

By possibly taking a further subsequence,(
θl(PkN ), θu(PkN ), σl(PkN ), σu(PkN ), ρ(PkN ),

√
kN (θu(PkN )− θl(PkN )),√

kN (θu(PkN )− θl(PkN )− bkN ),
√
kN (θl(PkN )− θkN ),

√
kN (θkN − θu(PkN ))

)
→ (θl, θu, σl, σu, ρ, µ, η,Ψl,Ψu). (S-2)

where {bN}N≥1 is the tuning parameter sequence used to implement CI3α.
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We then divide the argument into six exhaustive cases, depending on possible values of (µ,Ψl,Ψu).

In this regard, note that θN ∈ ΘI(PN )c implies that either (i)
√
kN (θl(PkN ) − θkN ) > 0 or (ii)

√
kN (θkN − θu(PkN )) > 0. By taking limits, we conclude that either (i) Ψl ≥ 0 or (ii) Ψu ≥ 0. The

result is completed by showing that none of the following exhaustive cases satisfy (S-1).

Case 1: µ = ∞, Ψl ≥ 0, and η ∈ (0,∞]. Then, for any j = 1, 2, 3, consider the following derivation.

PkN (θkN ∈ CI4α)
(1)

≥ PkN (θkN ∈ CI4,aα )

= PkN (θ̂l − σ̂lc(ρ̂)/
√

kN ≤ θkN ≤ θ̂u + σ̂uc(ρ̂)/
√

kN )

= PkN

 {
√
kN (θ̂l − θl(PkN ))/σ̂l − c(ρ̂) ≤ −

√
kN (θl(PkN )− θkN )/σ̂l}∩{

−
√
kN (θl(PkN )− θkN )/σ̂u −

√
kN (θu(PkN )− θl(PkN ))/σ̂u ≤

√
kN (θ̂u − θu(PkN ))/σ̂u + c(ρ̂)

} 
(2)→ P ({z1 − c(ρ) ≤ −Ψl/σl} ∩ {−(Ψl + µ)/σu ≤ z2

√
1− ρ2 + z1ρ+ c(ρ)})

(3)
= P ({z1 − c(ρ) ≤ −Ψl/σl})

= Φ(c(ρ)−Ψl/σl)

(4)

≥ Φ(Φ−1(1− α)−Ψl/σl)

(5)
= limPkN (θkN ∈ CIjα), (S-3)

where (1) holds by CI4,aα ⊆ CI4α with CI4,aα = [θ̂l − σ̂lc(ρ̂)/
√
kN , θ̂u + σ̂uc(ρ̂)/

√
kN ] with c(·) as in

Definition S-1, (2) by (S-2), Lemma S-1, and OBS (Definition 1), (3) by µ = ∞, (4) by Lemma

S-2, and (5) by part (a) of Lemma 1, F1(∞, σl, σu) = Φ−1(1 − α), part (a) of Lemma 2, and part

(c) of Lemma 3. Note that (S-3) implies that (S-1) fails.

Case 2: µ = ∞, Ψl ≥ 0, and η ∈ [−∞, 0]. By this and Lemma 4, we deduce that ρ = 1 and

σ = σl = σu. Then, for any j = 1, 2, 3, consider the following derivation.

PkN (θkN ∈ CI4α)
(1)

≥ PkN (θkN ∈ CI4,aα )

= PkN

 {
√
kN (θ̂l − θl(PkN ))/σ̂l − c(ρ̂) ≤ −

√
kN (θl(PkN )− θkN )/σ̂l}∩{

−
√
kN (θl(PkN )− θkN )/σ̂u −

√
kN (θu(PkN )− θl(PkN ))/σ̂u

≤
√
kN (θ̂u − θu(PkN ))/σ̂u + c(ρ̂)

} 
(2)→ P ({z1 − c(1) ≤ −Ψl/σ})
(3)
= P ({z1 − Φ−1(1− α/2) ≤ −Ψl/σ})

= Φ(Φ−1(1− α/2)−Ψl/σ)

(4)

≥ lim
N→∞

PkN (θkN ∈ CIjα), (S-4)

where (1) holds by CI4,aα ⊆ CI4α with CI4,aα = [θ̂l − σ̂lc(ρ̂)/
√
kN , θ̂u + σ̂uc(ρ̂)/

√
kN ] with c(·) as in

Definition S-1, (2) by (S-2), Lemma S-1, and OBS (Definition 1), (3) by Lemma S-3, and (4) by
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Φ−1(1− α/2) ≥ Φ−1(1− α), Lemma 1, F1(∞, σ, σ) = Φ−1(1− α), part (a) of Lemma 1, and parts

(b) and (d) of Lemma 3. Note that (S-4) implies that (S-1) fails.

Case 3: µ < ∞ and Ψl ≥ 0. By µ ∈ R+, it follows that θu(PkN )−θl(PkN ) → 0. By this and Lemma

4, we deduce that ρ = 1 and σ = σl = σu. Also, by repeating the argument in (A-5), we deduce

that Φ−1(1− α/2) ≥ G(µ/σ). Then, for any j = 1, 2, 3, consider the following derivation.

PkN (θkN ∈ CI4α)
(1)

≥ PkN (θkN ∈ CI4,aα )

= PkN

 {
√
kN (θ̂l − θl(PkN ))/σ̂l − c(ρ̂) ≤ −

√
kN (θl(PkN )− θkN )/σ̂l}∩{

−
√
kN (θl(PkN )− θkN )/σ̂u −

√
kN (θu(PkN )− θl(PkN ))/σ̂u

≤
√
kN (θ̂u − θu(PkN ))/σ̂u + c(ρ̂)

} 
(2)→ P ({z1 − c(1) ≤ −Ψl/σ} ∩ {−(Ψl + µ)/σ ≤ z1 + c(1)})
(3)
= Φ((Ψl + µ)/σ +Φ−1(1− α/2))− Φ(Ψl/σ − Φ−1(1− α/2))

(4)

≥ lim
N→∞

PkN (θkN ∈ CIjα), (S-5)

where (1) holds by CI4,aα ⊆ CI4α with CI4,aα = [θ̂l − σ̂lc(ρ̂)/
√
kN , θ̂u + σ̂uc(ρ̂)/

√
kN ] with c(·) as in

Definition S-1, (2) by (S-2), Lemma S-1, and OBS (Definition 1), (3) by Lemma S-3, and (4) by

Φ−1(1 − α/2) ≥ G(µ/σ), Lemma 1, F1(µ, σ, σ) = G(µ/σ), part (a) of Lemma 2, and part (e) of

Lemma 3. Note that (S-5) implies that (S-1) fails.

Case 4: µ = ∞, Ψu ≥ 0, and η ∈ (0,∞]. This case is analogous to case 1 and, therefore, omitted.

Case 5: µ = ∞, Ψu ≥ 0, and η ∈ [−∞, 0]. This case is analogous to case 2 and, therefore, omitted.

Case 6: µ < ∞ and Ψu ≥ 0. This case is analogous to case 3 and, therefore, omitted.

To conclude the proof, it suffices to verify (3.3) holds strictly for suitably chosen sequences

{(PN , θN ) ∈ P × ΘI(PN )c}N∈N. We use Example 1 with Y = 0, Y = 1, {Yi|Zi = 1} ∼ Be(1/2),

and Zi ∼ Be(1 − π(PN )), where π(PN ) = (lnN)/
√
N + a1/

√
N ↓ 0 for some a1 > 0. We

consider coverage of θN = θl(PN )− a2/
√
N ∈ ΘI(PN )c for some a2 > 0 and CI3α implemented with

bN = (lnN)/
√
N and the full sample the data (i.e., λ = 1).

By repeating arguments presented in the proof of Theorem 2, we deduce that (θl, θu, σl, σu, ρ, µ, η,Ψl) =

(1/2, 1/2, 1/2, 1/2, 1,∞, a1, a2), and part (c) of Lemma 3 implies that

lim
N→∞

PN (θN ∈ CI3α) = Φ(Φ−1(1− α)− 2
√
λa2). (S-6)

In turn, Lemmas 1, 2, S-3, and S-4 imply that

lim
N→∞

PN (θN ∈ CIjα) = Φ(Φ−1(1− α)− 2
√
λa2) for j = 1, 2,

lim
N→∞

PN (θN ∈ CI4α) = Φ(Φ−1(1− α/2)− 2
√
λa2). (S-7)
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The desired result follows from (S-6), (S-7), and Φ−1(1 − α) < Φ−1(1 − α/2). For instance, using

a1 = 1.5, a2 = 0.01, and α = 0.05 yields limN→∞ PN (θN ∈ CI4α) = 0.974 > 0.948 limN→∞ PN (θN ∈
CI1α) = limN→∞ PN (θN ∈ CI2α) = limN→∞ PN (θN ∈ CI3α).

Proof of Theorem 5. To show this result, we construct specific sequences where (3.9) and (3.10)

can occur. We focus on sequences {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N s.t.(
θl(PN ), θu(PN ), σE

l (PN ), σE
u (PN ), ρE(PN ), σI

l (PN ), σI
u(PN ), ρI(PN )√

N(θu(PN )− θl(PN )),
√
N(θl(PN )− θN ),

√
N(θN − θu(PN ))

)
→ (θl, θu, σ

E
l , σ

E
u , ρ

E , σI
l , σ

I
u, ρ

I , µ,Ψl,Ψu). (S-8)

with Ψl ≥ 0 and µ ∈ R+. By Lemma 4, ρE = ρI = 1 and σE
l = σE

u , and σI
l = σI

u.

We can construct concrete sequences in the context of Example 1. In particular, we use

Example 1 with Y = 0, Y = 1, {Yi|Zi = 1} ∼ Be(1/2), and Zi ∼ Be(1 − π(PN )), where

π(PN ) = a1/
√
N ↓ 0 for some a1 > 0. We consider coverage of θN = θl(PN )−a2/

√
N ∈ ΘI(PN )c

for some a2 > 0 and CI4α implemented with the subsample of the data {(Yi, Zi)}⌊λN⌋
i=1 for λ ∈ (0, 1].

In this context, we consider two estimators for the bounds. The efficient estimator uses the full

sample, while the inefficient estimator uses only a fraction λ = a3 ∈ (0, 1) of the sample. By

repeating arguments in Theorem 2, we deduce that (S-8) holds with

(θl, θu, σ
E
l , σ

E
u , ρ

E , σI
l , σ

I
u, ρ

I , µ,Ψl) =
(1
2
,
1

2
,
1

2
,
1

2
, 1,

1

2
√
a3

,
1

2
√
a3

, 1, a1, a2

)
.

Part (b) of Lemma S-4 then yields

lim
N→∞

PN (θN ∈ CI4,Eα ) = Φ
(
2(a2 + a1) + Φ−1(1− α/2)

)
− Φ

(
2a2 − Φ−1(1− α/2)

)
,

lim
N→∞

PN (θN ∈ CI4,Iα ) = Φ
(
2
√
a3(a2 + a1) + Φ−1(1− α/2)

)
− Φ

(
2
√
a3a2 − Φ−1(1− α/2)

)
.

We now verify the strict inequalities. To obtain (3.9), set a1 = a2 = 1, a3 = 0.3, and α = 0.05,

which give

lim
N→∞

PN (θN ∈ CI4,Eα ) = 0.48 < 0.81 = lim
N→∞

PN (θN ∈ CI4,Iα ).

To obtain (3.10), set a1 = 0.15, a2 = 0.01, a3 = 0.3, and α = 0.05, which give

lim
N→∞

PN (θN ∈ CI4,Eα ) = 0.963 > 0.958 = lim
N→∞

PN (θN ∈ CI4,Iα ).

This completes the proof.
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2 Auxiliary material

This section collects auxiliary definitions and intermediate results that are useful to prove parts

(e)-(f) of Theorem 1 and Theorem 5.

Definition S-1. For any ρ ∈ [−1, 1], c(ρ) is the unique c that solves

inf
∆≥0

P

(
{z1 −∆− c ≤ 0 ≤ ρz1 + z2

√
1− ρ2 + c} ∪

{|(1 + ρ)z1 + z2
√

1− ρ2 −∆| ≤
√
2 + 2ρΦ−1(1− α/2)}

)
= 1− α,

where z = (z1, z2) ∼ N (02×1, I2×2).

Remark S-1. By definition, Stoye (2020) uses c4 = c(ρ̂). To see this, observe that z = (z1, z2) ∼
N (02×1, I2×2) is equivalent to z̃(ρ) = (z̃1(ρ), z̃2(ρ)) := (z1, ρz1 + z2

√
1− ρ2) ∼ N (02×1, [1, ρ; ρ, 1]).

Therefore, c(ρ) can equivalently be characterized as the unique c solving

inf
∆≥0

P

(
{z̃1(ρ)−∆− c ≤ 0 ≤ z̃2(ρ) + c}∪

{|z̃1(ρ) + z̃2(ρ)−∆| ≤
√
2 + 2ρΦ−1(1− α/2)}

)
= 1− α.

If we set ρ = ρ̂ and condition on ρ̂, the above expression coincides with the one in Stoye (2020).

Lemma S-1. c(ρ) in Definition S-1 is a continuous function of ρ ∈ [−1, 1].

Proof. Define the function G : [−1, 1]× R+ × R+ as follows:

G(ρ,∆, c) = P

(
{z1 −∆− c ≤ 0 ≤ ρz1 + z2

√
1− ρ2 + c}∪

{|(1 + ρ)z1 + z2
√
1− ρ2 −∆| ≤

√
2 + 2ρΦ−1(1− α/2)}

)
.

It is easy to see that G is continuous in all its arguments. By definition,

c(ρ) =
{
c : inf

∆≥0
G(ρ,∆, c) = 1− α

}
,

where the uniqueness of the solution follows from Stoye (2020).

Suppose this is not the case, i.e., {ρm}m∈N with ρm → ρ ∈ [−1, 1] and c(ρm) ̸→ c(ρ). By

possibly taking a subsequence, we have that c(ρm) → c̄ ̸= c(ρ) as m → ∞, where c̄ ∈ [0,∞]. By

definition of c(ρm),

inf
∆≥0

G(ρm,∆, c(ρm)) = 1− α. (S-9)

Since c(ρ) is unique and c̄ ̸= c(ρ), we have inf∆≥0G(ρ,∆, c̄) ̸= 1 − α. There are two cases:

inf∆≥0G(ρ,∆, c̄) > 1 − α or inf∆≥0G(ρ,∆, c̄) < 1 − α. To complete the proof, it suffices to show

that both cases are contradictory.

Case 1: inf∆≥0G(ρ,∆, c̄) > 1 − α. Then, ∃ε > 0 s.t. inf∆≥0G(ρ,∆, c̄) ≥ 1 − α + ε. Then, for all

∆ ≥ 0, G(ρ,∆, c̄) ≥ 1−α+ε. Fix ∆ ≥ 0 arbitrarily. By continuity of G, limm→∞G(ρm,∆, c(ρm)) =
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G(ρ,∆, c̄) ≥ 1 − α + ε. Therefore, ∃M s.t. for all m ≥ M , G(ρm,∆, c(ρm)) ≥ 1 − α + ε/2. Since

∆ ≥ 0 was arbitrary, this implies

inf
∆≥0

G(ρm,∆, c(ρm)) ≥ 1− α+ ε/2 > 1− α,

which is a contradiction to (S-9).

Case 2: inf∆≥0G(ρ,∆, c̄) < 1−α. Then, ∃ε > 0 s.t. inf∆≥0G(ρ,∆, c̄) ≤ 1−α−ε. Then, ∃∆̄ ≥ 0 s.t.

G(ρ, ∆̄, c̄) ≤ 1− α− ε/2. By continuity of G, limm→∞G(ρm, ∆̄, c(ρm)) = G(ρ, ∆̄, c̄) ≤ 1− α− ε/2.

Therefore, ∃M s.t. for all m ≥ M , G(ρm, ∆̄, c(ρm)) ≤ 1− α− ε/4. Then, for all m ≥ M ,

inf
∆≥0

G(ρm,∆, c(ρm)) ≤ G(ρm, ∆̄, c(ρm)) ≤ 1− α− ε/4 < 1− α,

which is a contradiction to (S-9).

Lemma S-2. For any ρ ∈ [−1, 1] and α ∈ (0, 1), c(ρ) in Definition S-1 satisfies c(ρ) ≥ Φ−1(1−α).

Proof. Fix ρ ∈ [−1, 1] arbitrarily. Assume the result is false, i.e., c(ρ) < Φ−1(1− α). Define

Π(c) = inf
∆≥0

P

 {z1 −∆− c ≤ 0 ≤ ρz1 + z2
√
1− ρ2 + c}∪{

∆−
√
2 + 2ρΦ−1(1− α/2) ≤

z1(1 + ρ) + z2
√

1− ρ2 ≤ ∆+
√
2 + 2ρΦ−1(1− α/2)

}  .

First, we show that Π(c) is strictly increasing in c. We have two cases, depending on whether a

minimizer of the right-hand side, denoted by ∆∗, is finite. If ∆∗ < ∞,

Π(c) = P

 {z1 −∆∗ − c ≤ 0 ≤ ρz1 + z2
√
1− ρ2 + c}∪{

∆∗ −
√
2 + 2ρΦ−1(1− α/2) ≤

z1(1 + ρ) + z2
√

1− ρ2 ≤ ∆∗ +
√
2 + 2ρΦ−1(1− α/2)

}  ,

and the right-hand side is strictly increasing in c. If ∆∗ = ∞,

Π(c) = P
(
0 ≤ ρz1 + z2

√
1− ρ2 + c

)
,

which is also strictly increasing in c.

By Π(c(ρ)) = 1 − α and c(ρ) < Φ−1(1 − α), the strict increasingness of Π(c) implies that

Π(Φ−1(1− α)) > 1− α. Then, ∃ε > 0 s.t. Π(Φ−1(1− α)) ≥ 1− α+ ε. Then, for any ∆ ≥ 0,

P

(
{z1 −∆− Φ−1(1− α) ≤ 0 ≤ ρz1 + z2

√
1− ρ2 +Φ−1(1− α)}∪

{∆−
√
2 + 2ρΦ−1(1− α/2) ≤ z1(1 + ρ) + z2

√
1− ρ2 ≤ ∆+

√
2 + 2ρΦ−1(1− α/2)}

)
≥ 1− α+ ε/2.
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Now evaluate this inequality for a sequence ∆m → ∞ to obtain

P (0 ≤ ρz1 + z2
√
1− ρ2 +Φ−1(1− α)) ≥ 1− α+ ε/2.

Using z̃ = ρz1 + z2
√
1− ρ2 ∼ N(0, 1), we obtain

1− α+ ε/2 ≤ P (0 ≤ z̃ +Φ−1(1− α)) = P (−Φ−1(1− α) ≤ z̃) = 1− α,

which is a contradiction.

Lemma S-3. For any α ∈ (0, 1), c(ρ) in Definition S-1 satisfies c(1) = Φ−1(1− α/2).

Proof. By definition,

c(1) =

{
c : inf

∆≥0
P

(
{−c ≤ z ≤ ∆+ c} ∪

{∆/2− Φ−1(1− α/2) ≤ z ≤ Φ−1(1− α/2) + ∆/2}

)
= 1− α

}
.

Given any c ∈ R, consider the minimization of

G(∆) = Φ(max{Φ−1(1− α/2) + ∆/2,∆+ c})− Φ(min{∆/2− Φ−1(1− α/2),−c})

with respect to ∆ ≥ 0. We have four cases.

Case 1: ∆ ≥ 2Φ−1(1−α/2)−2c ≥ 0. Then, ∆+ c ≥ Φ−1(1−α/2)+∆/2 and −c ≤ ∆/2−Φ−1(1−
α/2), and so G(∆) = Φ(∆ + c) − Φ(−c). The function is increasing in ∆, so it is minimized by

setting ∆ = 2Φ−1(1− α/2)− 2c.

Case 2: ∆ ≥ 2Φ−1(1 − α/2) − 2c and 2Φ−1(1 − α/2) − 2c < 0. The same argument with the

constraint ∆ ≥ 0 yields ∆ = 0.

Case 3: ∆ < 2Φ−1(1 − α/2) − 2c and 2Φ−1(1 − α/2) − 2c ≥ 0. Then, G(∆) = Φ(Φ−1(1 − α/2) +

∆/2) − Φ(∆/2 − Φ−1(1 − α/2)). The function is decreasing in ∆, so it is minimized by setting

∆ = 2Φ−1(1− α/2)− 2c.

Case 4: ∆ < 2Φ−1(1 − α/2) − 2c and 2Φ−1(1 − α/2) − 2c < 0. The same argument with the

constraint ∆ ≥ 0 yields ∆ = 0.

Combining all cases,

inf
∆≥0

G(∆) =

{
I{Φ−1(1− α/2) ≥ c}(Φ(2Φ−1(1− α/2)− c)− Φ(−c))

+I{Φ−1(1− α/2) < c}(Φ(c)− Φ(−c))

}
. (S-10)

Now, we solve for c s.t. (S-10) equals 1− α which, by definition, equals c(1).

We now show that Φ−1(1−α/2) ≥ c. Suppose otherwise that Φ−1(1−α/2) < c. Then, the right-

hand side of (S-10) equals Φ(c)−Φ(−c). Then, the desired solution c satisfies Φ(c)−Φ(−c) = 1−α,
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which yields Φ(c) = 1 − α/2, and, so, c = Φ−1(1 − α/2), which contradicts the premise that

Φ−1(1− α/2) < c.

Since Φ−1(1 − α/2) ≥ c, the right-hand side of (S-10) equals Φ(2Φ−1(1 − α/2) − c) − Φ(−c).

Then, the desired solution c satisfies

Φ(2Φ−1(1− α/2)− c)− Φ(−c) = 1− α. (S-11)

Note that the left-hand side of (S-11) is strictly increasing in c. Therefore, the unique solution is

c = Φ−1(1− α/2), as desired.

Lemma S-4. Let α ∈ (0, 0.5) and Assumption 1 hold. Let {(PN , θN ) ∈ P × ΘI(PN )c}N∈N be a

sequence s.t. (
θl(PN ), θu(PN ), σl(PN ), σu(PN ), ρ(PN ),√

N(θu(PN )− θl(PN )),
√
N(θl(PN )− θN ),

√
N(θN − θu(PN ))

)
→ (θl, θu, σl, σu, ρ, µ,Ψl,Ψu). (S-12)

Moreover, assume that Ψl ≥ 0. Then,

(a) If µ = ∞, PN (θN ∈ CI4α) → Φ(c(ρ)−Ψl/σl).

(b) If µ ∈ R+, then ρ = 1, σl = σu, and, if we denote σ = σl = σu, we get

PN (θN ∈ CI4α) → Φ((Ψl + µ)/σ +Φ−1(1− α/2))− Φ(Ψl/σ − Φ−1(1− α/2)).

Proof. As a preliminary result, note that

Ψu = − lim(
√
N(θu(PN )− θl(PN )) +

√
N(θl(PN )− θN )) = − µ−Ψl. (S-13)

We divide the proof into two parts.

Part (a): In this case, µ = ∞. Then Ψl ≥ 0 and, by (S-13), Ψu = −∞. Hence,

PN (θN ∈ CI4α)

= PN (θN ∈ CI4,aα ∪ CI4,bα )

= PN




{
√
N(θ̂l − θl(PN ))/σ̂l − c(ρ̂) ≤ −

√
N(θl(PN )− θN )/σ̂l}∩{

−
√
N(θl(PN )− θN )/σ̂u −

√
N(θu(PN )− θl(PN ))/σ̂u

≤
√
N(θ̂u − θu(PN ))/σ̂u + c(ρ̂)

} 
∪


√
N(θN − θu(PN ))/σ̂u −

√
N(θl(PN )− θN )/σ̂l −

√
2 + 2ρ̂Φ−1(1− α/2)

≤
√
N(θ̂l − θl(PN ))/σ̂l +

√
N(θ̂u − θu(PN ))/σ̂u ≤√

N(θN − θu(PN ))/σ̂u −
√
N(θl(PN )− θN )/σ̂l +

√
2 + 2ρ̂Φ−1(1− α/2)




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(1)→ P

 {{z1 − c(ρ) ≤ −Ψl/σl} ∩ {−Ψl/σl − µ/σu ≤ ρz1 + z2
√

1− ρ2 + c(ρ)}}∪{
Ψu/σu −Ψl/σl −

√
2 + 2ρΦ−1(1− α/2) ≤ (1 + ρ)z1 + z2

√
1− ρ2

≤ Ψu/σu −Ψl/σl +
√
2 + 2ρΦ−1(1− α/2)

} 
(2)
= P (z1 − c(ρ) ≤ −Ψl/σl) = Φ(c(ρ)−Ψl/σl),

as desired, where (1) holds by (S-12), Lemma S-1, and OBS (Definition 1), and (2) by µ = ∞,

Ψl ≥ 0, and (S-13), which implies that Ψu = −∞.

Part (b): In this case, µ ∈ R+. Lemma 4 then implies that ρ = 1 and σl = σu. Let σ = σl = σu.

By a similar derivation as in part (a),

PN (θN ∈ CI4α)
(1)→ P

 {{z1 − c(1) ≤ −Ψl/σ} ∩ {−(Ψl + µ)/σ ≤ z1 + c(1)}}

∪

{
(Ψu −Ψl)/σ − 2Φ−1(1− α/2) ≤ 2z1

≤ (Ψu −Ψl)/σ + 2Φ−1(1− α/2)

} 
(2)
= P (−(Ψl + µ)/σ − Φ−1(1− α/2) ≤ z1 ≤ −Ψl/σ +Φ−1(1− α/2))

= Φ((Ψl + µ)/σ +Φ−1(1− α/2))− Φ(Ψl/σ − Φ−1(1− α/2)),

where (1) holds by (S-12), Lemma S-1, and OBS (Definition 1), and (2) by Lemma S-3, µ ≥ 0,

Ψl ≥ 0, and (S-13), which implies that Ψu = −µ−Ψl.
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