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@ Algorithms play an increasingly prevalent role in everyday life. (e.g., medical treatment, lending)
» But their performance can vary substantially across subgroups.
@ In response, regulatory and oversight processes have emerged as part of Al governance.

@ Evaluation of fairness and accuracy plays a central role in Al governance.
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Regulators may ask:

» For a class of algorithms: When does the tradeoff between fairness and accuracy arise?

» For a specific algorithm: Is there a less discriminatory alternatives (LDA)?

How can we answer these questions with selectively observed outcomes and only
finite samples?




What We Do

o Extend the theoretical framework of Liang, Lu, Mu & Okumura (2025) [LLMO]
(by allowing for fairness and accuracy to be measured with different loss functions)

» Characterize a fairness-accuracy (FA) frontier using support functions

» Provide an IFF condition for when improving fairness does not come at the cost of reducing accuracy
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What We Do

o Extend the theoretical framework of Liang, Lu, Mu & Okumura (2025) [LLMO]
(by allowing for fairness and accuracy to be measured with different loss functions)
» Characterize a fairness-accuracy (FA) frontier using support functions

» Provide an IFF condition for when improving fairness does not come at the cost of reducing accuracy

o Extend the inference methods of Liu & Molinari (2025) to allow for selectively observed Y*:
» Without restrictions on the selection process (binary Y* and specific loss functions):
% Derive the sharp identified set for the FA frontier
* Characterize when an LDA exists
» When labels are missing at random:
x Point-identify the FA frontier using inverse propensity score weighting

+ Construct a DML estimator of the FA frontier

* Provide a method to test whether an LDA exists for a given algorithm
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» Provide an IFF condition for when improving fairness does not come at the cost of reducing accuracy

o Extend the inference methods of Liu & Molinari (2025) to allow for selectively observed Y*:
» Without restrictions on the selection process (binary Y* and specific loss functions):
x Derive the sharp identified set for the FA frontier
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* Point-identify the FA frontier using inverse propensity score weighting
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@ A population of individuals is described by: (Y* )

» Outcome Y* € ¥ C R¥ (number of active chronic conditions and medical costs)
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Ideal case: suppose Y* is observed

@ A population of individuals is described by: (Y*, G )

» Covariate inputs X € X (age, gender, comorbidity and medication variables, biomarkers, ...)
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Setup and Notation

Ideal case: suppose Y* is observed

@ A population of individuals is described by: (Y*, G, X)

Each individual receives a binary decision d € {0,1}.

Algorithm a: X' — [0, 1] predicts the probability of an event.

» This prediction determines the probability with which the decision equals 1.

o Evaluate the accuracy of a through /4 :{0,1} x ¥ = R

» Example: classification loss (A(d, Y*) = 1{Y] # d} .

Evaluate the fairness of a through ¢F . {0,1} x Y = R

» Example: statistical parity /" (d, V") = 1{d =1} .



Feasible Set

From algorithms to vectors in IR3

@ For any algorithm a define its fairness-accuracy allocation

e(a) := (erA(a), ep(a), ef (a) — e[;(a)) € R3.

accuracy fairness

where e, are group-expected losses induced by algorithm a for 1 = F, A

eb(a) :==F [a(X) - £(1, Y*) + (1 — a(X)) - £(0, Y*)|G = g]




Feasible Set

From algorithms to vectors in IR3

@ For any algorithm a define its fairness-accuracy allocation

e(a) := (erA(a), ep(a), ef (a) — e,f(a)) € R3.

accuracy fairness

where e, are group-expected losses induced by algorithm a for 1 = F, A

eb(a) :==F [a(X) - £(1, Y*) + (1 — a(X)) - £(0, Y*)|G = g]

e Given A(X) :={a: X — [0,1]}, the feasible set of fairness-accuracy allocations is defined as
E:={e(a):ac A(X)}

e & is a closed and convex set in IR3.
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Specify preferences over fairness-accuracy allocations.

0= (erA,eg‘,erFfel’;) and & = (E’ﬁ‘,é’g,éf 75’;)

o ¢ is FA-preferred over & if

A< e <E  and

€ is more accurate

with at least one inequality strict.

@ The Fairness-Accuracy Frontier is defined as

F —ef] < JeF

¢ is fairer

F={ec&:Pec&Est é-pe}



Preferences & Pareto Frontier

Specify preferences over accuracy allocations.

oe=(ef el ef —ef)ande= (e &}, 80 — &)

@ ¢ is preferred over & if
A zA A o 2A F_ _F oF —
<&, eh <& an —ep| <ler—=7,|.

€ is more accurate € ism

with at least one inequality strict.

@ The Pareto Frontier is defined as

PF:z{EEE:}QEG&'s.t.€>pD£}




Expressing the FA-Frontier F Through the Support Function hg(q)

o Define C(e*) := {e € R3:¢1 < &}, ex <&, |e3| < |e§]}.

A
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Expressing the FA-Frontier F Through the Support Function hg(q)

o Define C(e*) := {e € R3:¢1 < &}, ex <&, |e3| < |e§]}.

el’f } ell:‘

(a) e* ison F (b) €* is off F

We characterize the set of points on F by judicious use of the separating hyperplane theorem.
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o Let hper)(q) = maxeee(er) gTe be the support function of C(e*)

o Let he(q) = max.ce qTe be the support function of £

Theorem

When & is strictly convex, €* € F if and only if there exists a hyperplane that properly separates C(&*)
and &, i.e., there exists q € S2 such that

he(e(q) = —he(—q).




Expressing the FA-Frontier F Through the Support Function hg(q)

o Let hper)(q) = maxeee(er) gTe be the support function of C(e*)

o Let he(q) = max.ce qTe be the support function of £

Theorem

When & is strictly convex, €* € F if and only if there exists a hyperplane that properly separates C(&*)
and &, i.e., there exists q € S2 such that

he(ey(q) = —hg(—q).
We then have that

F= {5* €& mingeg (he(er (q) +he(—q)) =0 }
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What We Do

o Extend the theoretical framework of Liang, Lu, Mu & Okumura (2025) [LLMO]
(by allowing for fairness and accuracy to be measured with different loss functions)
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For simplicity, let:
Y* €{0,1}

0A(d, Y*) =1{d # Y*} (classification loss) — selectively observed!
(F(d, Y*)=1{1=d} (statistical disparity loss)



Selectively Observed Y*

Observe (Y, G, X,Z) ~P with Y = ZY*, Z € {0,1}
For simplicity, let:
Y* €{0,1}
0A(d, Y*) =1{d # Y*} (classification loss) — selectively observed!
(F(d, Y*)=1{1=d} (statistical disparity loss)
@ The following objects are not point identified:
= Ag(X):=P[Y*=1|G=gZ=0X]€01].
= The feasible allocation &*(a*; 1) = (ef'(a*; 1), ef!(a*; A), ef (a*) — ef (a*))
= The support function he(g; A)

= The FA-frontier F(A).
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Selectively Observed Y*: The Fundamental Challenge

Observe Y = ZY* for Z € {0,1}, assume Y* € {0,1}

The goal of the analysis is to ascertain properties of algorithms.
e For given a* € A(X), the empirical evidence is contained in ¢(a*) and F.
@ Neither is point identified, but they are linked by the distribution of the missing data, A.

To determine if a* yields a fairness-accuracy allocation €(a*; A) on a candidate FA frontier ('),
@ Must use the same selection mechanism/completion (A = A'),
Ag(X):=P[Y*=1|G=g,Z=0,X]€[0,1], g€ {rb}

@ Must loop over all possible A, : X' +— [0,1], g € {r, b}.



Selectively Observed Y*: Algorithms on the FA Frontier

We reduce the task to a finite dimensional optimization problem

Theorem

¢* = ¢e(a*) € F for some admissible distribution of Y* if and only if 31 : X — [0,1]? such that

min (hC(s*)(q;?\) + hs(—q:/\)) =0
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We reduce the task to a finite dimensional optimization problem

Theorem

¢* = ¢e(a*) € F for some admissible distribution of Y* if and only if 31 : X — [0,1]? such that

min (hc(g*)(q; A) + he(—gq; /\)) =0
q€es?
This occurs if and only if the next finite dimensional optimization problem equals zero
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for A\g =(0,0)T; Ay = (1, 1)7; J4(A, q,a), d € {0,1}, known/estimable functions of the arguments.
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@ The paper derives the sharp-identified set of F free of A



Conclusion

@ This paper allows for fairness and accuracy to be measured with different loss functions

\/ Characterize a fairness-accuracy (FA) frontier using support functions
» Provide an IFF condition for when improving fairness does not come at the cost of reducing accuracy
o Without restrictions on the selection process (binary Y* and specific loss functions):

» Derive the sharp identified set for the FA frontier

\/ Characterize when an LDA exists
@ When labels are missing at random:
» Point-identify and estimate the FA frontier using IPW and DML approach
» Provide a method to test whether an LDA exists for a given algorithm

@ In Progress:
» Test for PF = F under partial identification or MAR.
» Empirical application + package.
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Conclusion

@ This paper allows for fairness and accuracy to be measured with different loss functions

\/ Characterize a fairness-accuracy (FA) frontier using support functions
» Provide an IFF condition for when improving fairness does not come at the cost of reducing accuracy
o Without restrictions on the selection process (binary Y* and specific loss functions):
» Derive the sharp identified set for the FA frontier
\/ Characterize when an LDA exists
@ When labels are missing at random: Paper & slides here
» Point-identify and estimate the FA frontier using IPW and DML approach
» Provide a method to test whether an LDA exists for a given algorithm

@ In Progress:
» Test for PF = F under partial identification or MAR.

» Empirical application + package.

Comments/questions

Thanks for listening! are welcome!
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Feasible Set £& C IR3 and Points of Interest

Assume € is strictly convex (backl,back2,back3)

Best point for group b:

B :=argmines
eef

B is the support set of £ in direction g = {H:

Se(q) := argmaxqTe
ee&
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Feasible Set £& C IR3 and Points of Interest

Assume € is strictly convex (backl,back2,back3)

The Pareto Frontier is given by the segment connect-
ing R and B

PF=1{Sc(q):q€5%,q1<0,¢2<0, g3=0}

But we also care about Fairness!




Feasible Set £& C IR3 and Points of Interest

Assume € is strictly convex (backl,back2,back3)

When € C {ef —ef > 0}, the fairest point F:
F := argmin |e3]
ecf

F is the support set of £ in direction g = [0,0, —1|T:

Se(q) := argmaxqTe
eef
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@ ‘“segment” connecting R and F
@ ‘“segment” connecting B and F

and everything in between...equivalently




Feasible Set £& C IR3 and Points of Interest

Assume € is strictly convex (backl,back2,back3)

The FA Frontier is given by
@ ‘usual” Pareto frontier connecting R and B
@ ‘“segment” connecting R and F
@ ‘“segment” connecting B and F

and everything in between...equivalently

el —ef

But...This is only when & C {ef —ef >0}



Geometry of F in R3 Is...Complicated

We provide a simple characterization of F without pre-testing which case we are in!

And an if and only if condition for PF = F (not today).



Support Function when Y* is Perfectly Observed
By definition, hg(q) = maxecg qTe, g €S2 = {g € R3: ||q|| = 1}.

For g € {r, b} and d € {0, 1}, let:

pg =P(G =g)
LE = (F(d, Y*) (“if’} - “ijb})
144 = ¢A(d, vy HEel
04 (X) = E[L§|X]
054(X) = B[LE4|X]

T
Denoting Ly := [LQ’A, LZ‘A, LdF] , algebraic manipulations yield

he(q) =E[q"Lo + ¢"(L1 — Lo) 1{q"(61(X) — 60(X)) > 0}]

agrt (X)




Missing at Random (MAR)

Recall: ¢'(d, Y*)1{G = g}/ g is selectively observed, for 1 = A, F
If one is willing to assume for generic Y* € ) and loss functions:
Assumption (MAR)

(Y*,G) L Z|X and n(X) :=E[Z|X] € (0,1).

Then, the following objects are point identified (after adjusting for 77(X)):
o The feasible allocation *(a*) = (ef'(a*), ef(a*), ef (a*) — ef (a*))
@ The support function he(qg) and also the FA-frontier F

The paper provides:

@ a DML estimator for the FA-frontier using on inverse propensity score weighting, Eg(q)

@ a test for LDA existence based on Ho : min cq2(he(er)(q) + he(—q)) =0



Are There Less Discriminatory Alternatives to a Given Algorithm?

o Given an existing algorithm with ¢* € £, we would like to test:

Ho:S*EJ:
H1:£*¢.7:

@ Based on previous derivation, we can express this hypothesis as

Ho : min (he(e+)(q) + he(—q)) =0
ges2

Hy = min (he(er)(q) + he(—q)) # 0
qes

o We build on
» Liu & Molinari (2025) to derive a statistic for testing Ho.

» Fang & Santos (2019) to prove size control and propose a consistent bootstrap critical value.


https://arxiv.org/abs/2402.08879
https://academic.oup.com/restud/article/86/1/377/5094886

Asymptotic Theory: Main Assumptions

Assumption (Margin Condition)
30 < m <1 such thatV 6 > 0, we have sup ez IP(|qT(81(X) — 80(X))| < 6) < o™ J

Assumption (Behavior of Nuisance Parameters)

We can partition X = (X1, X2) such that (1) the density of |qTAO(X)| conditional on X5 is uniformly
bounded in q; the variance of |qTAO(X)| conditional on Xy is uniformly (in q) bounded away from zero;
(3) (t(X),A8(X)) = F(v(X1),v(X2)) for unknown functions v and vy and known link function F,
where the derivatives of F with respective to (v,y) are uniformly bounded.

Assumption (Rate Requirement)

The k-th fold estimators satisfy ||Ty (X1) — v(X1) |l = 0p(n7/#), |7k (X2) — 7y(X2) || 12 = op(n_1/4).J
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