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This paper provides identification results to characterize a fairness-accuracy
(FA) frontier, and statistical inference tools to test hypotheses and build a confi-
dence set for the FA-frontier, when outcomes are observed only for selected indi-
viduals. When the selection process is unrestricted but loss is measured in specific
ways, we provide a characterization of the sharp identification region of the FA-
frontier. Under an assumption of unconfoundedness conditional on observables
(and unrestricted loss functions), we obtain point identification and propose a de-
biased machine learning estimator, derive its asymptotic distribution, and show
how this can be used to carry out inference for the FA-frontier. In work in progress,

we extend the partial identification results to a broader class of loss functions.
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1. INTRODUCTION

Over the last decade, algorithms have come to play an increasingly prevalent role in ev-

eryday life, often by supporting high-stake decisions through predictions of quantities such
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as re-offense risk, repayment likelihood, and health care needs. These predictions enter in-
stitutional decision processes that determine who is detained or released, who is granted
credit, and which patients receive outreach and care-management interventions. The in-
creasing reliance on algorithms has prompted the emergence of a set of regulatory and
oversight processes, known as Al governance, that rule the design, deployment, documen-
tation, and monitoring of Al systems, including, in some settings, restrictions on the use of
protected attributes as model inputs. A distinctive feature of these regimes is their eviden-
tiary orientation: for high-risk Al systems, the EU Al Act requires technical documentation,
logging capabilities, and appropriate accuracy and robustness over the lifecycle (European
Parliament and Council, 2024, Articles 11, 12, 15, 26), while related governance proposals
emphasize dataset documentation, model reporting, and internal auditing (see, e.g., Gebru
et al., 2021, Mitchell et al., 2019, Raji et al., 2020).

This paper extends the research agenda set out in Liu and Molinari (2026) to provide
a toolkit for nonparametric estimation of and statistical inference on the fairness-accuracy
trade-off that characterizes algorithms. Fairness and accuracy evaluations play a central
role in governance, as they determine both the validity of model-supported decisions and
whether those decisions impose disproportionate harms on legally protected groups.' At
the same time, governance questions are rarely about a single fixed model. In public over-
sight and non-discrimination doctrine, the relevant question is often whether a challenged
procedure can be replaced by an alternative that achieves comparable accuracy with less
adverse impact, shifting attention from a single algorithm to a potentially large class of
admissible decision rules, e.g., those obtained under constraints on inputs, model classes,
or the use of sensitive attributes. Regulators and oversight bodies are called to adjudicate
(1) whether a deployed rule is Pareto efficient, (ii) whether design restrictions enable less

discriminatory alternatives (LDAs) with comparable accuracy, and (iii) whether such LDAs

! Algorithms may exhibit systematic differences in performance across legally protected groups, both in pre-
dictive accuracy and in the decisions they induce (e.g., Angwin et al., 2016, Arnold et al., 2021, Obermeyer et al.,
2019, Cowgill and Tucker, 2020, Berk et al., 2021). Yet, improving parity in expected losses often requires sacri-

ficing accuracy for at least one group, and conversely increasing accuracy for one group may worsen disparities.
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exist within an admissible class of decision rules.? As in Liu and Molinari (2026), we build
on the theoretical framework put forward by Liang, Lu, Mu, and Okumura (2026, LLMO
henceforth), which in our view is well-suited to formalize these questions because it char-
acterizes a fairness-accuracy (FA) frontier under broad preferences over group-specific ex-
pected losses as well as the implications of banning attributes as inputs to the algorithms.
Our first innovation relative to Liu and Molinari (2026)’s groundwork is to allow for ac-
curacy and fairness of an algorithm to be assessed through two different loss functions,
thereby aligning our treatment with the literature in computer science (Corbett-Davies
et al., 2017, Menon and Williamson, 2018, Kim et al., 2020, Gillis et al., 2024). We show
that the support function of a convex feasible set £ C R? of expected accuracy losses for
the two groups and the difference in expected fairness losses between the groups plays a
crucial role in characterizing the FA-frontier and carrying out inference.®> We extend the
results in LLMO’s Appendix O by providing a simple and testable necessary and sufficient
condition under which the FA-frontier coincides with the Pareto frontier. When this condi-
tion is not satisfied, a policymaker who values fairness may choose to deploy an algorithm
that is Pareto dominated in accuracy loss, to ameliorate its performance in fairness loss.
Our second innovation addresses the reality that in many high-stakes settings, outcomes
are observed only for selected individuals: pretrial misconduct (or lack thereof) is observed
only if bail is granted; repayment behavior is observed only when credit is extended; cer-
tain health outcomes are observed only for patients who receive treatment or remain under
follow-up within a system; etc. Hence, instead of observing the outcome vector of interest
Y*, one observes ZY*, where Z € {0, 1} indicates observability. This selective labels prob-

lem creates challenges for governance compliance similar to the ones long recognized in

2For example, US employment discrimination law prohibits selection procedures that cause disparate impact
unless the employer demonstrates they are “job related for the position in question and consistent with business
necessity.” Even then the practice is unlawful if an alternative practice would serve the employer’s legitimate
interests with less discriminatory impact (U.S. Congress, 1991).

3In Liu and Molinari (2026)’s analysis and LLMO’s main text, the same loss function is used to measure
fairness and accuracy, so that the feasible set £ is in R2. Liu and Molinari (2026) propose to use the support

function of £ C R? as the unifying tool for statistical inference.
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the vast econometrics literature on selectively observed data (e.g., Heckman, 1979, Manski,
1989). Accuracy metrics computed using only observed outcomes may misrepresent true
performance, potentially overstating accuracy where it matters most (e.g., if those denied
bail would not have re-offended). Hence, assessments of whether a system achieves “appro-
priate levels of accuracy” (EU Al Act, European Parliament and Council, 2024, Article 15)
or whether LDAs exist (U.S. Congress, 1991) may be incorrect and required documentation
may systematically exclude the most policy-relevant counterfactual outcomes.

When classification loss is used to measure accuracy and statistical parity is used to mea-
sure fairness (as in Menon and Williamson, 2018), and no restrictions are imposed on the
selection process, we characterize the sharp identification region for the FA-frontier in the
spirit of Manski (1989) (see Molinari, 2020, Canay et al., 2026, for reviews of the par-
tial identification literature). Doing so is challenging because the FA-frontier is ultimately
about algorithms: it equals the set of expected losses e(a) € £ associated with algorithms
a € A(X) (measurable functions mapping covariates X € X’ to [0, 1]) such that no other
algorithm a € A(X) yields expected losses £(a) that FA-dominate €(a) in a sense made
precise in Definition 5. When labels are selectively observed, both (a) and £ are partially
but not point identified. Hence, to pass judgment on whether algorithm « yields expected
losses £(a) on the frontier, care needs to be taken to couple the same candidate distribution
for the missing labels in constructing both £(a) and £, and then assess membership across
all admissible distributions for the missing labels. We reduce this daunting task to solving
a finite dimensional optimization problem.

When the selection process is restricted by a missing-at-random (MAR) assumption,
where conditional on attributes, outcome observability does not convey additional infor-
mation on Y*, we obtain point identification of the FA-frontier. For any loss function, we
provide a debiased machine learning (DML) estimator for the FA-frontier based on inverse
probability weighting. Our DML approach is particularly appropriate for governance con-
texts, where high-dimensional administrative data enable flexible nonparametric modeling
of selection and formal inference tools are needed for legally defensible determinations.

While ideas transfer from the program evaluation and high-dimensional inference literature



5

(e.g., Chernozhukov et al., 2024), we extend the methods to carry out inference on a new
set-valued estimand, the FA-frontier. We derive the asymptotic distribution of our estimator
and test statistics building on Liu and Molinari (2026), Semenova (2023), Chandrasekhar
et al. (2018), Chernozhukov et al. (2018), Beresteanu and Molinari (2008), and Fang and
Santos (2019), provide inverse-probability weighting correction in the DML estimator, and
asymptotically valid confidence sets for the FA frontier and tests for LDA existence.

Accompanying software implementing both the MAR-based and partial identification
approaches is under development, along with empirical applications of our methods.

Related Literature. A large literature in computer science, statistics, and economics
studies algorithmic fairness; see Chouldechova and Roth (2018), Barocas et al. (2023), and
Corbett-Davies et al. (2023) for overviews. Much of this work treats fairness as a con-
straint or regularizer in an objective that prioritizes predictive performance (e.g., Dwork
et al., 2012, Berk et al., 2017), or studies impossibility results and trade-offs among fair-
ness criteria (Kleinberg et al., 2016). A related literature computes fairness-accuracy Pareto
frontiers or ranges of disparities for specific model classes, typically as an optimization or
auditing exercise rather than as a problem of statistical inference (e.g., Wei and Nietham-
mer, 2022, Little et al., 2022, Coston et al., 2021). When labels are perfectly observed,
Auerbach et al. (2024) provide a sample-splitting based test for LDA existence, and Fallah
et al. (2026) study minimax-optimality of the sample analog of a Pareto-optimal linear rule
and propose a uniform high-probability bound on its empirical error.

Within the algorithmic fairness literature, other work has focused on selective labels
(e.g., Lakkaraju et al., 2017, Kleinberg et al., 2018, Rambachan et al., 2025, Khan et al.,
2025). Rambachan et al. (2025) develop a general framework for robust evaluation and de-
sign of predictive algorithms under selective labels and unobserved confounding, delivering
bounds for performance measures under alternative restrictions on the selection process.
We view their contribution as addressing a distinct question from ours: how to evaluate
predictive performance in the presence of counterfactual outcomes. We focus instead on
identification and inference for the fairness-accuracy trade-off of group losses across all

feasible algorithms using a given information set, and on hypothesis tests and confidence
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statements about frontier properties such as LDA existence that directly map to governance
questions and design restrictions.

Outline. Section 2 lays out notation and derives the FA-frontier extending LLMO and
Liu and Molinari (2026). Section 3 formalizes the selective labels problem, derives the
sharp identification region for the FA-frontier for specific loss functions and unrestricted
selection process, and obtains point identification under a MAR assumption for any loss
function. Section 4 puts forward our DML estimator and derives its asymptotic distribution.
Section 5 proposes a test for equality between the Pareto and FA-frontier. It then puts
forward our test for existence of an LDA in the presence of selectively observed labels
and derives its asymptotic distribution, building on Liu and Molinari (2026). Section 6

concludes. Our main proofs are in Appendix A; Appendix B reports auxiliary results.

2. SETUP

Let a population of individuals be described by an outcome vector Y* € ) C R%, a
binary group identity G' € {r,b} (red or blue), and a vector of covariates X € X C R%x.
For example, one component of Y* may denote an individual’s number of active chronic
illnesses in the subsequent year and the other component the cost of care; G may denote
the individual’s race, and X may include age, gender, biomarkers, comorbidity, and med-
ication variables. As in Liu and Molinari (2026), we leave the relation between GG and X
unspecified, but require G not to be a deterministic function of X. Each individual receives
a binary decision D € {0, 1}, e.g., whether they are automatically enrolled in a high-risk
care management program; or granted bail; or granted or denied a loan (while we assume
G and D to be binary, the results can be extend to multiple groups and multiple decisions).
An algorithm a : X' — [0, 1] assigns a probability distribution to D conditional on X; e.g.,
the algorithm assigns each patient a health risk score in [0, 1]; or a recidivism probability; or
a repayment probability. For simplicity, we take a(X) to be the only input to the decision,
and hence D ~ a(X). We let A(X') denote the set of all (measurable) algorithms that map
from the input space X to a probability distribution over D). Extending the framework in
Liu and Molinari (2026), we let £ : {0,1} x ) +— R be a loss function used to measure the

accuracy of an algorithm for an individual with outcome y € Y, and ¢ : {0,1} x Y —Ra
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loss function used to measure the algorithm’s fairness. For example, one could use classi-
fication error to measure accuracy (¢4 (d,y) = 1(d # y1)), which in a health care example
returns the value 1 if the algorithm mistakenly enrolls a healthy person in the high-risk care
program or fails to enroll someone who is very sick. And one could use statistical parity to
measure fairness (/¥'(d, y) = d), hence judging an algorithm more fair if the proportion of
either group receiving the two decisions is closer.

This paper is concerned with the case where instead of observing Y*, we observe Y =
ZY*, where Z € {0,1} is an indicator variable that records when the outcome of interest
Y™ is observed in the testing data. In other words, we allow for selectively observed labels.
Before analyzing this problem, however, we provide a tractable characterization of the FA-
frontier, under the assumption that (Y*, X, G, Z) ~ P* is observed, when the loss function
used to measure accuracy differs from that used to measure fairness. In doing so, we extend
the analysis in Appendix O.1 of LLMO. Armed with our novel characterization, we then
study what can be learned about the FA-frontier and how can valid statistical inference be

carried out, when in fact only the selectively observed labels Y are available.

2.1. The Fairness-Accuracy Frontier
We denote 1, = P*(G = g) the population proportion of group g € {r,b} and, for d €

{0, 1}, the (unobserved) ideal labels associated with loss function ¢ € { A, F'} by

@ (A, Y 1{G=
1y = HeYG=a} (1)

We denote the conditional expectation of L%" taken with respect to P*(Y*, G| X) by

Qg,L(X) = E* [LZ7L|X] _ E*[ﬂb(d,y*zt];{G:gHX} ‘

DEFINITION 1—Ideal labels and conditional expectations: For d € {0,1}, define

r,A
Ld

L;= oA eR3, )

r,F b,F
Ld - Ld

and let 04(X) = E*[Lg| X] € R3 and AQ(X) =01(X) — 0p(X) € R3,



To make sure that the ideal labels are well-defined, we assume:

ASSUMPTION 1—Moment restrictions for both losses: For all d € {0,1},g € {r,b},
and v € {A, F'}, for some constants 0 < ¢y <1, 0 < ¢ < 00: (i) pg € (c1,1 — ¢1) and
esssupycy E* [(LZ’L)Q ‘X] < ey (i) essinf x ey €igiy [Var*(Lg| X)] > ¢1, with eig;,

denoting the smallest eigenvalue.

DEFINITION 2—Algorithm space: An algorithm is a Borel-measurable map a : X —
[0, 1], where a(z) represents the probability of choosing D = 1 given X = z. Denote A(X)

the set of all such measurable maps. Write A when the covariate space is clear from context.

For each a € A and g € {r, b}, define the group-wise expected loss associated with loss

function ¢*,. € {A, F'}, when D ~ a(X) as:

eg(a) =E*[¢'(D,Y™)|G = g] = E*[a(X)67" (X) + (1 — a(X))07" (X)]. 3)

LLMO (Appendix O.1) derive the FA-frontier and study its properties when the loss
function used to measure accuracy differs from that used to measure fairness, which is the
framework used in this paper. Here we adapt their definitions to our notation.* They work

in R? with a feasible set defined with respect to the accuracy loss:
SA:{(e;fl(a)’ebA(a)) :aEA}CR2. 4)

LLMO measure the unfairness of an algorithm a through |f(a)|, with f: A — R a linear
functional. Their framework includes as a special case f(a) = e (a) — ef'(a), the disparity
in expected fairness loss between groups, and for simplicity we specialize our discussion to
that case. For each pair of expected accuracy losses ¢ = (¢, ) € € 4 define the minimal

achievable unfairness as

d(c) = min{|f(a)| : (e2(a),ef (a)) = ¢, a € A}. (5)

4They measure accuracy with £: {0,1} x I — R (our £*) and fairness with 7 : {0,1} x Y — R (our £f').
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DEFINITION 3—LLMO’s FA-dominance and FA-frontier : For ¢,c € EA we say
d =pauvo cif d. <c¢p, ¢ <, d(d) < d(c), with at least one inequality strict. Then

the FA-frontier relative to the accuracy loss is:
FA={ce&: B € £ such that ¢ = p gum0 ¢} C R2. (6)

Given the group-wise expected losses induced by algorithm a € A for c € {A, F'} in (3),
we instead propose to work with the feasible set for { (eZ}(a), e; (a), el (a) — ef'(a)) 1 a € A},
where we explicitly include a coordinate measuring the difference in expected fairness loss
for the two groups. Doing so allows us to characterize the properties of the FA frontier, ex-
tending LLMO’s results, and to provide a representation of it that is amenable to estimation

and inference, even in the presence of selectively observed data.

DEFINITION 4—Feasible set: Given P* and .4, as a ranges in A, the feasible set for

(A (@), e (@), eF () = ef (@) is
&= {(61,82,63) € R3:3a € Asuch that e = e (a), g0 = € (a),e3 = €L (a) — ef(a)} :
To simplify notation, we omit the dependence of £ on (P*, . A). In Lemma B.2, we show

that under Assumptions 1-2, £ is non-empty, compact, and convex. Definition 4 leads to an

alternative formulation of FA-dominance and to an FA-frontier in R3, as follows:>

DEFINITION 5—FA-dominance and FA-frontier: Given ¢,&’ € £, &’ =4 ¢ if &) <

£1, ey < e, |z—:g| < |es|, with at least one inequality strict. The FA-frontier is:
F={ec&:He cEsuchthate’ =py e} CRE. (7)
We also define the Pareto frontier, which ignores considerations of fairness:

PF={cec&:H €€Est.e) <er, ey <ey, with at least one strict inequality },  (8)

3 Auerbach et al. (2024, p.8) use a similar definition of dominance.
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and the points in R3 that minimize, respectively, eﬁl, e;;l, and |e£7 — 65 |:

R =argmineq, B = argmin, F = argmin |e3|. )
eef eef ee€

In Appendix B.1.1 we show that the shape of our FA-frontier / depends on the position
of &, PF, R and B relative to the hyperplane {e3 = 0} = {el’ = el'}. Figure 1 illus-
trates several examples. In the next section, we establish that our FA-frontier and LLMO’s
FA-frontier coincide in what we argue is the only way that matters, and we provide a char-

acterization of F that does not depend on the position of £, PF, R and B.

2.2. Support Function-Based Characterization of the FA-Frontier

To begin, we characterize (similarly to Liu and Molinari, 2026, Propositions 3.1-3.2) the
support function of £, denoted hg(q) for ¢ a direction vector in S? = {g € R3 : ||¢q|| = 1}.

This functional turns out to be crucial for all our results. We assume:

ASSUMPTION 2—Margin condition: There exists a constant m € (0, 1] such that for
every § >0, sup,cg2 P* (|qTAO(X)| < §) < o™

THEOREM 2.1—Support function of £: Under Assumptions 1(i)-2, the support function

of €, denoted hg(q), and its gradient with respect to q € S? are, respectively,

he(q) = Sup q¢"e =E"[¢"Lo + ¢"(L; — Lo)1{¢TAO(X) > 0}|, (10
&S
Vghe(q) =E*[Lo + (L1 — Lo)1{qTAO(X) > 0}], (11)

and the set & is strictly convex.

Eq. (11) implies that Sg(q) = {c € £ : qTe = hg(q)}, the support set of £ in direction
q € S?, equals the singleton Vhe(q) (Schneider, 1993, Corollary 1.7.3). It yields that

R=E*[Lo+ (L1 — Lo)1{[~1,0,0]TA0(X) > 0}],

B=E*[Lg+ (L1 — Lo)1{[0,—1,0]TA8(X) > 0}].
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el —ef

(a) € C {el" > el'} has no kinks; PF C F

el —ef

() Re{el >el'},Be{el <el'}:PFCF

Y

eF —ef

(€ PFC{ef =ef }: F=PF
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Y%

el —e}

(b) € C {ef > el’} has kinks; PF = F

Y

ef —of

@ PFe{ef >ef ,En{ef =ef} # 2, PFCF

el —e}

O RBefef =el},PFE{el =e[ L PFCF

FIGURE 1.—¢ is the pink ellipsoid; its projections onto the two-dimensional coordinate planes are plotted as

ellipses. F is the purple shaded area/curve; PF is the purple curve connecting R and B. Rear-surface curves on

& are dashed; front-surface curves are solid. Illustrations inspired by analytic expressions.
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The next corollary, proven in Liu and Molinari (2026, Corollary 3.1), characterizes pre-

cisely which algorithms yield expected losses on the boundary of &:

COROLLARY 2.1: Let Assumptions 1(i)-2 hold. Let O£ = {S¢(q) : ¢ € S?} denote the
boundary of €. Then for any algorithm a € A(X), e(a) = (ef(a), el (a), el (a) — et (a)) €
OE if and only if for some q € S%, a(X) = 1{qTAO(X) > 0}, P*-a.s.

Corollary 2.1 echos the generalized Neyman-Pearson Lemma (Lehmann and Romano,
2008, Theorem 3.6.1).° One of its important consequences is that no algorithm such that
a(X) € (0,1) for a set of X of positive probability can yield group risks on 9€.

As the goal of this section is to characterize F, given £* = (¢7,¢5,¢%) € £, we define
C(e*)={e = (e1,e0,83) € R’ 21 <&, 2 <3, [ea] < B[}, (12)

the set of group-wise expected accuracy losses and fairness disparity € € R®>—whether or
not they are feasible—that are both weakly more accurate and weakly fairer than £*. In

Lemma B.1, we show that the support function of C(¢*) equals:

heeny(@ = sup qTe— Q€] + @2¢5 + |asllez| if g1 >0, 2 >0, 13
eeC(e”) +00 otherwise.

Given an algorithm a* € A and £* = (e (a*), ¢f'(a*), el (a*) — ef (a*)), we establish in
Theorem 2.2 that £* € F if and only if the set C(c*), depicted in the two panels of Figure
2 as the shaded green hyper-rectangle corresponding to two different values of £*, can
be properly separated from £ (for a definition of proper separation, see Schneider, 1993,
p-12). Panel (a) depicts a case where ¢* € F and proper separation occurs; panel (b) depicts
a case where ¢* ¢ F and proper separation fails. We also show that £* € F if and only if
(e1,e3) € FA with e = e/}(a*) and €} = ¢'(a*), and |¢}| equals the minimum absolute
disparity in (5) associated with (7, 5). To do so, we define the projection 7 : R3 — R? by
m(x1,29,23) = (21, 12), and let 7(£) = {7(e) : e € £} = EA.

%To apply that theorem, in its notation set m =1, ¢; =0, =P, and let f1(z) =0 forall z € X and fo(z) =
qTAO(x). The critical functions ¢ are our algorithms a € A(X).
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el —e,

(a) e*ison F (b) €* is off F

FIGURE 2.—The set C(e™), which collects all FA improvements relative to €*, is the region shaded in green.
Panel (a) shows an example where £* lies on the frontier and there exists a hyperplane that properly separates

C(e*) and &, whereas in panel (b) €* is not on the frontier and no hyperplane can separate C(£*) and £.

THEOREM 2.2: Let c¢* = (e},¢5,¢3) € € and define S?= {qeS?:q1 >0, @ >0}
Under Assumptions 1(i)-2, the following are equivalent:
(i) e € F;
(ii) ENC(e*) ={e*};
(iii) min_ g (heey (@) + he(—q)) =0;
(iv) 7(c*) = (c},¢3) € FA and |} = d((},3)).

An immediate consequence of Theorem 2.2 is that F captures as many features of the
trade-off between accuracy and fairness as 74 does in LLMO’s original contribution, while
preserving convexity of the feasible set and yielding a simple characterization of the FA-
frontier.” Indeed, using the equivalence (i) < (4ii) in Theorem 2.2, similarly to Liu and

Molinari (2026, Proposition 3.3), we have

F=1e"€&: min[hee)(q) +he(—q)] =0 7. (14)

q€eS?

"In fact, F yields a finer characterization than F 4 Consider algorithms a,a’ € A such that ¢ := ¢(a) =

0.5,0.5,1) and &’ :=¢(a’) = (0.5,0.5,0). Then &’ = g 4 € but ¢’ £ 1> yiimo ¢ for ¢ = (e1,€2) and ¢’ = (¢}, €5).
FA
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When the same loss function is used to measure accuracy and fairness, as in LLMO’s
main text and in Liu and Molinari (2026), it is simple to characterize when the FA-frontier
coincides with the Pareto frontier in (8).> When different loss functions are used, such
characterization is harder to obtain, and LLMO provide only a sufficient condition for it.
Working with the feasible set £ C R3 and its support function, we are able to provide a sim-
ple, necessary and sufficient, testable condition under which PF = F. The characterization
is valuable because when F does not coincide with PF, the trade-off between fairness and
accuracy becomes substantial: a policymaker who values fairness may choose to deploy an
algorithm that is Pareto dominated in accuracy loss, to ameliorate its performance relative
to fairness loss. To derive the result, it is useful to distinguish between cases in which £ has

kinks, and cases where it does not, through the following condition.
ASSUMPTION 3—No Kinks: Forany q,v € S?,q # v,
P(¢TAO(X) >0,0TAO(X) <0) > 0. (15)

Assumption 3 is a necessary and sufficient condition under which £ has no kinks (see
Supplemental Appendix B.2.3 in Bontemps et al., 2012 and Remark 3.3 in Liu and Moli-
nari, 2026). It yields injectivity of the support map of £, S¢(q) = argmax.c¢ ¢Te (see
Theorem 2.1 and the discussion following it).

The next result characterizes when PF and F are exactly the same.

THEOREM 2.3: Under Assumptions 1(i)-2, PF = F if and only if for all €* € F there

exists o € [0, 1] such that for q(«) = %, 5

also holds, then PF = F if and only if PF C {e3 =0}.

* = argmin,cg q(o) ™. If Assumption 3

Intuitively, PF = F when every point on the FA-frontier is Pareto-optimal. When each
point on the boundary of £ has a unique supporting direction (which is guaranteed by

Assumption 3), this happens if and only if PF C {e3 =0} = {e: el’ = ¢['}; in this case,

81n that case, ¢4 = ¢F" and eg‘ = 65 , g € {r,b}, so £ can be defined in R? and LLMO show that the Pareto

and the FA frontiers coincide if and only if R and B, defined in (9), lie on opposite sides of the 45 line.
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all points along the Pareto frontier are fair and there is no conflict between improving
fairness and improving accuracy. On the other hand, when £ has kinks, one may have
PF = F even though PF € {3 = 0}. The complexity of the geometry of F in relation to
the geometry of £ and the usefulness of our Theorem 2.3 are illustrated in Figure 1. If £
has no kinks and lies completely to one side of the hyperplane {e3 = 0} (Panel (a), where
EC{e3 >0} ={el > 6{: }) or R and B lie on opposite sides of that hyperplane (Panel
(c)), then PF C F since PF ¢ {e3 = 0}. On the other hand, if £ has kinks properly
facing the origin, then it can be that PF = F even when & lies completely to one side of
the hyperplane {3 = 0} (Panel (b)). If £ crosses the hyperplane {e3 = 0} = {ef = ¢!}
with PF fully contained in one of {e3 > 0} or {e3 < 0}, then PF C F regardless of
the presence or absence of kinks (Panel (d)), see Corollary B.2. If £ has no kinks and
PF C {e3 =0}, then PF = F (Panel (e)), yet having only {R, B} € {e3 = 0} but not
the entire Pareto frontier may yield PF C F (Panel (f)). Hence, the characterization in

Theorem 2.3 is particularly useful to avoid case-by-case distinctions and pre-tests.

3. SELECTIVELY OBSERVED LABELS

Having fully characterized the FA-frontier in the idealized case when (Y*, X, G, Z) ~ P*
is observed, we turn to our goal of providing identification results and inference procedures
for F when only (Y, X, G, Z) ~ P is observed, with Y = ZY™* the selected labels and Z a
selection indicator. This problem has been studied, e.g., by Lakkaraju et al. (2017), Klein-
berg et al. (2018), Rambachan et al. (2025), Khan et al. (2025). When evaluating whether
algorithmic policies can improve upon human decision-making, selectively observed labels
are compounded by the possibility that Z is determined by a decision maker (e.g., a judge)
who observes information beyond the recorded covariates made available to the algorithm.
In this case, for a specific choice of loss functions, we report partial identification results.
We then provide point identification results and statistical inference procedures for the case
where label observability is induced by deployment of a decision rule in A(X'), so that Z

is determined by an algorithm that uses only the inputs in X'.
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3.1. Partial Identification of the FA-Frontier

In this section, we allow Z to depend on variables unavailable to the algorithms in A(X').
This creates substantial challenges for identification and inference, because not only the
feasible set & is partially identified, but even for a fixed algorithm a* € A(X), the vector
of expected losses e* = £(a*) = (e (a*), e (a*), el (a*) — ef'(a*)) is also only partially
identified. Consequently, extra care needs to be taken, when characterizing what can be
learned about F in (14), to correctly couple the possible values of £ and ¢* associated with
each candidate distribution for the unobserved labels.

To make progress on this task, we specialize our analysis to the case where Y is a binary
scalar variable, the accuracy loss measures classification error, ¢4 (d,y) = 1{d # y}, and
the fairness loss measures statistical parity, /¥ (d,y) = 1{d = 1}. Write Y = ZY* for the
observed binary outcome. In this case the fairness coordinate depends only on the decision
rule and the observable distribution of (X, ), so lack of point identification comes entirely

from the selectively observed outcomes entering the two accuracy coordinates.

Denote the unobserved conditional expectation of Y* when Z = 0 by
N(@) =E Y X =2,G=9,Z=0], ge{rb}

and \*(z) = [\ (), \;(x)]T. Without restrictions on the selection process, A* is unknown.

As Y* €{0,1}, every measurable map A = (), \p) : X — [0, 1]2 is compatible with P, the

observed law of (Y, X, G, Z).” Let A = {/\ : X — [0, 1}2} denote this class of functions.
We next derive the sharp identification region for hg(q). To do so, we need to introduce

some notation. Define the observable functions

Aoe) =B [ (A8G=r) 2YUG )| X =], (16)

_ (1-2ZYV)1{G=r} (1-2ZY)1{G=b} 1{G=r} 1{G=b}\'| v _
A1<x>_E[< o ’ m T > ‘X_a:}, {17

By “compatible with the observed data” we mean that it yields a law of (Y*, X,G,Z) that reproduces the
observed distribution of (Y, X, G, Z) and satisfies Y = ZY™ almost surely.
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(1-2)1{G=r} 0
Mr
B(z)=E 0 % X=xz|. (18)
0 0

Lemma A.l shows that the functions @,4(-) in Definition 1 associated with distribution
A € A satisfy Og(z; \) = Ag(z) + B(x)\(x) and 01 (x; \) = A1 (z) — B(x)\(x). Hence, the
feasible set associated with distribution \ and its support function are, respectively,
EA) ={E[(1 = a(X))Bo(X;A) +a(X)01(X;N)], a € A(X)}, (19)
he(q; A) = B [max {qT60(X; ), qT01(X;A)}]. (20)
Accordingly, the sharp identified set for h¢(q) in direction ¢ is {hg(q; A) : A € A}.

For a fixed algorithm a*, let A4 j(x) denote the jth coordinate of A4(x), d € {0,1}, in
(16)-(17) and define

2
Clg;a*) =) gE[a*(X)ALi(X) + (1= a*(X)) Ao (X)) + lgs| [Ea*(X)A13(X)]].
j=1
2D
Then we can express h¢(-(q+;y)) in (13) associated with A € A as

heean) (@) =Clga”) + E7 [(1 = 2a"(X)) ¢"B(X)AN(X)] (22)

We now present an assumption on the observable distribution P under which the margin

condition (Assumption 2) holds for all distributions consistent with the data.
ASSUMPTION 4: There exists a constant m € (0, 1] such that, for every 6 > 0,

sup Py ( inf |¢T{A1(X) — Ap(X) —2B(X)s}| < (5) <om.
q€eS? 56[071}2

Under Assumption 4, Theorem 2.2 characterizes frontier membership for a given A,
where crucially we use the same candidate unobserved distribution A both in obtaining

he(-) and heo(+). Recall €*(a*; A) denotes the vector of expected losses induced by a*
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under unobserved distribution A; then a* lies on the FA-frontier under A if and only if

min [Ae(z(a*:n) (@) + he(—q; X)) = 0.
q€eS?
The next result shows how to check whether a* can generate expected losses on the frontier

for some distribution of the unobserved labels, through a finite dimensional optimization

problem that involves functionals of the observed distribution P.

THEOREM 3.1: Let Assumptions 1(i) and 4 hold. Suppose Y* € {0,1}, (4(d,y) =
1{d #y}, and (¥ (d,y) = 1{d = 1}. Then a given algorithm a* generates expected losses

on the FA-frontier for some distribution consistent with the observed data if and only if

min E [max{Jo(A1;q,a%), J1(No;q,a")}] = 0. (23)
qes?

where Ao = (0,0)T, Ay = (1,1)7, and

Jo(Aig.a") =C(q:a") — qTAg(X) — 2a™(X)q"B(X) A,

Ji(Aig.a") = C(g;a") — T AL (X) +2(1 — a*(X))qT BX)A. (24)

Theorem 3.1 shows that once the source of partial identification is reduced to the func-
tional )\, the search over the infinite-dimensional class A collapses to a finite-dimensional
criterion involving only the corner distributions Ag and A;.

Our next goal is to characterize the sharp identification region of F using a finite dimen-
sional optimization problem that does not involve a € A(X) and A € A. Recall £(\) in (19)

and define the FA frontier associated with distribution A\ and the FA-frontier envelope as

FA)={ec&(\): ' €&(\) suchthate’ =pqc}, (25)
F=JFW. (26)
AeA

For a given q € S2, collectall expected loss vectors achievable by an algorithm that takes the

threshold form specified in Corollary 2.1 for some distribution A and thus are the boundary
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points of £()), in the following set!”

M, = {E [a(X)01(X; ) + (1 — a(X))0o(X; \)] :

€ in ¢T0,(z:\), Py-as, A€ AL, (27
a() arg min 4 a(z;\), Px-as } (27)

In Lemma B.5 we show that for every g € S?, the set M, is nonempty, compact, and

convex. In Lemma B.7 we show that its support function, h 4, (v),v € S?, is given by

hm,(v) =E[max{ro(v,q; X),k1(v,q; X)}],

where ko(v,q;x) and k1 (v,q;z), formally defined in (72)-(73), are known functions of

Ao(x), A1(z), B(z). We then have the following characterization of F7:

THEOREM 3.2: Let Assumptions I and 4 hold. Then

Fl= U (Mqﬂ{5€R3:qS€320})- (28)

q€es?

For € € R3, define

Tenv(e) = _inf  [sup{vTe — hp, (v)}]4 (29)
q€S?: q3e3>0 veS?

Then, for everye € R3, e € F7 «—= Tenv(e) =0.

REMARK 3.1: In work in progress, we obtain a debiased machine learning estimator for
Ja(X;q,a*), d € {0,1}, and we develop an inference procedure to test the hypothesis that
a given algorithm generates expected losses on the FA-frontier. We also explore extending

Theorem 3.1 to other loss functions.

'9The minimization in the definition of M is a sign convention that we use because the first two coordinates

are losses (we could alternatively take arg maxy —q704(x; A) for ¢ € S?).
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3.2. Point Identification Under Missing at Random Assumptions

While the distribution P of (Y, G, X, Z) is point identified by the observed data, in the
absence of additional assumptions the distribution P* of (Y*, G, X, Z) is not. The previous
section shows that, as a consequence, the support function he(q) and £*(a), a € A(X), are
not point identified either, as the ideal labels and their conditional expectations (L, and
0,4(X), respectively) are a function of Y* and P*.

We leverage the fact that all algorithms in A(X’) can only use the covariates X for train-
ing (and no other unobserved variables) to argue plausibility of a selection on observables

assumption that we use to point identify the distribution P*.

ASSUMPTION 5—Ideal labels missing at random (MAR): (Y*,G) L Z|X and n(X) =
E[Z|X] € (0,1) a.s..

Assumption 5 may look stronger than the typical missing at random (unconfounded-
ness or selection on observables) assumption, which might instead require Y* 1 Z|X,G.
Our approach remains valid under this weaker condition, but here we work with Assump-
tion 5 because it yields lighter notation and simpler expressions. We argue that, in many
settings of interest, the additional requirement G L Z|X is a natural consequence of how
Z is generated. Specifically, suppose that Z = D, where D € {0,1} is the binary deci-
sion an individual receives (e.g., granted or denied a loan; granted or denied bail), and
that this decision is produced by a deployed decision rule in A(X") that takes X as input
and, following regulations, does not use GG or apply any group-dependent post-processing.
Then, for all g € {r,b}, P(D =1|X,G =g) =P(D =1|X) = a(X), so that G L Z|X
holds. Combined with the standard selection on observables condition, Y* 1 Z| X, G, this
yields Assumption 5. The more restrictive part of Assumption 5 is therefore the require-
ment Y* | Z|X,G. This condition is plausible when the assignment mechanism that de-
termines Z depends on recorded variables capturing the main drivers of both selection and
outcomes, and when discretion at the decision-making stage is limited or can be accounted
for. In such settings, conditioning on (X, ) may reasonably approximate conditioning

on the information that drives selection, so that Z does not convey additional information
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about Y* beyond (X, G). When instead the assignment process exploits unrecorded “soft
information” (e.g., interviews, free text, documents, or unlogged history) or when discre-
tion is systematically related to expected outcomes, Y* | Z| X, G may fail, motivating our
partial identification analysis in Section 3.1.

The next lemma shows that, under Assumption 5 the support function of £ is point

identified through a standard inverse propensity weighting identity:

LEMMA 3.1: Let Assumptions 1(i) and 5 hold. Then for AL = L, — Ly,

04(X) =E | 2| x], (30)

he(q) =E | SHF + (4087 ) 1aTA0(X) > 0}, forallgeS?, (D)
. o [a(X)L9"Z (1—a(X) L2 Z . o

eg(a)—]E_ W(Xl) + W(X)O }, g=r,band 1= A, F. (32)

4. A DEBIASED MACHINE LEARNING ESTIMATOR AND ITS ASYMPTOTIC DISTRIBUTION
4.1. The DML Estimator

Our goal is to estimate the support function hg(q) using a random sample {(Y;, G;, X;, Z;) :
1 <i < n} drawn from the distribution P. By Lemma 3.1, h¢(q) is identified by (31), which
involves nuisance functions 7(X) and A@(X) that need to be estimated in the first step.
As the ideal labels L depend on g = [p,, up]T (see (1)-(2)), we also need to estimate p. In
order to build an estimator for hg(q) that is locally robust to the first-step estimation error,

we propose using the debiased machine learning (DML) approach. Consider the estimand

he(q) =E[G(q; L,m)], (33)

where 1 = (A6, 7, 0)) is a vector of nuisance functions and

T 7. 7. .
Gl Lom) = T + (LR35 ) 1{aTA0(X) > 0} + 0" (g X) (1 ), (3%
o (q; X) = qT00(X) 4+ ¢TAO(X)1{qTAB(X) > 0}. (35)

The local effect of the first-step function 7 on the original estimand hg(q) in (33) is ac-

counted for by a”(q; X;) (1 — ﬂ&")) As we show in the proof of Theorem 4.1, under
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Assumptions 6 and 7 presented below, it is not necessary to account for the local effect of
the first-step function A@ on hg(q). Finally, we note that the estimand in (33) is based on
L, which by (1) relies on the population means j4, g € {r,b}.

Following the DML approach (e.g., Chernozhukov et al., 2018, Velez, 2024), we first
randomly split the indices [n] = {1,...,n} into K equal-sized folds Zj, i.e., UK T} = [n].
We denote by ny, the size of Z;.!! We then estimate 7)(X;) as 1, (X;) for i € Zj, and k =
1,..., K, where 1);,(+) is estimated using all data except the portion with indices in fold Zj.
Finally, the first-stage estimators for the nuisance functions are used to form a second-stage

estimator for hg(q) based on the expression of the estimand defined in (33):

n
he( L) =% | =D GlaLag) | =2 GlgL.n), (36)
k=1 i€Ty, i=1
where L is defined as in (1)-(2) with p1g replaced by i, =n~"1 Y0 1{G; = g}.
We also propose a DML estimator for ¢* = ¢(a*) € £. By (32) in Lemma 3.1 and Defi-

nition 3, we can write ¢* = E[¢;(a*; L, n)], where for a given algorithm a € A,

§(a: L) = (Log + o(X)AL) B +of(@ X)) (1- ), 6D

a®(a; X) = 00(X) + a(X)A(X), (38)

and again the local effect of the first-step function 7 on the original estimand €* is accounted

for by a(X;) (1 — _Zi ) Using this notation, we propose to estimate £* by

m(X;)
K R n R
=g | A Gy | =1 &L, (39)
k=1 i€y i=1

where L stacks the feasible labels and {m k}szl are estimators for the nuisance functions

using cross-fitting, as we described above.

H'When n is not divisible by K, the number of observations in some folds will be |n/K | while in others

[n/K |+ 1, where |n/K | is the greatest integer less than or equal to n/ K.
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4.2. Asymptotic Distribution of the DML Estimator

For the nuisance functions’ estimation error to be asymptotically negligible for the DML

estimator, the nuisance estimators must satisfy suitable regularity conditions set out next.

ASSUMPTION 6: There is a known partition of X, X = (X1, X2), with X1 € X1 CRP
and Xo € Xo C RIX~P guch that:
(a) Forevery § >0, sup,es2 P (|gTAO(X)| < 0] X2) S 9.
(b) There is a constant ¢ > 0 such that inf cg2 Var[|¢TAO(X)[[Xa] > c.
(¢) There are unknown functions v : X; — R and ~ : Xo — R™, and a known function
F:R% x R® x R? = [e,1 — €] x R3, such that:

(m(X), AB(X)) = F(v(X1),7(X2), )

and the partial derivatives of F are uniformly bounded for any v € R%, v € R, and
1€ Be(pr, ) ={p € R?: [1e = (ks )| < €}, that is

sup sup  sup  [|DF(v,y,p)l| <o
VvERW ~cR¥y p€Be(pur,pup)

A sufficient condition for Assumption 6 is given in Liu and Molinari (2026, Assumption
3), where a partially linear structure is assumed for A6.

Let §x = o((Yi, Gi, Xi, Z;) i ¢ 1) be the o-algebra generated by the data used for
constructing the estimator 7);, for the nuisance nn = (A8, 7, 0p). Let 1, be an estimator for

= [y, pp] T that uses only the data outside fold Zj, (similar to how we define 7;,):

T

fi = | 75 Y H{Gi=r}, 72> 1{Gi=1b}
4Ty, ¢ Ty,

We assume that the estimators for A@(X) and 7(X) share the same structure as in As-
sumption 6. Furthermore, we treat v(X7) as a low-dimensional nonparametric component
that can be estimated uniformly well over X, whereas y(X?) captures a high-dimensional
component that can be estimated sufficiently well in the sense that its mean squared error

converges to zero sufficiently fast. We assume that 6 can be estimated sufficiently well.
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ASSUMPTION 7: There exist estimators Uy, 7y, and 507/% fork=1,..., K such that
(a) (Fi(X), DO(X)) = F(B(X1), k(X2), fiy,).
(b) supy, e, [|Pk(x1) = v(w)]| = op(n~1/4).
(¢) E[[Fk(X2) = 7(X2)|2[k] = 0p(n~1/2) .
(@) E [|18o £(X) = 60(X)|*[3k| = 0p(nV/2)

1/4_consistent

Example machine learning methods that, under suitable conditions, are n
in the L2-norm include ¢1-penalized methods, boosting, and neural nets (see, e.g., Cher-
nozhukov et al., 2018, and references therein, for a discussion of machine learners compat-
ible with the rate requirement).

Similarly to Liu and Molinari (2026, Thm. 4.1), our main asymptotic result shows that
/Hg (q; fJ, 7)) converges to a Gaussian process uniformly in ¢ € S?, where the score (;(q; L, n)

in (34) is the influence function that governs the part of the limit distribution of /ﬁg(q; f, n)

due to the uncertainty in 77, and the remaining part is attributed to estimating p:
THEOREM 4.1: Let Assumptions 1-3 and 5-7 hold. Then,
Vit (he(a:L.5) — he(a)) = GIG (@ Lom)] in (%),

where

G(a:Lom) =Gl L) + ) Tyle) (1—1{%—;9}) (40)
ge{rb}

and Tl(q) =E [1{G; = g} (4"Lo,; + aTALA{qTAO(X) > 0}) 5|

REMARK 4.1: One could alternatively construct a DML estimator of hg(q) using
¢ (¢;L,m) in (40) instead of (;(¢;L,n) in (34). Doing so would be valid because
¢/ (¢;L,m) satisfies the Neyman orthogonality condition with respect to 77 and p. In prac-
tice, when 7] is obtained via cross-fitting and p is estimated by sample means, /f;g(q; f, n)
is numerically equivalent to % S (g L, 71). Hence, our proposed estimator implicitly

accounts for first-step estimation error in .
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5. TESTING PROCEDURES
We provide test statistics and their asymptotic distribution to test whether (i) the FA-

frontier coincides with the Pareto frontier; and (ii) a less discriminatory alternative to a

given algorithm exists.

5.1. Testing PF =F

Theorem 2.3 provides a necessary and sufficient condition for PJF = F. Here we put
forward an equivalent characterization based on the support function process, which is

amenable to testing the null hypothesis PF = F against the alternative PF # F.

PROPOSITION 5.1: Let Assumptions 1-2 hold. For C a constant pinned down by As-
sumption 1, £ C Be, with B¢ the ball in R? of radius C. Define

TE03(e) = | sup{aTe — he(@)}| + | inf {he <>+hg<—q>}] ,
| g€S? T qes? n

Upr(e) = | inf {q(a)mhg(—q(a))}]  qla)= e
| a€[0,1] n

Then PF = F <= SUD.cp,.7m04(c)=0 VPF(€) = 0.
If Assumption 3 also holds, fix any 5 > 0 and define

AL-(3) = sup |he(—q — mf \/1+52h5< \/i%)], (41)

a€l0,1] s€[-5

where ug = [0,0,1]T. Then PF = F <= AL (5) =0.

Eq. (41) translates the geometric condition PF C {e3 = 0} in Theorem 2.3 into a cri-
terion involving only the support function. For each Pareto-supporting direction —g(«),
the expression inside the supremum checks whether —g(«) already minimizes the support
value over fairness-direction tilts {—q(«) + sug : s € [—5, 5]}. In the proof of Proposition
5.1, we show that the derivative of this tilted support function at s = 0 equals the fair-
ness coordinate of the Pareto point; by convexity, s = 0 minimizes the support value over

[—3, 5] if and only if this derivative—and thus the fairness coordinate—is zero. Hence, the
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criterion in (41) is zero exactly when all Pareto points have zero fairness disparity, i.e.
PF C {e3 =0}, which is equivalent to PF = F by Theorem 2.3.

REMARK 5.1: In work in progress, we derive the limit distribution of sample analogs of

Ypr(e) and A% 7> and valid bootstrap critical values.

5.2. Assessing the Existence of a Less Discriminatory Alternative

When evaluating whether there exists a less discriminatory alternative (LDA) to a given
algorithm, regulators and policymakers need to confront the fact that they can only rely on
finite data to do so. Concretely, given an algorithm a* € A(X'), we call another algorithm
a € A an LDA if it yields expected losses that are at least as accurate as those associated
with a* for both groups, and at least as fair, with one of these inequalities strict. In terms of
the FA-dominance notion and FA-frontier reported in Definition 5, the absence of an LDA

is equivalent to the fact that a* yields expected losses with
e =e(a") = (¢! (a%), ¢f ("), ef (a*) — ¢ (a¥)) € F. (42)

By Theorem 2.2, (42) and (43) below are equivalent, hence we can use the latter to test the

hypothesis that no LDA exists against the alternative that it does, as follows:

Ho : min [hc(g*)(q) + hg(—q)} =0, (43)
q€es?

Ha :min [heee(q) + he(—q)] >0, (44)
qeS?

where hc(e*) (q) is defined in (13). We refer to (43) as the LDA hypothesis.
We propose to reject the LDA hypothesis for large values of the following test statistic:

TiP% = /o | |max(q"8 — hg(q: L%, 7)) | +
qeS? 4

min (hc@v)(CJ) +hE(—q; i”ﬁ))] ) ,
J’_

qcesS?

(45)

where Eg’ is a weighted estimator for he defined in (55) in Appendix A.3 and &% is a

weighted estimator for * defined in (83) in Appendix B.3.2. The former uses weights wlh =
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1 —=;/2 and the latter uses weights w; =1+ =;/2, ¢ =1,...,n, with =; a Rademacher
random variable taking values in {—1, 1} with uniform probability and independent of the
sample data and of the first stage training split. The test statistic in (45) was proposed in Liu
and Molinari (2026, Section 6.2). The reason why it resorts to using reweighted estimators
for he(g) and €* is that under the null hypothesis that €(a*) € F, Corollary 2.1 yields that
there exists a direction vector ¢* € S such that a*(X) = 1{¢*TAO(X) > 0}, P%-as. As a
consequence, one can show that under Assumption 3, for £* a point at which hc(a*)(q*)
is locally differentiable, the limit distribution of a the test statistic like the one in (45) but
with wzh =wi=1forallt=1,...,n, has a degenerate limit distribution. Liu and Molinari
(2026) show that this test statistic with degenerate limit distribution asymptotically rejects
a true null with probability zero, and a false null under local (1/+/n) alternatives motivated
by practical significance criteria with probability one (for a discussion of “practical signif-
icance” see Blattner and Spiess, 2022, Sec. 6). The use of Rademacher weights regularizes
the limit distribution of the test statistic, trading asymptotic size « for the null and local
asymptotic unbiasedness at local alternatives closer to the null than 1/4/n times the prac-
tical significance threshold, for power above nominal size instead of one just above that
threshold.

Our contribution is deriving the test’s asymptotic distribution as well as a valid bootstrap
procedure to estimate the associated critical values, in the presence of selectively observed
labels. We consider a bootstrap-based critical value ¢;_,, defined in Procedure 1 below.
To simplify notation, let 3 = (hg(q),e*) € £°(S?) x R3 denote the vector of population
values and let Bw = (ﬁ‘g(q), £¥) € £>°(S?) x R3 denote the vector of their estimators. We
can write TP* = \/n (qb(Bw) — (b(,@)) , where ¢ is defined in (59) in Appendix A.

PROCEDURE 1—Bayesian Bootstrap for the Quantiles of 7-"*:
1. Draw {W;}!' | i.id. from the exponential distribution with mean 1 independent of
the sample {(Y;, G;, Xy, Z;) }_ | and the weights {=;}}"_,. Let the bootstrap analogue

5 e B = (7 ol Th 7 Wil \ (0 Th 7). s
of B be B = (iig,2), where hg(q: L 7) = LY, () (g L0 7). 2 =

%Z?:l (ngf &ia; fﬁ,'ﬁ), L" and L¢ are defined as in (1)-(2) with g replaced
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by,ug =n 1Y 1< = )]l{G =g} and ji; =n" o 1(
spectively, and Wh=n=1 3" Wiwh and We =n=1 30 Wiwt.
2. Numerically approximate gzﬁ/ﬁ(-), the directional derivative of ¢(-) at 3, by

> 1{G; = g}, re-

B =L (6(B"+su(8)) —0(8)).

where 3 € (>°(S?) x R3 is a candidate direction at which we evaluate gbb() and sy, is

a vanishing sequence of step sizes such that \/ns, — oo.

3. Obtain (Z’ﬂ (\/ﬁ{Bw - Bw}) and calculate

Cl—q = inf {c : IP’( QAﬁllg(\/ﬁ{Bw — Bw}) <c

Let us define the LDA test by ¢-P* = 1{TP* > ¢;_4+x + r} for a given significance
level a € (0,1), where x > 0 is an arbitrarily small positive constant. The constant  can be
taken equal to 1076 as in Andrews and Shi (2013). We can take x = 0 when the asymptotic

TLDA

distribution of is continuous at its (1 — a)-quantile; x > 0 appears in the critical value

used in the LDA test to handle the technicalities arising from possible discontinuity points
of the asymptotic distribution of T-P*.
The next result establishes the consistency of the Bayesian bootstrap outlined in Proce-

dure 1 and guarantees the asymptotic correct size of the proposed test =P,

THEOREM 5.1: Let Assumptions 1-7 hold. Then, the Bayesian bootstrap outlined in
Procedure 1 is consistent. Furthermore, if the LDA hypothesis holds, the test pt"* has

asymptotically correct size, limsup,,_, . E[ptP4] < a .

Given Theorem 5.1, we can build an asymptotically valid confidence set for F by test

inversion, similarly to Liu and Molinari (2026, Proposition 5.1).

6. CONCLUSIONS

In this paper, we consider the problem of identification and inference for the FA-frontier
put forward in LLMO, when labels (outcomes) are selectively observed. We build on the

methodology developed by Liu and Molinari (2026), who assume away the selective labels
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problem to focus on deriving moment-inequality representations for the frontier. Selective
labels challenge one’s ability to (point) identify features of the conditional distribution of
the true labels, including the FA-frontier. Naively computed accuracy metrics using only
observed outcomes may misrepresent true performance, potentially overstating accuracy
where it matters most and distorting conclusions on whether LDAs exist.

Under the assumption that labels are missing at random conditional on a rich set of ob-
served covariates, we obtain point identification of the FA-frontier using inverse propensity
score weighting and derive the asymptotic distribution of the test statistic that we use to
characterize whether an algorithm is on the frontier. The inference method that we pro-
pose is based on a debiased machine learning estimator, which is particularly appropriate
in this context, where high-dimensional administrative data enable flexible nonparamet-
ric modeling of the selection process and hence make the missing at random assumption
more credible, but formal inference with valid confidence statements remains necessary for
legally defensible determinations, making the use of methods that control the bias of the
first-step nonparametric estimation crucial.

When the selection process is left completely unrestricted (hence, we dispense with the
missing at random assumption) we provide a tractable characterization of the sharp identi-
fication region for the FA-frontier, for a specific class of loss functions. In work in progress,
we derive a DML estimator and its asymptotic theory (along with valid bootstrap methods)
to build a confidence set for the partially identified FA-frontier and to test the hypothesis

that no LDA exists to a given algorithm.
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APPENDIX A: PROOFS OF THE MAIN RESULTS

Assume throughout that (X', B(X')) is a standard Borel space.

A.1. Proofs for Section 2

PROOF OF THEOREM 2.1: Recall € = {(e(a), i (a), e’ (a) — e’ (a)) : a € A}, s0

he(q) =sup T (e(a), ei'(a), ef () — ef (a))
acA

Using the representation (eZ(a), €7 (a), e’ (a) — ef'(a)) = E*[80(X)]+E* [a(X)AO(X)],

we obtain g7 (e2(a), €i'(a), el (a) — ef'(a)) =E* [qT0o(X)] +E* [a(X )qTAO(X)]. Hence,

he(q) =E" [¢T00(X)] + SgﬁE* [a(X)qTAB(X)].
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Because a(X) € [0, 1] and ¢TAB(X) is o(.X)-measurable, the pointwise maximizer is

1, ¢TAO(X) >0,
a?(X) € arg max tqTAQ(X) =
tef0.1] 0, ¢TAB(X) <0,

with arbitrary tie-breaking on {¢TAO(X) = 0}. Therefore,

SEEE* [a(X)gTAB(X)] =E* [(¢TAO(X))., ] .

Next, note that 1{¢TAO(X) > 0} is o(X)-measurable. Therefore, by iterated expectations,

E*[¢"Lo + ¢T(L; — Lo)1{qTAB(X) > 0}] =E* [¢T00(X) + ¢TAO(X)1{qTAB(X) > 0}].
This proves (10). To prove (11), fix ¢ € S? and let v € R? be arbitrary; denote u, =
max{u,0}. For t € R such that ¢ 4 tv # 0, using the support-function formula, we have

q+tv)TAO(X))  —(¢TAO(X))
t

he(attv)—hela) _ g [,790(x) + U

Hence it is enough to study the difference quotient of the map w > u.

For each realization X = x such that qTA@(z) # 0, the function ¢ > ((q + tv)TAO(z)) .
is differentiable at ¢t = 0, with derivative vTAB(z)1{qTAO(x) > 0}. Therefore, pointwise
on the event {¢TAB(X) # 0}, as t — 0,

((g+t0)TAB(X)) , —(¢TAB(X))
¢

£ o TAG(X)1{gTAB(X) > 0}. (46)
Assumption 2 implies P* (¢TAB(X) = 0) = 0 for every ¢ € S?, because for every § > 0,

P* (qTAO(X) = 0) < sup P*(|qTAO(X)| < 6) < o™
Ges?
and letting ¢ | 0 yields the claim. Thus, the convergence in (46) holds P*-almost surely.
Next we obtain an integrable dominating function. Since u — u is 1-Lipschitz,

((g+t0)TAO(X)), —(qTAB(X)

) Le| < o TAB(X)|
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for all ¢ # 0. Therefore,

((g+t0)TAB(X)) , —(¢TAB(X))
t

vT0(X) + 1 <|oT0p(X)| + [vTAO(X)|

By Assumption 1, the random vectors 6 (X) and A@(X) are integrable, so the right-hand
side is integrable. Hence, by dominated convergence,

lim helativ) “he(a) — ,TR* [0y (X) + AG(X)1{qTAO(X) > 0}].

Thus the directional derivative of hge at ¢ in direction v exists and is linear in v. It follows

that h¢ is differentiable at ¢, with gradient
Vqhe(q) =E*[00(X) + AO(X)1{qTAO(X) > 0}].

Using again the law of iterated expectations yields (11).
Finally, by Schneider (1993, Corollary 1.7.3), & is strictly convex because by (11) its
support set is a singleton in each direction ¢ € S. Q.E.D.

PROOF OF THEOREM 2.2: Recall S% = {q € S?2:q1 >0, o > 0} and that under As-
sumptions 1-2, £ has a nonempty interior, is compact, and is strictly convex.

Step 1: (i) <= (ii). By definition,
C(e") = {6 = (e1,69,63) ER3 1) <t g9 <&, |e3| < |<€§|} )

Hence ENC(e*) ={e € E:e1 <€), e2 <e5, |e3] < |ef|}. Next, recall that ¢* € F if and
only if there does not exist ¢ € £ with g1 < ¢}, €2 < &3, and |e3| < |e}|, with at least one

strict inequality. Since e* € £ N C(e*), this is equivalent to ENC(e*) = {*}.

Step 2: (ii) <= (iv). We begin showing (ii) = (iv). Assume ENC(e*) = {e*}. We prove
first that |5| = d((e7,3)). If not, then d((£7,€5)) < |€5], and by definition of d, there exists
€3 € R such that (¢7,€5,€3) € € and |€3] < |e3|. But then (e7,¢3,63) € £NC(*) and this
53l = d((h.53). We

next show that 7(c*) = (¢},3) € F4. Suppose not. Then there exists (c,,cp) € £4 such

point is distinct from ¥, contradicting £ N C(e*) = {*}. Hence,

that ¢, <e7, ¢ < &b, and d((cr, ¢p)) < d((e7,€5)), with at least one strict inequality. As
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(¢r,cp) € E4, by definition of d there exists &3 € R such that (c,,cp,&3) € € and |&3] =
d((cr,cp)). Using the equality already proved, d((e7],e3)) = |€5|, we obtain ¢, < ¢f, ¢ <
g5, and |€3] < |ej|, with at least one strict inequality. Thus (¢,,cp,€3) € € N C(e*) with
(¢r,cp,E3) # £*, contradicting £ N C(e*) = {e*}. Hence, 7(c*) € F4, proving (i) = (iv).

We now prove (iv) = (ii). Assume 7(c*) = (¢1,e3) € F4 and |e}| = d((e1,¢3)). Let

e=(e1,62,63) € ENC(e*). Then g1 < €7, e2 <€, and |e3| < |ef]. Since € € &, we have
d((e1,€2)) < les| < ez = d((e7,3))- (47)

Thus, (£1,¢2) € £4 weakly improves on (¢3,€5) in both group-accuracy losses and in the
fairness index d. As (g%, ¢3) € F4, it follows that (¢1,e9) = (£%,¢3) (else we would con-
tradict (e3,¢3) € F4). Substituting back (£,¢5) for (1,22) in (47) yields |e3| = |¢5|. If

€3 # €3, then necessarily €3 = —¢3. If €5 = 0, this is impossible, so €3 = €3. If €5 # 0, by

convexity of £ the midpoint & = EJF;* = (e7,€5,0) belongs to £. Therefore, d((c7,¢5)) <0,
which implies d((e7],€3)) = 0. But then |5 = d((¢},€5)) = 0, contradicting 5 # 0. Hence

£3 = ¢4, s0 ¢ = ¢*. We conclude that £ N C(¢*) = {&*}, proving (iv) = (ii).
Step 3: (ii) = (iii). Assume ENC(c*) = {¢*}. As & is compact and convex with nonempty

interior, and C(£*) is closed and convex, the two sets admit a common supporting hyper-

plane at their unique common point. Hence, there exists ¢ # 0 and « € R such that
gde>a>qTc Vee &, VeeC(e).

As e* € ENC(e*), necessarily a = gTe*, hence inf.c¢e ¢Te = SUPcec(e+) ¢"¢- Equivalently,
—he(—q) = hee+)(q). Since he(o+)(q) < 400, we must have g1 > 0 and g2 > 0, because

C(¢*) is unbounded in the negative first- and second-coordinate directions. Since ¢q # 0,

positive homogeneity of support functions implies that, after replacing ¢ by ¢/||¢||, we may
assume ¢ € S? while preserving the equality he(e)(q) +he(—q) = 0. Since * € ENC(e¥),
for every q € S2, he(e+)(q) > qTe* and hg(—q) > —qTe*, and hence he(o+)(q) + he(—q) >

0. Therefore, min_ g, (he(e+y(@) + he(—q)) = 0, proving (ii) = (iii).

Step 4: (iii) = (ii). Assume min_ s (hc(g*)(q) + he(—q)) = 0. As S? is compact, & is

compact, and h¢(.«) is finite and continuous on S2, the minimum is attained at some qe 2.
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Thus, sup.cc(c+) ¢Tc = infeee Te. Let £ € ENC(e”). Then

J7€< sup (Te=inf qTe <qTé.
ceC(e*) eef

Hence, every £ € £ N C(e*) satisfies §T¢ = inf.c¢ ¢Te. Therefore,
ENC(e") C {8 €& :q'e=inf ché} ,
et

that is, the intersection is contained in the support set of £ in direction —¢. Since & is
strictly convex, every support set of £ is a singleton. Because ¢* € £ N C(e*), the above

inclusion implies £ N C(¢*) = {&*}, proving (iii) = (i7).

Combining Steps 1-4, we obtain (i) <= (ii) <= (iii) <= (iv). Q.E.D.

PROOF OF THEOREM 2.3: We divide the proof of this theorem into four steps. The first
two steps prove the first part of the theorem using Lemma B.3, while the last two steps
additionally use the injectivity of the support map Sg implied by the non-kink condition.
Step 1: Suppose that for any ¢* € F there exists ¢* = g(a) € S? (defined in the statement
of the theorem) such that ¢* = Sg(—¢*) and g5 = 0. By part 1 of Lemma B.3, this implies
that * € PF; therefore, F C PF. Since PF C F by Lemma B.3, we conclude PF = F.
Step 2: Suppose that PF = F. Since ¢* € F implies ¢* € PF, we conclude that there
exist ¢* € S? such that £* = Sg(—¢*) and ¢35 = 0 by part 1 of Lemma B.3. We conclude the
proof by setting g(a) = ¢*.

Recall that Assumption 3 (no kinks) and the argument in Bontemps et al. (2012, Supple-

mental Appendix B.2.3) imply the injectivity of the support map Sg.
Step 3: Suppose that PF = F. Note that the injectivity of Sg implies that any £* € F
has a unique support direction ¢ whose third coordinate is 0 due to PF = F and part 1 of
Lemma B.3. Now, suppose that PF C {3 = 0} is false, that is, there exist ¢* € PF such
that €% # 0. In what follows, we will find &' € F such that e' = Sg(—¢') and ¢} # 0, which
will be a contradiction to PF = F and the injectivity of S¢.
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By part 1 of Lemma B.3, there exist ¢ = (¢1,q2,0) € S? such that * = Se(—q). Let
s =sgn(e}) € {—1,1} and for ¢ > 0 define

¢t (q1,q2,8t)

q = :
V@G +a3+t?

Then ¢* — g as t | 0. By continuity of Sg,
el =8Se(—¢') = Se(—q) ="

Hence, for sufficiently small ¢ > 0, sgn(e}) = s = sgn(q}), so ¢ie} > 0. By part 2 of Lemma
B.3, this implies &' € F such that £ = Sg(—¢") and ¢} # 0, which is a contradiction.
Step 4: Suppose that PF C {e3 = 0}. Note that PF C {e3 = 0} implies that the third
coordinate of both R = Sg(—u1) and B = Sg(—u2) is zero, where u; = (1,0,0)T and
uz = (0,1,0)T; therefore, u]R = 0 and ulB = 0 where uz = (0,0,1). Since R # B, it
follows that min.cg ule < 0 due to strict convexity of £. This implies that Sg(—u3) ¢ F
by part 2 of Lemma B.3. Similarly, we can conclude Sg(u3) ¢ F.

Since q ¢ {us, —us}, it follows that ¢; + g2 > 0. Let €* € F. By part 2 of Lemma B.3,
there exist ¢ € S? such that £* = Se(—q) and €53 > 0. Let G = (¢1,42,0)/4/¢3 + ¢5 and

p = Sg(—q). Consider the following derivations:

(1) @ LB } L@
q"p = qip1+ @p2 < el + @y < el + ey + q3e5 < ¢Tp,

where (1) holds since p € PF by part 1 of Lemma B.3 and p3 = 0 due to PF C {e3 =0},
(2) holds since p minimizes g1€1 4 22 over &, (3) holds since * € F and £3¢3 > 0 by part
2 of Lemma B.3, and (4) holds since €* minimizes q1£1 + 22 + q3e3 over £. Therefore,
p also minimize qi1€1 + qac2 + g3e3 over €. As a result, due to strict convexity of &£, we
have that p = £*, which implies that ¢* € PF. Therefore, 7 C PJF which implies 7 = PF
since PF C F due to Lemma B.3. Q.E.D.
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A.2. Proofs for Section 3
A.2.1. Proofs for Section 3.1

For A € A, let 84(x; \) denote the completion-dependent analogue of 6,4(z). Under the

special losses considered here,

[9A _ Y {G=g} 19A — (=Y 1{G=g}
0 Ky ’ 1 g
rnF o bF rnF b F _ 1{G=r} 1{G=b}

The next lemma gives the A-dependent representations used in Section 3.1.
LEMMA A.1: For every A € A and every x € X,
8(; \) = Ao(x) + B(x)A(x), 01(z;)) = Ay() - Br)A(z).  (48)
Consequently,

he(q; A) = Emax{qT(Ao(X) + B(X)A(X)), ¢"(A1(X) = B(X)A(X))}], (49)

heer () (@) = Clg:a) + E[(1 - 20(X))g"B(X)AX)],  ¢€S?, (50)

where
Z% X)A1;(X) + (1= a(X))Ao; (X)] + |gs| [Ela(X)Ars(X)]|. (51)

PROOF: Fix g € {r,b}. Using Y = ZY™ and the definition of \,(z),
A =5 [C1Ge)
E[ZY]I{G g}’X_I] +E[(1 Z)Y ]l{G g}‘X_l}

E[ZY]I{G g}’X_x]+>\( )E [(1 Z]l{G g}‘X_:L}

which is the gth accuracy coordinate of Ay(z) + B(x)A(z). Likewise,

09 (w3 ) = B [ LHE=0) x|
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— [ UG} | ¢ — ] _ 5, (o) B[ L=28C=0) | x o],

which is the gth accuracy coordinate of A;(z) — B(z)A(z). For the fairness coordinate,

OF (i 0) =0, of (o \) —E[HO=rh - HOD x ]

which does not depend on A. This proves (48). Equation (49) now follows directly from
Theorem 2.1 applied to the A\-dependent pair (Bg(-; ), 01(+; N)).

Next fix an algorithm a. By construction,
(@A) = E[a(X)81 (X A) + (1 — a(X))8o(X; \)].
For j € {1,2}, using (48),
ej(a;A) = E[a(X)A1;(X) + (1 — a(X)) Ao (X)] + E[(1 — 2a(X)) Bj; (X)A;(X)].

For the third coordinate, ¢%(a) = E[a(X)A; 3(X)], so it is point identified. Equation (13)
then gives, for q € §2,

he(e(an) (@) = q1e1(a; A) + qaes(a; A) + |gs| [e3(a)
=C(g;a) + E[(1 = 2a(X))q"B(X)A(X)],

which is (50). Q.E.D.

PROOF OF THEOREM 3.1: By Assumption 4, all distributions consistent with the data

also satisfy the conditions of Theorem 2.2; hence, algorithm a* yields ¢* € F if and only if

min (e (q) + he(—q)] = 0.
q€eS?

Given the definition of J4(\;¢,a), d =0, 1, in Theorem 3.1, this is equivalent to

min E* [max {J; (A*(X); q,a"), Jo(A*(X);q,a*)}] =0 (52)
qeS?

Since A*(X) is not identified by the data, we say that a* is on the fairness-accuracy frontier

for some distribution consistent with the data if we can find a /\(“*)( -) € A such that (52)
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holds with \*(X) = A(@)(X). We can write the existence equivalently as follows:

min min E [max {J;1(A(X);q,a%), Jo(AM(X);q,a")}] =0 (53)
A()EA ¢es?

To simplify notation we use J;(\) instead of J;(A(X);q,a*). Since Jy()) is linear in A,
we write Jg(\) = Ay + B})\, where By = (Bg, BS)T. We use the previous notation to write
the left-hand side of (53) as follows

1 . . .
S E t J1(\ 1—1¢) Jo(A
qneug% Ar(%lélA [trell[%?f]{ 1( )+( ) O( )}}

@) . .
= E tJi()\ 1—1) Jo(\
;Iélgrzl _Ar(l-l)lenA tlél[ffﬁ{ 1(A) + (1 —=1) Jo( )}}

@iy & |, i {1 (- 203) + -0 (do - D)}

W min E | max {u41+(1——02%%nnnﬂlt3{%(1—t)§6}4nﬂnﬂlt§%4Cl—t)ég}}}

q€§2 _te[ofu

® min E [max {AO +min{0, BYY +min{0, BYY, a*(X)A; + (1 — a*(X)) Ay, Al}]
q€S2 L

(54)

where (1) holds because max{a, b} = max;cg 1j{ta + (1 — )b}, (2) holds by the measur-
ability selection theorem, (3) holds by the minimax theorem since the objective function is
linear in ¢ and \ and both domains are convex, (4) by solving in A(X) € [0, 1] conditional
on X, and (5) holds by claims 1-3 below. Finally, (54) is sufficient to conclude the proof of
the proposition since Ag + min{0, By} + min{0, BY} = Jo(A1;¢,a*), Ag = Jo(Xo; q,a*),
Ay = J1(No;q,a*), and a*(X) € {0,1} due to Corollary 2.1.

Claim 1: tBY + (1 — t)BJ < 0if t <t* = a*(X). Recall that By = (B}, B})T and

By =—2a"(X)q"B(X)

B =2(1—a*(X))q"B(X) .

Therefore, t By 4 (1 —)By = 2 (t — a*(X)) ¢ B(X), which implies the claim since ¢; > 0,
g2 > 0, and B(X) defined in (18) is nonnegative.
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Claim 2: tBY + (1 — t)B] > 0if t > t* = a*(X). Similar to claim .
Claim 3: J(t) is maximized at ¢t = 0, a*(X), and 1, where

J(t) =tAy + (1 —t)Ag + min{0,t B} + (1 — t) By} +min{0,tBY + (1 — ) BY} .

Furthermore, J(a*(X)) = a*(X)A; + (1 — a*(X))Ag and J(1) = A;. The proof of this

claim follows by linearity on ¢ and claims 1 and 2. Q.E.D.

PROOF OF THEOREM 3.2: By definition, 7= =, F()\). First let ¢ € 7. Then ¢ €
F(\) for some A € A. By Lemma B.4, there exists ¢ € S? such that ¢ = Se(x(—¢) and
q3e3 > 0. Since Sg(y)(—q) is generated by a rule minimizing qT6,4(x;\) pointwise, the

corresponding expected loss vector belongs to M,,. Hence
g€ Mgn{neR’: g3 >0}.

Conversely, suppose € € M, N {n € R3 : g3n3 > 0} for some ¢ € S2. By definition of M,

there exist A € A and a g-optimal rule a such that
e =E[(1 - a(X))8y(X; \) + a(X)81(X; \)].

This vector minimizes g7 over n € £(A), so € = Sg(y)(—¢)- Since g3e3 > 0, the represen-

tation of F()\) due to Lemma B.4 implies ¢ € F()\). Therefore, ¢ € F7, establishing (28).
Using the result in (28), suppose € € F 3. Then there exists q e S? such that q3e3 > 0 and

e € M,. By Lemma B.5, M, is compact and convex, hence representing set membership

through support function dominance (Rockafellar, 1997, Chapter 13), we have

pqle) = su[;{vTe —hp,(v)} <0, hence [py(e)]+ =0.
veES

Since ¢ is feasible in the infimum defining Tty (e) in (29), 0 < Teny(e) < [pg(e)]4+ = 0.
Therefore Tepy (g) = 0.

Conversely, suppose Tuny(£) = 0. By Lemma B.6, the infimum is attained. Hence there
exists ¢* € {q € S : g3e3 > 0} such that [pg*(€)]+ = 0. Thus, pg(e) < 0. Using again

the support function representation of set membership for the compact convex set M+,
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€€ Mgy Since ¢* € {g € S?: g3e3 > 0}, we also have gje3 > 0. Therefore,
€My N{neR: gz >0} C F,
where the last inclusion follows from (28). This proves ¢ € F2 <= Teyy(e) =0. Q.E.D.

A.2.2. Proofs for Section 3.2

PROOF OF LEMMA 3.1: Since 7(X) € (0,1) a.s., the ratio ZL;/m(X) is well-defined.
Applying the law of iterated expectations,

e

x]=e[e[Zy

X,Y*,G} ’X] —E [W(L;)E[Zyx,y*,c:]‘x] .

By Assumption 5, E[Z| X, Y™, G] = n(X) a.s., and hence %E[Z|X, Y* G| =1Ly, as.,

and the characterization of 6;(X) in (30) follows. Repeating the same argument and using

(10) yields the characterizations of hg(q) and eg(a) in (31)-(32). Q.E.D.

A.3. Proofs for Section 4

Let {w;}}" ; be random positive weights independent of the data. Define

n
WL m) =5 ) (%) GaLem), (55)
i=1
where @ = n~! S w; and L is defined as in (1)=(2) with p, replaced by iy =
n Y () 1{G; = g}. Note that he(q;L,7) = /f;‘g(q; L“,7) by taking w; = 1, V1.
The next result presents a general version of Theorem 4.1. It presents the limiting distri-

bution for the class of weighted DML estimator ﬁ‘g of the support function hg¢.

THEOREM A.1: Let Assumptions 1-7 hold and let {w;}}' | be random positive weights
independent of the data such that E|w;] = 1 and E[w?] < C,,. Then,

Vi (Bg(a:T9) = he(0)) = Gl (g Lom) — he(q)}] in £(S2),

where (*(q;L,n) and /f;‘g(q; ff”, n) are defined in (40) and (55), respectively.
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PROOF: The proof has two parts. We first show in part 1 that
sup Vi(hg (g, 158) — he () = Golwi{G (¢ L) — he(@)}]| = 0p(1) . (56)
qeS

We then use van der Vaart and Wellner (1996, Thm. 2.5.2) to conclude in part 2 that
Gulwi{¢ (¢:Lym) — he(@)}] = Glwi{¢ (¢;Lm) —he(@)}] in €2(8*). (57

Part 1: Our goal is to establish (56). Define
he* (q;L,m) %Z () ¢/ (q:Lym) -
By Lemma B.10, we have
sup V(g (0, L) = B (L) = 0p(1) -
This implies that (56) holds if the equation below holds,
sup Vr(he* (g;L,m) — he(q)) — Gulwi{ (¢:L,n) — he(q)}]| = 0p(1) . (58)

Now, we rewrite the left-hand size of (58) using the identity G, [w;{(; (¢; L, n) —he(q)}] =
wyV/n(hg(q,Lim) — he(q)). That is

11— 1] sup [Gnlwi{¢ (¢ L,m) — he()}]] -

qces?

Since |1 — %| = 0p(1) by the definition of the weights w; and the law of large numbers.
Therefore, (58) holds if sup g2 |Gplwi{(] (¢;L,m) — he(q)}]| = Op(1), which holds by
(57) and the Continuous Mapping Theorem. Note that we can use (57) since the proof of
part 2 is independent of the proof of part 1. This completes the proof of part 1.

Part 2: Our goal is to establish (57). Consider the random vector
Wi = (Lo, AL;, Zi, m(X;), AO(X;), 00(X;),w;i) €W

and the class of functions Q = {f: W = R: f(W;) =wi{((¢;L,n) — he(q)},q € S*}.

Here, we are using the true value of the nuisance function n—which is fixed—and treat-
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ing n(X;) as a random vector. In order to use van der Vaart and Wellner (1996, Thm.
2.5.2) to complete the proof of part 2, we need to verify that (i) an envelope function
of the class Q has finite second-moment, and (ii) the uniform entropy bound in van der
Vaart and Wellner (1996, (2.5.1)) holds. To verify (i), we note that the minimum envelope
supges2 [wi{C; (q; L, m) — he(q)}| has finite second-moment due to Assumptions 1 and 6.
To verify (i1), we rely on Andrews (1994, Thms. 2 and 3) that states that the class of func-
tions of type I and their mixing (by addition and product operation) verify the uniform
entropy bound. We conclude by noting that O is of type I, since any function in Q can be
written as the sum of (i) linear functions in ¢, (ii) indicators of linear functions in ¢, and

(i11) product of (1) and (ii). O.E.D.

PROOF OF THEOREM 4.1: It follows from Theorem A.1 by taking w; =1, Vi . Q.E.D.

A.4. Proofs for Section 5.1

PROOF OF PROPOSITION 5.1: Theorem 2.2 yields T"P*(¢) = 0 <= ¢ € F. Next, we

show that fore € &, Ypr(c) =0 <= ¢ € PF. Indeed, for every a € [0, 1],

q(0)Te + he(—q(@)) = q(a)Te — inf g(a)Tn > 0.
So, ¥pr(e) = 0 if and only if there exists « € [0, 1] with g(o)Te = inf, e g() T, ie., € =
arg minycg ¢(o) Tn. By definition, this is equivalent to e € PF. Since {e € B¢ : T2 (e) =
0} = F, we have sup,cp,,.7oa (0)—0 YPr(€) = sup.c r YpF(e). Because Ypx(e) > 0 for
every e € £, the right hand side equals 0 if and only if ¢)pr(c) =0 for all € € F.
For v # 0, by positive homogeneity of hg(v), hg(v) = ||v]|he (ﬁ), so that, for every

a€[0,1] and s € [-35,5], V1+ s hg (%) = he(—q(a) + sus) for ug = [0,0,1]T.
Indeed,

— q(a) + sug|| = V1 + 52, since g(a)3 = 0 and [[g(a)|| = 1.

Fix o € [0,1], set ¢ = ¢(«), and consider the scalar function

9a(s) = he(—q+ su3) = su;g)(—q + sug)Tn.
ne
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The function g, is convex because it is the supremum of affine functions of s. By Assump-
tions 1-2, £ is compact and strictly convex, so each support set is a singleton. Hence the
support point Sg(—q) = arg max,cg (—q)T7 is well-defined.

We next show that g, is differentiable at zero and that g}, (0) = ulSg(—q). Let e* =
Sg(—q). For s # 0, define the (unique) support point £° = arg max,cg(—q + sug)™n. For

s > 0, optimality of £* at s = 0 and optimality of €* at s give

(c%)3 < ga(s)—ga(0) < (e%)s.

_— S
For s < 0, the same inequalities hold with the order reversed:

(58)3 < ga(s)—ga(0) < (8*)3.

- S
The support map is continuous by Berge’s maximum theorem, so ¢* — £* as s — 0. There-
fore, g/,(0) = (¢*)3 = ulSe(—q). Since g, is convex and differentiable at zero, and since
zero is an interior point of [—3, 5],

ga(O):SGI[nf }ga() = go(0)=0.

Combining this with the derivative calculation yields
he(—q(a)) = 1[nf V 1+ s2he ( +5u3) —  ulSe(—g(a))=0.
se|—S S

The expression inside the supremum in (41) is nonnegative, as s = 0 is in the interval
[—5,5]. Hence, A% ~(5) = 0 if and only if u}Se(—g(a)) =0 for every a € [0,1]. By
Lemma B.3, PF = {Sg(—q()) : € [0, 1]}, s0 A% ~(5) =0 if and only if PF C {e € € :
e3 = 0}. Under Assumption 3, Theorem 2.3 gives PF = F if and only if PF C {e € £ :
e3 = 0}. Combining the last two equivalences proves PF = F < AP 7(5)=0. Q.E.D.

A.5. Proofs for Section 5.2

Let []4 = max{-,0}. Define ¢ : £>°(S?) x R3 = R as

min(qie1 + qee2 + |gze3| + f(—q)) | (59)
qeS? n

o(f.€) = [max(ng - f(q)):| ) i

qeS?
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~w

where f € £>°(S?) and ¢ € R3. Note that TVPA =/ <¢(ﬁ ) — ¢(5)).

PROOF OF THEOREM 5.1: The proof has two parts. In the first part, we use Fang and

Santos (2019, Thms. 2.1 and 3.2) to show that the Bayesian bootstrap is consistent. In the
second part, we use Romano and Shaikh (2012, Lemma A.1) to prove that the test go%DA
has asymptotically correct size.
Part 1: By Kaido (2016, Lemma D.3) and standard arguments, it follows that ¢ defined
in (59) is Hadamard directionally differentiable at 3 tangentially to Dy = C'(S?) x R3 C
D = (>°(S?) x R3, where C(S?) is the class of continuous functions on S2. This guarantees
Assumption 1 in Fang and Santos (2019). By Cramer-Wold and Theorems A.1 and B.1,
we have \/ﬁ(aw — B) = Gg. Let K(q,q') be the covariance matrix of Gg for ¢,¢’ € S*.
It can be show that K (q,q’) is continuous in both ¢, ¢ € S?, which implies that Gg € Dy
with probability 1 by Adler and Taylor (2007, Lemma 1.3.1). This guarantees Assump-
tion 2 in Fang and Santos (2019). By Fang and Santos (2019, Thm. 2.1), we conclude
Vit (6(B") = 6(8)) = 65(Gp).

To prove the consistency of the bootstrap, it is sufficient to show that

sup
fEBﬁl

E[f(0s(vVi{B” = B"1) [ {(%i G, X, Z, 20 Vi) — E[F (65(Ga)) ] | = 0p(1),

(60)

where BL is the set of 1-Lipschitz functions f : R — R such that | |, < 1.

It is sufficient to verify Assumptions 3 and 4 in Fang and Santos (2019) to conclude (60)
by Fang and Santos (2019, Thm. 3.2). Note that Assumption 3 part (i), (iii), and (iv) hold
by construction. By Hong and Li (2018, Thm. 3.1), we conclude d:’ 8 defined in Procedure
1 verifies Assumption 4 in Fang and Santos (2019). Therefore, it is sufficient to verify

~W
Assumption 3 part (ii), i.e., the Bayesian bootstrap works for the estimator 3 :

sup
f€B[,1

B[ (Vi (87 B7)) {06 Gi Xi, ZZ0) Y| ~E[£(Gp)]| = 0p(1) . 6D
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Define

7= (33 () 3 () s ©

=1 i=1

Zﬂ“”’“z(%i:( )czq,Ln%E( g *Ln)> (63)

i=1

By Lemma B.14, we have H\/ﬁ (Bw — Bw> —/n (fﬁ'w* _ I@w*>

we conclude that (61) holds if the following equation holds

‘ = 0p(1); therefore,

E[f(va (B =B"")) H(Vi G Xi, 2,20 Y| —E[F(Go)] | = o(1) .

sup

f€B£1
Finally, the previous equation holds by definition of Bw’*, Bw’*, by van der Vaart and Well-
ner (1996, Thm. 3.6.13), and because /n ([Aiw* - [3) = Gg since E[w"] = E[w] = 1.
This completes the proof of the bootstrap consistency.

Part 2: For an arbitrarily small x > 0, P <supx€R Fo(z) — Foo(a) > /1) =o0(1), where

Fulw) =B (g(Vi{B" ~ B"}) <al{(¥i.Gi, X0, 21,20}l ) Foolw) =P (65(Cp) <) -

Let ¢1_q be (1 — «v)-quantile of ¢’B(Gg), i.e., Fso(c1—a) > 1 — . Recall that €] _ 4 is the
(1 — o+ 1) —quantile of the distribution of ¢/ s(vn{ 3" - Bw}) The following derivation
completes the proof of part 2:

(1) (2)
P(TEPA > 8 _gin + ) S P(TEPA > 1o + k) +0(1) < P(TEPA > ¢1-0 + £/2) + o(1)

(3)
: P(¢5(Gg) > c1-a + 1/2) + o(1)

W_ )
< P(¢g(Gg) > c1-a) +0(1) < a+o(l),

where (1) holds since P(¢]_q+x > ¢1—a) = 1 —o(1) by Romano and Shaikh (2012, Lemma
A.1), (2) and (4) hold since x > 0, (3) holds since T-PA LA <bf@(G5), and (5) holds by the
definition of ¢1_g,. O.E.D.
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APPENDIX B: AUXILIARY RESULTS

B.1. Lemmas and Auxiliary Results for Section 2

LEMMA B.1—Support function of C(¢*): For e* = (¢},e},e3) € € and q € R3, the

support function of the closed convex set C(£*) in (12) is as given in (13).

PROOF: We have he(.+)(q) = SuP.cc(er) 476 = SUD. <ot cp<cs (q161 + @282 + g33). If
lesI<le3]
q1 < 0, then SUD;, <cx q1€1 = +00 (taking €1 — —o00). Similarly if g2 < 0. For ¢1,q2 > 0,

the supremum over ¢; < 5§ gives q]f;f, j =1,2. For the third coordinate:

q3le3) if g3 >0,
Sup ¢3e3 =
les]<[e3] —q3les| = |g3lles]  if g3 <O.
Thus he+)(q) = 1] + q2e3 + |g3]|€3] for g1, q2 > 0. Q.E.D.

LEMMA B.2: Let (52, §,P) be the probability space on which (Y,G,X) are defined.
Then: (i) € is convex. (ii) Under Assumption 1, £ is compact. (iii) Under Assumptions 1-2,

& has a non-empty interior in R3, and hence dim(&) = 3.

PROOF: Recall that A = {a: X — [0, 1] Borel-measurable}.
Part (i). Each coordinate map a e;(a) is affine in a by (3). Since A is convex and
(ef(a),ef (a), el (a) — ef (a)) is an affine image of a, its range € is convex.

T »

Part (ii). Define
K={ue L>*(Q,§,P):uis oc(X)-measurable and 0 < u < 1 a.s.}.

As (X, B(X)) is standard Borel, the Doob—Dynkin lemma (Rao and Swift, 2006, Prop. 3,
Ch. 1) yields K = {a(X) : a € A} up to a.s. equality. Hence, £ = E[0y(X)] + T(K), for

T(u) =E[uAO(X)] € R®. (64)

We first show that K is weak-* compact in L°°, where L*° is equipped with the topology

o(L>,L'). Since 0 < u < 1 a.s. for every u € K, we have ||u||o <1, so K is contained in
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the closed unit ball of L>°. Since L> = (L!)*, the Banach-Alaoglu theorem yields that the
closed unit ball of L™ is compact for the weak-* topology o (L>, L').

To prove weak-* compactness of /, it suffices to show that K is weak-* closed, since K
is contained in the weak-* compact unit ball of L°°. Accordingly, let u, € K and suppose
U — u weak-* in L°°. We show that u € K. First, u is o(X )-measurable. Indeed, for every
g€ LY F,P), E [ua(g — Elglo(X)])] =0, because u, is o(X)-measurable. Passing to
the limit using weak-* convergence gives E [u (g — E[g|o(X)])] =0, for all g € L!. Taking
g=14 for A € §, we obtain

/AudIP:/AEMa(X)]dP, VAES,

hence u = E[u|o(X)] a.s. Therefore u is o (X )-measurable.

Next, the bounds 0 < u <1 a.s. are preserved. To show u > 0 a.s., suppose otherwise.
Then P(u < 0) > 0, so for some € > 0, A. = {u < —¢} has positive probability. Taking
g =14 € L', weak-* convergence yields E[u,g] — E[ug]. Since u, > 0 a.s., we have
El[uqg] > 0 for all «, whereas E[ug] = E[ul 4, ] < —eP(A:) < 0, a contradiction. Thus
u > 0 a.s. Applying the same argument to 1 — u, shows u <1 a.s. Therefore u € K, so K
is weak-* closed. Hence K is weak-* compact.

Now consider the map 7" : K — R3 in (64). This map is well-defined because v € L
with |u| < 1 a.s. and each component of A@(X) is in L' by Assumption 1, so each com-
ponent of uA@(X) is in L'. Moreover, for each component j = 1,2,3, the map from u
to the component of E[uA@(X)] is weak-* continuous on L°°, since each component of
A@(X)isin L'. Therefore T': K — R3 is continuous when K is endowed with the weak-*
topology and R? with its usual Euclidean topology. Since K is weak-* compact and 7T is

continuous, 7'(K) is compact in R3. Therefore, £ = E[¢(X)] + T'(K) is compact.

Part (iii). Let Agisp = {¢ : X — R measurable : |¢(X)| < 1/2 Px-as.} ={e: X —
R measurable : [|e]|oc <1/2} where ||¢||oo = esssup,.p, |¢(x)|. For any algorithm a € A,
let e(X) =a(X) — % be the corresponding displacement in Agis,. Let €? = E[60(X)] +
$E[AG(X)]. Then for any a € A we have e(a) — e = E[¢(X)AO(X)]. Hence, we can
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write £ = e¥ + £V, where £V is the set of feasible displacements:
0= {E[¢(X)AO(X)], e: X — [—3, 1] measurable}

and the equality holds because every measurable a : X — [0, 1] corresponds to a unique
€€ [—%, %] and vice versa. We next show that £ contains a Euclidean ball around 0, which
implies £ = € + &Y contains a ball around ¢". Fix ¢ € R? with ||q|| = 1. Consider the

support function of £Y in direction ¢:

heo(q) =sup ¢Te= sup Elg(X)qTAO(X)].
ect? lelloo<1/2

Pointwise maximization yields the maximizer £4(X) = & sign(¢TA@(X)) (with any value

in [—3,1] on the null set where gTAO(X) = 0), so

heo(q) = 3E[|qTAB(X)]]. (65)

By Assumption 2, there exists a constant C' > 0 such that for all § > 0, P(|¢gTAO(X)| <
§) < €™, uniformly in ¢ € S*> = {g € R3: ||¢|| = 1}. Choose &y = (1/(2C))"/™ > 0.
Then for every g € S, P(|qTAB(X)| > &y) > 1 — C§J* = 5, and hence E[|qgTAO(X)|] >
oP(|qTAB(X)| > dp) > %0. Combining with (65) yields the uniform bound

heo(g)>%  vgeS” (66)

Hence, (66) implies that £° contains the Euclidean ball B(0,r) with radius r = 0y /4 (see,
e.g., Schneider, 1993, Section 1.7). Therefore, e” + B(0,7) C € so £ has a nonempty inte-
rior in R3, and hence dim(€) = 3. Q.E.D.

B.1.1. Characterization of the Geometry of F using the Support-Set of £

Let Assumptions 1-2 hold and let Sg(gq) be the support-set of £ C R3,
Se(q) = argmaxqTe, qeS?.
ee€

Since £ is compact and strictly convex, Sg(q) is a well-defined continuous function.
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LEMMA B.3: Let PF and F be the Pareto and FA frontiers defined in (14) and (8),
respectively, and let S?= {qe S?:q1 >0, o> 0}. Under Assumptions 1-2, we have

1. PF={e=8¢(—q):q€S?, g3=0}

2. F={c=8e(—q):q€S? gse3 >0}
In particular, PF C F.

PROOF: The proof has two parts. We first characterize the Pareto and FA frontiers using
support functions. We then use the characterization to conclude the lemma.

Part 1: For £* = (¢],¢3,¢5) € £, we define
Cl(e*)={e=(e1,e0,63) €R3 11 <&}, g < &b}, (67)

the set of group-wise expected accuracy losses that are weakly more accurate than €*. It

can be verified that the support function of C”'(c*) equals:

qe] F 5 ifq1 >0, g2>0,g3=0
hcp(g*)(q) = sup (le= (68)
e€CP (%) +o0 otherwise.

Let * = (e],¢€5,¢3) € €, then €* € PF if and only if

min <hcp(5*)(q) + hg(—q)) —0, (69)
q€S?, q3=0
and ¢* € F if and only if
min (hee)(q) + he(=q)) =0, (70)
qeS?

where (69) follows by similar arguments to those in the proof of Theorem 2.2 (i)-(iii), and
(70) is due to Theorem 2.2 (iii).
Part 2: We use (68) and the support set Sg to note that (69) can be written as follows

min  (q1e] + q2e3 — ¢"Sg(—¢q)) =0.
qeS?, g3=0

Therefore, any £* = Sg(—q) for g € S? and g3 = 0 satisfies the previous equation, implying
that {e = Se(—¢q) : ¢ € S?, g3 =0} C PF. Similarly, for any * that satisfies the previous
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equation there exists ¢ € S? such that g3 = 0 and q1e] + q2e5 — ¢"Sg(—q) = 0, which im-
plies ¢* =Sg(—q) and PF C {e =Sg(—q) : g € S?, ¢35 = 0}. This proves Lemma B.3(1).
We derive a convenient characterization of F to prove Lemma B.3(2). Fix ¢* € £ and

q € S2. Since he(e+)(q) = q1e] + qoe5 + |gs||e3], and he(—q) = — min.ce qTe, we obtain
hc<gq(9)4-h€(-Q)==Q1€T+—q26§-%IQ3H€§\—-ggg}ng.
Since min.cg qTe < ¢Te™ = q1€] + q2e5 + g3e3, it follows that
he(ey(q) + he(—q) > lgs|les] — gze3 > 0.

Therefore, £* € F <= 3¢ € S? such that * = Se(—q) and gz > 0, proving Lemma
B.3(2). 0.E.D.

Lemma B.3 has two immediate implications. First, PF C F. Second, the Pareto frontier
‘PF is a one-dimensional object, while the FA-frontier can be a two-dimensional object.

Let gi ={qe€ S?: g3 > 0}. Define the coordinate-edge image
IM;;= {argrsneig{asi +(1—-a)e}ael0, 1]} . 1<i<j<3.
COROLLARY B.1: Suppose Assumptions 1-2 hold and £ C {¢ € R3: 3 > 0}. Then
F={Se(—9):q€S7}. (71)
The images under q — Sg(—q) of the three boundary edges of gi are

IMI? = {Sg(_Q) °q Eg?{—a q3 :0} :P‘Fa

IMiz={Se(—q):q€S%, =0},  IMaz={Se(—q):qe€S%, q1=0}.

If Assumption 3 also holds, then ZM2,ZM13,ZMog are the relative boundary edge
curves of F and IMy2 = PF C F. The case € C {e3 < 0} follows by the reflection

(€1,€2,€3) = (€1,€2, —€3).
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PROOEF: If ¢ € S? | then for ¢ = Se(—q) we have e3 > 0 and g3 > 0, so gze3 > 0.
Lemma B.3 yields € € F.

Conversely, let ¢ = Sg(—¢q) € F for some ¢q € S2, so that q3e3 > 0.1f g3 > 0,then q € gi
If g3 <0, then £3 =0 and for any n € £,

qie1 +qe2=q"e < ¢ =qm + @2+ @3 < g+ qne,

where the last inequality uses g3 < 0 and 73 > 0. The case q; = ¢2 = 0 would force 13 =0
for all n € &, contradicting that £ has nonempty interior. Hence ¢ + ¢2 > 0. After normal-
izing [q1, g2, 0], we obtain a vector in g%_ exposing the same point ¢. This proves (71).
The identities for ZM 12, ZM 3, and Z.M 3 follow because positive rescaling of a nor-
mal vector does not change the minimizers. For example, {q € S?r : g3 = 0} consists exactly
of positive normalizations of [a, 1 — «,0]T for « € [0, 1]. Thus its support image is ZM 2,
which equals PF by Lemma B.3. The other two edges follow by the same argument.
Under Assumption 3, the support map is injective. Hence the map 7" : gi —F,T(q) =
Se(—q), is injective. It is also continuous by Berge’s maximum theorem, and it is surjective
by the representation in (71). Therefore 7' is a continuous bijection from the compact space
ASE onto the Hausdorff space F C R?, and hence T is a homeomorphism. Thus, the images
of the three boundary edges of gi are the relative boundary edge curves of . In particular,
IMipg=T ({q € gi g3 = 0}> =PF. Since {q € gi - g3 = 0} is a proper subset of S,
injectivity of 7" implies ZM 19 = PF C F. Q.E.D.

COROLLARY B.2: Let Assumptions 1-2 hold. Suppose that £ N {e € R3 : e3> 0} # 0,
EN{e €R3:e3 <0} #0, and that either PF C{e €R3:e5 >0} or PF C {e €R?:
£3 < 0}. Recall E4 = 7 (E), and let

PFA = {c e&A Al € EA such that c) <1, dy < co, with at least one strict inequality} )
Then PFA C FA and PF C F.

PROOF: It is enough to prove the result when PF C {¢ € R?: g3 > 0}; the other case

follows by applying the reflection (¢1,£2,¢3) +— (€1,£2, —€3).



55

Since £ is convex and contains points with positive and negative third coordinate,
EN{e €R3:e3 =0} # (. Hence, 7 (£ N {e3 = 0}) is a nonempty compact subset of £4.
Choose € arg Min,er(gnfey—0}) (€1 + c2). Then & € &4 and d(c°) = 0 for d(-) defined
in (5), because ” has a feasible lift with third coordinate equal to zero.

We first show that © € F4. Suppose not. Then there exists ¢’ € £4 such that

d<d, <, dd)<d() =0,

with at least one strict inequality. Since d(c’) > 0, we have d(c¢’) = 0. Therefore ¢ € 7(E N
{e3 = 0}). Moreover, the strict inequality cannot occur only in the fairness coordinate,
because d(c’) = d(c") = 0. Hence at least one of ¢} < ¢ or ¢ < ¢ holds, so ¢ + ¢ <
Y + ¢J, contradicting the definition of ¢”. Thus ¢” € F4.

Next, * ¢ PFA. Indeed, since ® € 7(€ N {e3 = 0}), the point ¥ = (?, ¢J,0) belongs
toE. If Ve PF A, then ¥ € PF: otherwise there would exist n € & with n; < 5(1), ny < 58,
and at least one strict inequality, and then 7(n) would Pareto-dominate ¥ in EA. This
contradicts ® € PFA. Therefore * € PF , contradicting the maintained case PF C {e3 >
0}. Hence ¥ ¢ PFA.

We have shown that (* € FA\ PF A 1t remains to check that PFA C FA If c € PFA
but ¢ ¢ F4, then some ¢ € £4 satisfies d) <ci, ¢y < e, d(d) <d(c), with at least one
strict inequality. The strict inequality cannot occur only in the fairness coordinate: if ¢} = ¢;
and ¢}, = cg, then ¢/ = ¢, hence d(c’) = d(c). Thus at least one of ¢} < ¢1 or ¢ < ¢3 holds,

contradicting c € PF A Therefore PFA C FA, Together with ¢ € FA\ PF A this gives
PFAC FA

Finally, because c € F4, d(c”) = 0, and €° = (c{,¢J,0) € £, Theorem 2.2 (iv) implies
eV e F. Bute? ¢ PF, since 3 = 0 while PF C {e3 > 0}. Since Lemma B.3 gives P.F C
F, we obtain PF C F. Q.E.D.

REMARK B.1—Implications for Figure 1: Lemma B.3 identifies P with support di-
rections in S? satisfying ¢3 = 0, and identifies F with support directions in S? satisfying

q3e3 > 0. Combining this characterization with Theorem 2.3 gives the classification used
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in Figure 1. Under Assumption 3, PF = F <= PF C {e € £:e3=0}. Thus, under As-
sumption 3, whenever PF ¢ {e3 =0}, one has PF C F, while if PF C {e3 =0}, the two
frontiers coincide. In particular, a single intersection of PF with the plane {e3 = 0}, or the
fact that only the endpoints R and B lie in that plane, is not sufficient for PF = F. Corol-
lary B.2 further shows that in the crossing case with PF strictly on one side of {e3 =0},

the strict inclusions PF4 C FA and PF C F hold already under Assumptions 1-2 alone.

B.2. Lemmas, Auxiliary Results, and Notation for Section 3
Let AA(z) = Ai(x) — Ao(x), so that AB(z; ) = 01(x;\) — Op(x; ) = AA(z) —
2B(x)\(x), and 74(z) = %qTAA(a:). For each z € X and for ¢ € S?, define

dy(z) = Sei[glfl]2 l[qT{AA(z) — 2B(x)s}], U(x)={B(z)s:se0,1]%},

Kg(x) ={Ao(z) +u:uveld(r), ¢Tu<ty(x)}, K;(Z‘) ={Ai1(z) —u:ueld(x), ¢Tu>14(x)},

Ky(z) = Kg(ac) U K(}(LL’).
Define the finite constants My = ess sup,, supy,ey(z) |AA(x) — 2ul| < oo and

Hop=esssup sup max{|Ao(x)+ ul|,||A1(z) — ul|} < oo,
T ueld(x)

where the bounds follow from the binary-loss setup and the lower bound on 4, g € {r,b}.

With the convention that sup{(} = —oo, define

HO(an;x) = sup UT(A()(Q?) +u)7 (72)
ueU (z): qTu<lry ()

sup vT(A(z) — u). (73)
u€U(z): qTu>74 ()

k1 (v, ;)

Recall the fixed-completion feasible set £(A) in (19) and its associated support set,
Sey) (v) =arg max vTn.
g (V) 8 max v

Thus Sg () (—¢) is the set of minimizers of ¢Tn over £(A).
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LEMMA B.4: Let Assumptions 1 and 4 hold. Then, for every \ € A, the set £(\) is

nonempty, compact, convex, has nonempty interior, and Sgy) (v) is a singleton for every

v € S%. Moreover, F(\) = {5 = Sg()\)(—Q) qE SVQ, q3e3 > 0} .

PROOF: By Assumption 4, Px{|¢TAO(X;\)| < 0} < Px{dy(X) <6} < 0™ and
Px{d,(X) =0} =0 for all ¢ € S%. Hence, Assumptions 1-2 hold for the distribution of
(Y*,G, X, Z) implied by each A\ € A. By Lemma B.2 and Theorem 2.1, the set £(\) has
nonempty interior, is compact and convex, and Sg(y) (p) is a singleton for every p € S?. By

Lemma B.3, for every A\ € A, F(\) = {5 =Sen(—9) g€ S?, qze3 > 0}. Q.E.D.

LEMMA B.5: Let Assumption 1 hold. Then, for every q € S2, the set My is nonempty,

compact, and convex.

PROOF: Since u(z) € U(x) = B(x)[0,1]?, for j = 1,2, u;(z) = 0 whenever Bj;(z) =0,
and 0 < u;(x) < Bjj(x) whenever Bj;(x) > 0. Define

Ar) = uj(z)/Bjj(x), Bjj(x) >0, i—12
0, Bjj(z) =0,

Then Aj(z) € [0, 1]. Hence, for u(x) € U(x), Px-a.s., with u measurable, there exists a

measurable A € A, such that
B(x)\(z) = u(x) Px-a.s. (74)

By measurability of Ay, A;, B, AA and 74(z) = £gTAA(x) are measurable. Since B(x)

has diagonal form, with nonnegative entries Bj;(x) and Bao (), the graph
Gr(U) ={(x,u) € X x R3:us=0, 0<u < Bii(z), 0 <ug < Ba(x)}
is measurable. Hence, for fixed g,
Gr(Ky) = {(z,) : (x,y — Ao(2)) € Gr(U), q"(y — Ao(x)) < 74()}

is measurable, and, similarly Gr(K (}) is measurable. Therefore K, = K g UK (} has a mea-

surable graph. For each z, U(x) = B(x)[0,1]? is compact. Intersecting () with a closed
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half-space preserves compactness, and translating or reflecting preserves compactness.
Hence Kg(a:) and K(} (x) are compact, possibly empty sets, and K (x) = Kg(x) U K(}(x)
is compact. Moreover, K,(x) is nonempty because U (z) # (), and every u € U(x) satisfies
either ¢Tu < 74(z) or qTu > 7,(x). By Molchanov (2017, Thm. 1.3.3), K, is a non-empty
random compact set. For each fixed v € S?, the support function of K, in direction v,
SUPy ek, () V1Y 1s measurable (Molchanov, 2017, Prop. 1.3.8) and admits a measurable
maximizer. The binary-loss bounds imply that K is integrably bounded. Consequently,

the following Aumann integral is well defined:
{E[k(X)]: k(z) € Ky(z) Px-as.}.

We next show that for every ¢ € S?, we can represent M as an Aumann expectation

(Molchanov and Molinari, 2018, Def. 3.1):
My ={E[k(X)] : k(z) € K4(x) Px-as.}. (75)
To see this, take an element of M. Then for some A € A and some g-optimal rule a, let
k(z) = a(z)0:1(z; A) + (1 — a(x))Bo(x; A).
Let u(x) = B(x)A(z). If a(x) = 0, the g-optimality condition gives
Tu(r) < SaTAAR) = 7y(x).

Thus k(x) = Ag(z) +u(zx) € Kg(x). If a(x) = 1, the same argument gives qTu(z) > 74(x),
so k(x) = A1(x) —u(z) € K (x). Hence k(x) € K () a.s., and the first inclusion follows.

Conversely, let k be a measurable selector of K. Since K, 8 and K, ,} have measurable
graphs and compact values, a measurable branch-selection argument gives measurable a :

X — {0,1} and measurable u(x) € U(x) such that

k(z) = (1 = a(x))(Ao(2) + u(x)) + a(z)(Ai(z) — u(z)),

with ¢Tu(z) < 74(x) on {a(x) =0}, and qTu(x) > 74(x) on {a(x) = 1}. By (74), there
exists A € A with B(z)A(z) = u(z) as., and a(z) € argminge(o 1} ¢70a(z; A), so that
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E[k(X)] € M. It follows that M, is the Aumann integral of K ;. The correspondence K

is nonempty, measurable, compact-valued, and integrably bounded because U/(z) is com-
pact and because Ay, A1, B are bounded in the binary-loss setup. Hence, for each g € S?,
M is convex and compact by Molchanov (2017, Thms. 2.1.26 and 2.1.38), where to apply
Thm. 2.1.26 we used that Assumption 4 implies that Px is nonatomic. Q.E.D.

LEMMA B.6: Let Assumptions 1 and 4 hold. Then, for every fixed € € R® and pqle) =
supyes2{vTe — hat, (v)}, the mapping q — py(e) is continuous on S2. Moreover, the infi-

mum defining Teny (€) in (29) is attained.
PROOF: By Lemma B.7, for all p,q € §2,

sup A, (V) = Ao, (v)| < 2HoCMg*|[p — g™
VES

Therefore, |pp(e) — pg(e)| < supyese |hm, (V) — ha, (v)| < 2HoC Mg ||p — q||™. Hence
q — py(€) is continuous.

Now define Q(¢) = {q € S : gze3 > 0}. This set is nonempty because (1,0,0) € Q(),
and it is compact because it is a closed subset of S2. Since ¢ — [p4(¢)]+ is continuous on

Q(e), it attains its minimum. Thus, Teny(€) = mingeg () [Pg ()] +- Q.E.D.
LEMMA B.7: Let Assumptions 1 and 4 hold. Then, for every v € S?,
h, (v) = E[max{ro(v, q; X), k1(v, ¢; X)}]. (76)
Moreover, q, — q implies hy,, (v) — b, (v), and for all p,q € S?,
sup |, (v) =l (v)| < 2HoC MG [p — ql|™. (77)

veS?

PROOF: By Molchanov (2017, Thm. 2.1.35), the support function of M, is given by

th(?}) =E

sup vTy| .
yEK(X)

Using the definition of K(X), ko(v,q; X), x1(v, q; X), we obtain (76). Next, fix p, ¢ € S%.
For u € U(x), write z;(u) = AA(x) — 2u. As pTu < %pTAA(x) if and only if pT(AA(z) —
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2u) > 0, the feasibility inequalities can be rewritten as pTu < 7,(x) <= pTz,(u) >0 and
pTu > 7p(x) <= pT2zz(u) <0. Suppose dgy(x) > My||p — ¢||. Then for every v € U(x),

[(p— @) Tz (w)| < [p = qllllzz(w)]] < Mollp — qll < dg(x) < g7 ze(u)].
Therefore pTz,(u) and ¢z, (u) have the same sign for every u € U(x). Hence

{uel(z):pTu<n(x)}={uecld(r): q"u<T1y(2)},

{ueU(z):pTu>rn(x)}={uecl(z):q"u>r7y ()}

The objectives in the definitions of kg and 1 do not depend on the normal vector. There-

fore, on the event {d,(z) > Myl||p — q||}, we have
max{ro(v, p; X), k1 (v, p; X) } = max{ro(v, ¢; X), k1 (v, ¢; X)}.
On the complementary event, the bound defining H gives
| max{ro(v,p; X), k1 (v,p; X)} < Ho,  [max{ro(v,¢; X), k1(v,q; X)}| < Ho.
Thus
| max{ro(v, p; X), k1 (v, p; X)} — max{ro(v,¢; X), k1 (v, ¢; X)} < 2Ho1{dg () < Mollp — q[}.

Taking expectations, |haq, (v) — ha, (V)| < 2HoPx {dy(X) < Mollp — g||}. By Assump-
tion 4, Px {dy(X) < Mollp — ql[} < Mg*|lp — ¢||™. Hence

|, (V) = hog, (0)] S 2Ho MG lp — g™,

establishing (77). The right-hand side does not depend on v, so taking p = g,, establishes
continuity of h 4, in g, uniformly v. Q.E.D.

B.3. Lemmas and Auxiliary Results for Sections 4-5

Recall that §; denotes the o-algebra generated by all the data except the ones with in-

dices in Zy,.
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LEMMA B.8: Let Assumptions 6 and 7 hold. Then, there exist Sk : Xo — R and an
event Ek € §. such that (i) gk conditional on §; is nonstochastic, (ii) P(Eg) = o(1), (iii)
conditional on Ej, we have that fiy, € Be(tir, 1), HA@,C(XZ) — AO(X,)| < gk(XZi) and
7 (X) = m(X) | < 0p(Xa,), and (iv) B0 (X20)°[§4] = 0p(n1/2).

PROOF: Let C'p = SUp,cpdy SUD, ¢y SUPLeB, (ur 1) [ DF (V;7, p)||. Consider the event

Ey = {||t, — w]] < €}, which holds with probability approaching one by definition of zi,.

By Assumptions 6 and 7, the mean value inequality, and conditional on Ek, we have

| (e =y, 480x) - s0xa))|

is lower than or equal to C ([[7 (X1.i) — v(Xva) || + [7k(X2.0) = v(Xe) | + 1 — pell) -

By Assumption 7, the previous expression is lower than or equal to

0p(X2) =Cp ( sup. [[7k(@n) = v(@)ll + [Fk(X20) = v (Xza)ll + [l = MH) :
xr1EL]
By Assumption 7 and Jensen’s inequality, we have E[0(X2,)%|§%] = 0,(n"Y/2). Q.E.D.

LEMMA B.9: Let Assumption 6 and 7 hold. Then, nlzlm > ieT, al(g; X;) —al(q; Xi) |2 =
0,(1) uniformly on ¢ € S%.

PROOF: We can write n,?l/Q Zielk |&Z(q; X;) —al(g: X)|? < A, + By, + Cj, where

g2 qTAB(X)|1{lqTAB(X,)| < [qTABL(X;) — TAB(X;)|}

ZGIk
=1, 237 14700 4(X0) — qT00(X0)% Cr =y 7Y qTABL(X) — qTAB(X;)[2.
i€y, 1€y,

In the proof of Lemma B.11, we conclude flk = 0p(1) uniformly on ¢ € S?, with flk de-
fined in (82). Finally, note that By, and C}, both are 0,(1) uniformly on ¢ € S? by Cauchy-
Schwartz and Assumption 7. Q.E.D.
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B.3.1. Auxiliary Results for Weighted Estimators for the Support Function

Let {w; : 1 <i <n} be arandom sample of positive weights that are independent of the

data such that E[w?] < C,,. Define
R n
e (@ Lom) =5 (£) e Lon) (78)

where w=n"1Y"" | w; and ¢} (q; L, n) is defined in (40).
LEMMA B.10: Let Assumptions 1-7 hold. Then,

sup n'/? hg(q;L2,%) = B (g Lym) | = 0p(1) (79)
qeS

where /f\fg(q; iw, 1) and ﬁg’*(q; L,n) are defined in (55) and (78), respectively.

PROOF: Let &} be the estimator of o’ defined in (35) using ;.. Recall ny =n/K and
define [j,n( ) =K Zk 1n zzGIk (wl) 3k z( ) fOI‘j € {07 17273}’ where

TALY Z; a =~
AL ) 1{q"ABL(X;) > 0} + &} (q; X;) (1 - %j)@))

LY. Z; TATW ~ 4

30 =50 + (HG) Mamae(x:) > 0} + k(e X0 (1- 58
TAL; Z; ~h( . Z;

() 1ama0(xi) > 0} +a(a:X) (1 - 58

+ 3 The) (1- MG

Our goal is to establish (79). We divide the proof in three claims.

Claim 1: sup,cs2 v/7210.n(q) — I1.n(q)| = 0p(1).
We write Io,(q) — I1.,(q) = + Zle(/lk + By) , where

A= 2 (

€1y,

Bi=k (%) € ALYZ gL, ) (1gT204(X) > 0} — 1{gTAB(X;) > 0}) (8D)

) (C2%2) (1{aA0,(X;) > 0} — 1{qTA6(X,) > 0}) (80)

glE
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Lemma B.11 shows that Aj = op(nfl/ 2) uniformly on q € S? by relying on Assumptions
6 and 7 and the approach used in the proof of Theorem 4.1 in Liu and Molinari (2026).
Using similar ideas, Lemma B.12 shows that By, = o,(n~'/2) uniformly on ¢ € S?. Since
K is fixed as n — 0o, we conclude the claim of step 1.
Claim 2: sup,ege /il T1.n(4) — F2n(g)] = 0,(1).

Recall fis = n~' S0 (%) 1{G; = g}. Note that n~' 20 (%) (1 HG=eh) — o,

which implies

Lal)) = £ (%) [Gla T, (A0,7,8") + Y Thig) (1- H=2t)

g
=1 ge{rb}

we can write

K
o=t~ T (=) (k2 atst).

ge{T,b}

Af = L3 () {a" (Lo + ALL{gTAB(X)) > 0}) Z4% — Th(g) } 1{Gi = g}

Bl =5 (%) (%le;(gl) - 7rz(z)/éf)> q" (Lo + AL1{qTAB(X;) > 0}) 1{G; = g} .

We conclude that Az = Op(nfl/ 2) uniformly on ¢ € S? by using that the weights w; are
independent of the data, @ = E|w;] + Op(n_l/ 2), Assumptions 1 and 5, the definition of
I'y(¢), and the Central Limit Theorem. We also conclude that B{ = 0,(1) uniformly on
q € S? by Cauchy-Schwartz, and Assumptions 1, 6, and 7. Finally, we conclude M_lg — % =
Op(n_l/ 2) uniformly on ¢ € S? by the Central Limit Theorem, Assumption 1, and the

definition of the weights w;.
Claim 3: supyesz v/72 [12,n(q) — I3.n(q)] = 0p(1).
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We write /1 (I2.,(q) — I3.n(q)) = \/L? Zle(Ak + By, + C},), where

Ap = \/% cT (%) </77\'k(Z)l(z) a W&i)) (qTLO,i +(¢TAL;) 1{q"AB(X;) > 0} — ah(q;Xi)> ’
ely

By = 2 () (ak(g:2) —a"(@: X)) (1- ).
el

Co= g X2 (2) (aba: ) — " (0:)) (i — k)

Recall that (A@k, Tk 50,k) was estimated using all the data except the ones with indices
in 7y, and §j is the o-algebra generated by all the data except the ones with indices on
T;.. The definition of the weights w;, Assumptions 6 and 7, the definition of o*(¢; X) in
(35), and algebra show E[A|§x] = 0 and sup g2 E[AZ|F%] = o(1). Similarly, we can show
E[By|§%] = 0 and sup,g2 E[BZ|§%] = o(1). By Chernozhukov et al. (2018, Lemma 6.1),
we conclude Ay and Bj, both are 0,(1) uniformly on ¢ € S2. Finally, we conclude that
C = 0p(1) uniformly on ¢ € S? by Cauchy-Schwartz, Assumptions 6 and 7, Lemma B.9,
and the definition of the weights w;.

The triangle inequality and Claims 1, 2, and 3, complete the proof of the lemma. Q.E.D.

LEMMA B.11: Let Assumptions 1-7 hold. Then, A; = op(n_l/ 2) uniformly on ¢ € S?,
with Aj, defined in (80).

PROOF: It is sufficient to prove that E[A|Fr, (X;)iez,] = 0p(n~/?) to conclude that
Ay is 0,(n~1/2), by Chernozhukov et al. (2018, Lemma 6.1). Define

A= > 1aTAB(X)| 1{|qTAB(X;)| < TABK(X:) — gTAO(X )]} . (82)

i€Ty,
Note that Law of Iterated Expectations, Assumption 1, and the definitions of the weights
w; imply |E[A|Sk, (Xi)iez, ]| < Ay; therefore, it is sufficient to show that Ay, is op(n=1/?2)
uniformly on ¢ € S?. By Cauchy-Schwartz and Lemma B.8, we have ]qTAa(Xi) —
qTAO(X;)| < gk(Xzi) conditional on Ej, where &), and Fj, are as in Lemma B.8. Since
P(Eg) = o(1), it is sufficient to show that E[Zk]l{ﬁk}mk] = 0,(n"1/?) to conclude Ay is
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op(n~1/2) . We verify this next:

E[AGL (B} [§4] = E |7 A00X)| 1{]qA0(X)]| < g7 ABL (X)) — gTAO(X0) J1{EL) 5
< E [|a7260X)| 1{lqTAO(X)| < 4(X2.)} 4] 1{Er)

< B [5(X00)E [1{lgTAO(X)| < Bel(X0) Mk, Xa.i] 134] 1B}

6 .
_51<:(X2,z')2|3k} @ op(n~1/%)

where (1) holds by Lemma B.8 and since ]I{Ek} € §r, (2) holds since gk(ngi) 1S non-
stochastic conditional on §; and X ;, (3) holds by Assumption 6 and since 1{E’k} <1,
and (4) holds by Lemma B.8. Finally, note that ]P(E,‘é) = 0(1) and (4) hold uniformly on
q € S? since these objects do not depend on g. Q.E.D.

LEMMA B.12: Let Assumptions 1-7 hold. Then, By = 0,(n~'/2) uniformly on ¢ € S?,
with B, defined in (81).

PROOF: We can write B, = By, 1 + By 2 , where

B = é Z (%) ¢qTAL; Z; <m - ﬁ) <1{QTA5(X1') >0} - 1{q"AO(X;) > 0}>
1€7y,
Bro=1 37 (@) (TALZaTALZY (1£TAB(X,) > 0} — 1{qTAB(X;
k2 = Z (w) 71 (X0) {q (X;) >0} {q (X;) >0}
€7y,

As in the proof of Lemma B.11, it is sufficient to show that E[By, 1|8, (X;)iez,| and By,

are both op(n_l/ 2) uniformly on ¢ € S%. Define

Bry == > [Rk(X0) = (X)) [1{|gTAO(X,)| < |qTABk(X;) — gTAO(X;)[}
1€Ty,
Note that Law of Iterated Expectations, Assumptions 1 and 6, and the definitions of the
weights w; imply that [E[By 1|3, (Xi)iez, ]| < (1) Br.1; therefore, it is sufficient to show

that Em is op(n’1/2) uniformly on ¢ € S? to conclude the same for E[B 1|8k, (Xi)iez, -
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By similar arguments used in the proof of Lemma B.11 and by relying on Lemma B.8,
E[Ekg]l{ﬁk}mjk] <SE [gk(X2ﬂ)2|gk] — Op(n—l/z) ’

where Ek and gk are as in Lemma B.8. By the next identity

¢TALY —qTAL; = Y g (% - ,%g) ("AL)I{Gi =g} = Bra= > 1 (% + ) By,
ge{rb} ge{r,b}

where

Biy=a > (4) (SFREGHE) (M A0:(X) > 0} — 1{gTAB(X) > 0}) . ge {nb)

We conclude that 1 (% — u—lg> = Op(n_l/ 2) uniformly on ¢ € S? by the Central Limit
Theorem, Assumption 1, and the definition of the weights w;. Therefore, it is sufficient to
show that B} , = 0,(1) uniformly on ¢ € S? to conclude that By, 5 = op(n~1/2) uniformly
on q € S?. Define B;Zz = nlk ier, H{gTAO(X;)| < IgTABL(X;) — qTABO(X;)|}. Note
that Law of Iterated Expectations, Assumptions 1 and 6, and the definitions of the weights
imply ]IE[B;Z o|Sk]| < CBk > Where C' is a constant based only on ¢i, ¢z, and € (constants
from Assumptions 1 and 6). By similar arguments used in the proof of Lemma B.11 and

by relying on Lemma B.8, we conclude
E[BY 1 B} S B 01X, [3k] = 0pn ™"/,
which is sufficient to complete the proof of the lemma. Q.E.D.

B.3.2. Auxiliary Results for Weighted Estimator of €*

Let {w; : 1 <i <n} be a random sample of positive weights that are independent of the

data such that E[w?] < C,,. Define

3

e(a*; L“,ﬁ)—% () &(a*; L%, 7) (83)

aanl %gzaLn) (84)

n
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where @ =n"1 3" | w;, §i(a*;f“’,'ﬁ), L¥ is defined as in (1)-(2) with g replaced by

g =n~' 301 (2) 1{Gi =g}, and
§ (' Lom) =& Loy + >0 T (1- He=a)
ge{r,b}

and I = E[1{G; = g} (Lo, + a(X:)ALj) 5]

LEMMA B.13: Let Assumptions 1-7 hold. Then,

sup n'/2 |24(a*, T, 1) — 2 (" Lym)| = 0,(1)
qeS?

PROOF: Let &, be the estimator of ¢ defined in (38) using 7. Define

n

(a5 LA) =1 Y (%) € (0" L)
=1

Our goal is to establish (85). We divide the proofs in two claims.

(85)

Claim 1: sup,cse Ve (a9 5) — &% (e L,7)| = op(1). This claim is similar to

Claim 2 in the proof of Lemma B.10 and also its proof; therefore, it is omitted.

Claim 2: supes2 /1|8 (a"; L, 1) — 2% (a*; L, m)| = 0p(1).

We write /n (€“*(a*; L, 1) — *(a*;L,m)) = \/% Zle(/lk + By + Cy), where

1€Zy,
Bi= o X0 (4) @57 X) - a0’ X)) (1 - )

Cr= e 3 (%) (@(a" X) - af(a": X)) (A — 7k ) -

L3 (2) (54 - &) (Loi + 0" (X)AL - a(a” Xy))

Recall that 1, = (A@kﬁk,ao,k) was estimated using all the data except the ones with

indices in Zj, and §, is the o-algebra generated by all the data except the ones with indices

on Zj. The definition of the weights w;, Assumptions 6 and 7, the definition of a®(a*; X)
in (38), and algebra show E[A.[Ty] = 0 and supege E[A2|F)] = o(1). Similarly, we can
show E[By,|§3] = 0 and sup,cg2 E[B}[3] = o(1). By Chernozhukov et al. (2018, Lemma
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6.1), we conclude Ay, and By, both are 0,(1) uniformly on ¢ € S?. Finally, we conclude
that C}, = 0p(1) uniformly on g € S? by Cauchy-Schwartz, Assumptions 6 and 7, and the
definition of the weights w;.

The triangle inequality and Claims 1 and 2 complete the proof of the lemma.  Q.E.D.

THEOREM B.1: Let Assumptions 1-7 hold and let {w;}}'_ be random positive weights
independent of the data such that E|w;] = 1. Then,

Vi (30T, 3) — ) = Glud€ (0" Lom) — "} + 0p(1)

where & (a*;L,m) = &(a*;L,m) + X cprp ;(1 — IL{GM—;:g}) and TS = E[1{G; =
g} (Lo + a(Xi)ALy) 53]

PROOF: We use Lemma B.13, the Central Limit Theorem, and similar arguments as in

the proof of Theorem A.1; therefore, it is omitted. O.E.D.

LEMMA B.14: Let Assumptions 1-7 hold. Then,

~w AW ~Wk AW,k
|va (8" -3") - v (B -8")| = o).
where Bw’* and Bw’* are defined in (62)—(63), respectively.
PROOF: The norm || - || on ¢*(S?) x R3 is the product norm, ie., ||(f,e)|| =
| £lloo + ll€ll2, where || - ||2 is the euclidean norm on R3. By the triangular inequality

H\/ﬁ (E’w — Bw> —/n (E’w* — Bw*> H is lower or equal than

v (8" -87) |+ |va (8" - 57)

‘ . (86)

Therefore, it is sufficient to show that each term above is 0,(1).
We use Lemmas B.10 and B.13 to conclude H\/ﬁ (,@w* — ,@w) H = 0p(1). Similarly,

we can conclude H\/ﬁ <ﬁw’* — ﬁw> H =0p(1) by using the weights Wiwlh and W;w$ in
Lemmas B.10 and B.13, respectively. This completes the proof. Q.E.D.
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