
On the Power Properties of Inference for Parameters

with Interval Identified Sets∗

Federico A. Bugni

Department of Economics

Northwestern University

federico.bugni@northwestern.edu

Mengsi Gao

Department of Economics

USC

mengsi.gao@usc.edu

Filip Obradović
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Abstract

This paper studies the power properties of confidence intervals (CIs) for a partially-

identified parameter of interest with an interval identified set. We assume the researcher

has bounds estimators needed to construct the CIs proposed by Imbens and Manski

(2004), Stoye (2009), and Stoye (2020), denoted by CI1α, CI2α, CI3α, and CI4α. We

also assume these bounds estimators are “ordered”: the lower bound estimator is less

than or equal to the upper bound estimator. This setup arises in economic applications

involving missing data and treatment effects.

Under these conditions, we establish two results. First, we show that CI1α and CI2α
are equally powerful, and both dominate CI3α and CI4α. Second, we consider a favorable

situation in which there are two possible bounds estimators to construct these CIs, and

one is more efficient than the other. One would expect that the more efficient bounds

estimator yields more powerful inference. We prove that this desirable result holds for

CI1α and CI2α, but not necessarily for CI3α or CI4α. In summary, within the class of

models considered, CI1α and CI2α have identical power properties, and both compare

favorably to CI3α or CI4α.
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1 Introduction

This paper contributes to the literature on inference in partially-identified econometric

models. Our setup is as in Imbens and Manski (2004) and Stoye (2009) where the econo-

metric model implies that, for a data distribution P , the real-valued parameter of interest

θ0(P ) belongs to an interval identified set [θl(P ), θu(P )]. We focus on the case in which the

endpoints of the interval do not cross, i.e., θl(P ) ≤ θu(P ), so the identified set is non-empty.

We assume the researcher can implement asymptotically valid inference for the partially-

identified parameter based on asymptotically normal estimators of the identified set’s end-

points. That is, we assume the availability of a pair of estimators (θ̂l, θ̂u) such that

√
N

(
θ̂l − θl(P )

θ̂u − θu(P )

)
d→ N (02×1,Σ(P ))

uniformly in a suitable set of distributions, along with a uniformly consistent estimator of

Σ(P ). Furthermore, we assume that the bounds estimators are “ordered”, in the sense that

θ̂l ≤ θ̂u with probability one. We refer to these conditions as the “ordered bounds setup”

or OBS.

Under our conditions, the researcher has several natural options for constructing a con-

fidence interval (CI, henceforth) for θ0(P ) with a confidence level of (1−α). The first option

is the CI proposed by Imbens and Manski (2004), which we denote by CI1α. Two additional

options were introduced by Stoye (2009), and we denote them by CI2α and CI3α. A final

option was recently introduced by Stoye (2020), and we denote it by CI4α.

One notable aspect is that CI1α is straightforward to implement, whereas CI2α, CI3α

and CI4α are relatively more complex. Stoye (2009) shows that CI1α and CI2α rely on the

so-called superefficiency condition, whereas CI3α dispenses with this requirement at the

expense of introducing a tuning parameter that must be selected in practice. See Section

2.2 for a detailed description of these CIs. Stoye (2009) shows that CI1α, CI2α, and CI3α are

all uniformly asymptotically valid and exact. In addition, Stoye (2020) shows the uniform

asymptotic validity of CI4α. This implies that the four CIs are equivalent in terms of uniform

coverage of parameter values in the identified set, all of which are valid candidates for θ0(P ).

The previously mentioned results do not discuss the statistical power of inference for

the four CIs. That is, they are silent about the ability of these CIs to rule out parameters

outside of the identified set, which are not valid candidates for θ0(P ). In fact, to our

knowledge, the literature has not compared these CIs in terms of power in the context

of OBS. Our first contribution is to conduct this comparison. To this end, we study the
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limiting coverage probabilities of the four CIs for all possible parameter sequences outside

the identified set. A higher limiting coverage rate for these parameters corresponds to lower

power. We formally show that CI1α and CI2α are equally powerful, and both dominate CI3α

and CI4α. This is a favorable result from a practical standpoint, as CI1α is straightforward

to implement, and CI1α and CI2α are free from tuning parameter choices, unlike CI3α.

For our second result, we consider the advantageous situation in which the researcher

has not one but two pairs of estimators that satisfy OBS, and one of them is known to

be more efficient than the other, in the sense of having smaller diagonal elements of their

asymptotic covariance matrices.1 While one could implement asymptotically exact CIs for

θ0(P ) using either one of these pairs of estimators, it is reasonable to expect that inference

based on the more efficient pair is preferable. In particular, one would expect that the more

efficient estimator would result in more powerful inference. We formally demonstrate that

this result generally holds for CI1α and CI2α, but not necessarily for CI3α or CI4α. Specifically,

for CI1α and CI2α, inference based on the more efficient bounds estimators is always at least

as powerful as inference based on the less efficient estimators. In contrast, for CI3α and

CI4α, the reverse can occur. That is, inference based on the more efficient estimators can

be strictly less powerful than inference based on the less efficient estimators. We explain

this counterintuitive and undesirable phenomenon and provide the conditions under which

it arises.

One can summarize both results in our paper by stating that, within our OBS framework,

CI1α and CI2α have identical power properties, and both compare favorably to CI3α and CI4α.

Our econometric framework with OBS is motivated by a general class of econometric

problems involving missing data; see Manski (1989, 1990, 1994, 1995). We illustrate our

setup with the standard missing data problem in Example 1. Beyond this canonical example,

our analysis is also motivated by the treatment effects problem studied in Bugni et al. (2024).

In that paper, we investigate inference for treatment effect parameters such as the average

treatment effect (ATE) in a randomized controlled trial (RCT) with imperfect compliance.

In this context, the ATE is partially identified, with its identified set being an interval. We

also propose consistent and asymptotically normal estimators of these bounds that satisfy

the OBS. Accordingly, we can implement asymptotically valid and exact inference using

either CI1α, CI2α, CI3α, or CI4α. Our first contribution demonstrates that CI1α and CI2α are

equally powerful, and both are more powerful than CI3α and CI4α. Based on this finding,

we choose to conduct inference using either CI1α or CI2α, instead of CI3α or CI4α.

Within the empirical application in Bugni et al. (2024), we have two possible imple-

1This is weaker than the standard definition of efficiency, where the difference of the asymptotic covari-
ance matrices of the efficient and inefficient estimators, respectively, is negative semidefinite.
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mentations of our bounds estimators for the ATE: we can estimate treatment probabilities

using sample frequencies or exact probabilities (known in an RCT). By similar arguments

to those in Hahn (1998) and Hirano et al. (2003), the bounds estimators that use sample

analogs are shown to be more efficient than those using exact probabilities. Intuitively, one

would expect that the more efficient implementation of the bounds estimator produces a

more powerful inference of the partially-identified parameter value. Our second contribu-

tion shows that this intuitive result holds for CI1α and CI2α, but may fail to hold for CI3α or

CI4α. That is, it is possible for the more efficient bounds estimator to result in less powerful

inference when CI3α or CI4α is used. Based on the two contributions, we suggest using CI1α

or CI2α under OBS.

The econometric model described by our identified set [θl(P ), θu(P )] is a partially-

identified model that is both simple and empirically relevant. Within the OBS framework,

the methods proposed by Imbens and Manski (2004) and Stoye (2009) are particularly rel-

evant to this model. Nonetheless, there is a substantial literature on inference in partially-

identified models, with a significant focus on moment (in)equality models; see Tamer (2010);

Canay and Shaikh (2017); Ho and Rosen (2017); Molinari (2020); Canay et al. (2023) for

comprehensive reviews. If the endpoints of the identified set, θl(P ) and θu(P ), are specified

as functions of expectations of observed random variables (e.g., linear functions or ratios

of expectations), our model could be viewed as a special case within the class of moment

(in)equality models. However, this is not a necessary assumption in our framework, as we

do not require θl(P ) and θu(P ) to be linked to expectations. Thus, our framework is not

inherently part of the moment (in)equality literature.

The rest of the paper is organized as follows. Section 2 describes the econometric model.

Section 2.1 presents our setup (i.e., OBS), and Section 2.2 details the four CIs. We present

our main results in Section 3, which is divided into two subsections. Section 3.1 compares

the power of inference across the CIs. Section 3.2 compares the power of inference for each

CI when two bounds estimators are available, with one being more efficient than the other.

Section 4 concludes. The appendix contains most proofs and intermediate results. Proofs

related to CI4α are provided in an online supplement.

2 Setup

For a data distribution P , the real-valued parameter of interest is denoted by θ0(P ). The

econometric model indicates that θ0(P ) belongs to an interval identified set ΘI(P ) =

[θl(P ), θu(P )]. Moreover, we assume that the identified set is non-empty, i.e., θl(P ) ≤ θu(P ).
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We consider a confidence interval CIα that covers θ0(P ) with a minimum prespecified

coverage probability of (1−α) as the sample size N increases. Furthermore, we require this

coverage condition to be satisfied uniformly for all parameters in the identified set ΘI(P )

and for all probability distributions P in a suitable space P. Specifically, we require our CI

to be uniformly asymptotically valid and, if possible, uniformly asymptotically exact, which

we define next.

The confidence interval CIα for θ0(P ) ∈ ΘI(P ) is uniformly asymptotically valid if it

satisfies the following property:

lim inf
N→∞

inf
P∈P

inf
θ∈ΘI(P )

P (θ ∈ CIα) ≥ 1− α. (2.1)

Moreover, CIα is uniformly asymptotically exact if (2.1) holds with equality, i.e.,

lim inf
N→∞

inf
P∈P

inf
θ∈ΘI(P )

P (θ ∈ CIα) = 1− α. (2.2)

By definition, a CI that is uniformly asymptotically exact is also uniformly asymptotically

valid.

The remainder of this section is organized as follows. Section 2.1 specifies our main

assumptions, referred to as OBS. Section 2.2 describes the four CIs considered in this

paper. Under OBS, these four CIs are uniformly asymptotically exact.

2.1 Ordered bounds setup (OBS)

Throughout our paper, we assume that the researcher can construct estimators of the

bounds of the identified set and its limiting distribution that satisfy the following condition.

Definition 1 (OBS or Ordered Bounds Setup). We say that the estimator (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) ∈
R×R×R+×R+× [−1, 1] satisfies OBS with parameters (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and set of distributions P ≡ P(σ2, σ̄2,∆) if the following conditions are satisfied:

(a) (θ̂l, θ̂u) is “ordered”, i.e., P (θ̂l ≤ θ̂u) = 1.

(b) (θ̂l, θ̂u) is uniformly asymptotically normal, i.e.,

√
N

(
θ̂l − θl(P )

θ̂u − θu(P )

)
d→ N

(
02×1,

(
σl(P )2 ρ(P )σl(P )σu(P )

ρ(P )σl(P )σu(P ) σu(P )2

))

uniformly in P ∈ P. Moreover, assume that σl(P )2, σu(P )2 ∈
[
σ2, σ̄2

]
with 0 < σ2 ≤

σ̄2 < ∞ and θu(P )− θl(P ) ≤ ∆ < ∞.
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(c) (σ̂l, σ̂u, ρ̂) is uniformly consistent for (σl(P ), σu(P ), ρ(P )), i.e.,

(σ̂l, σ̂u, ρ̂)
p→ (σl(P ), σu(P ), ρ(P ))

uniformly in P ∈ P.

The set of distributions P in Definition 1 encodes high-level assumptions that facilitate

our asymptotic analysis. Condition (a) occurs frequently in economic applications where

bound estimators are constructed as sample analogs of ordered population bounds, so that

the ordering is preserved by construction. It arises, for example, in models with treatment

effects or missing data that are not assumed to be missing at random; see, e.g., Manski

(1990); Horowitz and Manski (2000). Importantly, condition (a) is closely related to existing

approaches in the literature. In particular, Stoye (2009, Lemma 3) shows that, under

conditions (b)-(c), condition (a) implies the superefficiency condition stated in Stoye (2009,

Assumption 3).2 As discussed in Stoye (2009), this condition is sufficient for the inference

results in Imbens and Manski (2004), who impose a stronger assumption.

Conditions (b)-(c) are high-level requirements on the asymptotic distribution of the

bound estimators and on the estimation of the parameters of the corresponding limiting

distribution. They coincide exactly with Assumptions 1(i)-(ii) in Imbens and Manski (2004)

and Stoye (2009). In applications, one would typically impose low-level conditions (e.g., i.i.d.

sampling and bounded moments) to establish conditions (b)-(c) in Definition 1 for a suitable

estimator (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂), typically constructed as sample analogs of the corresponding

population quantities. We leave P unspecified to maintain generality.

The previous discussion implies that the OBS framework satisfies all of the assumptions

required by Imbens and Manski (2004) and Stoye (2009). Thus, an estimator (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂)

that satisfies OBS can be used to implement any of the CIs proposed in these papers to

achieve uniformly asymptotically exact inference. These CIs are reviewed in the next sec-

tion.

The following example illustrates OBS in the canonical missing-data model, inspired by

Manski (1989).

Example 1. Consider the following missing-data problem. Let {(Yi, Zi)}Ni=1 be an i.i.d.

sample from a distribution P ∈ P, with Yi ∈ [Y , Y ], where Y and Y are known constants

with Y ≤ Y , and Zi ∈ {0, 1} is a binary variable that indicates whether Yi is observed (Zi =

2The superefficiency condition requires the existence of a sequence {aN}N∈N such that aN → 0, aN

√
N →

∞, and
√
N |(θ̂u− θ̂l)− (θu(PN )−θl(PN ))| p→ 0 for any sequence {PN ∈ P}N∈N with θu(PN )−θl(PN ) ≤ aN .
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1) or not (Zi = 0). Further, assume that EP [Yi|Zi = 1] = µ(P ), VP [Yi|Zi = 1] = σ2(P )

with σ2(P ) ≥ δ1 > 0. Finally, assume that P (Zi = 0) = π(P ) ∈ [0, δ2] with δ2 < 1.

The parameter of interest is θ = EP [Yi]. By elementary arguments:

θ = EP [Yi] ∈ [EP [YiZi + Y (1− Zi)], EP [YiZi + Y (1− Zi)]].

Then, the sharp identified set for θ is

ΘI(P ) = [θl(P ), θu(P )],

where θl(P ) = EP [YiZi + Y (1− Zi)] and θu(P ) = EP [YiZi + Y (1− Zi)]. Also,

θl(P ) = EP [YiZi + Y (1− Zi)] = µ(P )(1− π(P )) + Y π(P ),

θu(P ) = EP [YiZi + Y (1− Zi)] = µ(P )(1− π(P )) + Y π(P ).

In this context, it is natural to propose the following sample analog estimators for the

bounds:

(θ̂l, θ̂u) =

(
1

N

N∑
i=1

YiZi + Y (1− Zi),
1

N

N∑
i=1

YiZi + Y (1− Zi)

)
. (2.3)

Note that Y ≤ Y implies θ̂l ≤ θ̂u, i.e., Definition 1(a) holds. Since the observations are

bounded, the triangular array central limit theorem implies

√
N(θ̂l − θl(P ), θ̂u − θu(P ))

d→ N (02×1,Σ(P )),

uniformly in P , where Σ(P ) is the following matrix

(1−π(P ))

[
σ2(P ) + π(P )(µ(P )− Y )2 σ2(P ) + π(P )(µ(P )− Y )(µ(P )− Y )

σ2(P ) + π(P )(µ(P )− Y )(µ(P )− Y ) σ2(P ) + π(P )(µ(P )− Y )2

]
.

From here, we deduce that Definition 1(b) holds with σ2 = (1 − δ2)δ1 > 0, σ̄2 = 5(Y −
Y )2/4 < ∞, and ∆̄ = Y − Y < ∞. Finally, standard asymptotic arguments imply that

Definition 1(c) holds for sample analogs, i.e., σ̂l and σ̂u based on

σ̂2
l =

1

N

N∑
i=1

(YiZi + Y (1− Zi))
2 −

( 1

N

N∑
i=1

(YiZi + Y (1− Zi))
)2

σ̂2
u =

1

N

N∑
i=1

(YiZi + Y (1− Zi))
2 −

( 1

N

N∑
i=1

(YiZi + Y (1− Zi))
)2

,
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and ρ̂ = σ̂lu/(σ̂lσ̂u) with

σ̂lu =
1

N

N∑
i=1

(
(YiZi + Y (1− Zi))×
(YiZi + Y (1− Zi))

)
−

(
1
N

∑N
i=1(YiZi + Y (1− Zi))×

1
N

∑N
i=1(YiZi + Y (1− Zi))

)
.

We conclude this section by noting that there are well-known examples of interval-

identified sets that do not satisfy OBS. In particular, the “ordered” condition in Definition

1(a) can be restrictive in certain cases. To illustrate this, Example 2 in Appendix A.3

presents a missing-data problem in a linear regression setting where the bounds estimators

are not “ordered”, causing OBS to fail. It is important to note that our results depend

critically on OBS, and in particular on the requirement that the bounds be “ordered”;

without it, the results of our paper do not apply.

2.2 Confidence intervals (CIs)

This paper considers four CIs. Our first confidence interval is CI1α, originally proposed by

Imbens and Manski (2004, Section 4), and revisited by Stoye (2009). Given an estimator

(θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) and a confidence level (1− α), CI1α is defined as follows:

CI1α =

[
θ̂l −

σ̂lc
1

√
N

, θ̂u +
σ̂uc

1

√
N

]
, (2.4)

where c1 solves

Φ

(
c1 +

√
N(θ̂u − θ̂l)

max{σ̂l, σ̂u}

)
− Φ

(
−c1

)
= 1− α. (2.5)

Provided that max{σ̂l, σ̂u} > 0, it follows that c1 is uniquely determined by (2.5).3 Under

OBS, Imbens and Manski (2004, Lemma 4) implies that CI1α is uniformly asymptotically

valid, while Stoye (2009, Proposition 1) shows that CI1α is uniformly asymptotically ex-

act. Importantly, the implementation of CI1α does not require estimating the correlation

coefficient ρ̂, whereas the other methods do.

Our second confidence interval is CI2α, developed by Stoye (2009). Given a generic

estimator (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) and a confidence level (1− α), CI2α is defined as follows:

CI2α =

[
θ̂l −

σ̂lc
2
l√
N

, θ̂u +
σ̂uc

2
u√

N

]
, (2.6)

3Under OBS, max{σ̂l, σ̂u} > 0 occurs with probability approaching one.
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where (c2l , c
2
u) solve:

min
cl,cu∈R

(σ̂lcl + σ̂ucu) s.t.

P
( {

− cl ≤ z1

}
∩
{
ρ̂z1 ≤ cu +

√
N(θ̂u−θ̂l)

σ̂u
+
√

1− ρ̂2z2

} ∣∣∣ θ̂l, θ̂u, σ̂l, σ̂u, ρ̂ ) ≥ 1− α and

P
( {

− cl −
√
N(θ̂u−θ̂l)

σ̂l
+
√
1− ρ̂2z2 ≤ ρ̂z1

}
∩
{
z1 ≤ cu

} ∣∣∣ θ̂l, θ̂u, σ̂l, σ̂u, ρ̂ ) ≥ 1− α,

(2.7)

where (z1, z2) ∼ N (02×1, I2×2). It is unclear to us whether (2.7) has a unique solution.4

Be that as it may, our formal arguments will only require the researcher to choose (c2l , c
2
u)

arbitrarily whenever (2.7) has multiple solutions.

As explained in Stoye (2009, Page 1305), CI2α calibrates the critical values (c2l , c
2
u) taking

into account that the underlying problem is bivariate. In this sense, CI2α is viewed as an

improvement upon CI1α. In fact, Stoye (2009, Page 1305) argues that CI2α is the shortest

CI with correct nominal size. Stoye (2009, Proposition 2) shows that CI2α is uniformly

asymptotically exact under OBS.

Our third confidence interval is CI3α, also developed by Stoye (2009). Unlike CI1α and

CI2α, CI3α was introduced as a CI that does not require the superefficiency condition (Stoye

(2009, Assumption 3)) for its validity. As already explained, the superefficiency condition

is guaranteed under our OBS assumptions, but may fail in other contexts. To implement

CI3α, the researcher must specify a preassigned tuning parameter sequence of constants

{bN}N≥1 that satisfies bN → 0 and bN
√
N → ∞. These types of sequences are commonly

utilized for moment selection in the moment (in)equality literature; e.g., see Andrews and

Soares (2010); Bugni (2010, 2015). For example, these papers suggest sequences such as

bN = lnN/
√
N , bN =

√
ln lnN/

√
N , or bN = N−c for any c ∈ (0, 1/2).

Given an estimator (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂), a confidence level (1−α), and a sequence {bN}N≥1,

CI3α is defined as follows:

CI3α =


[
θ̂l −

σ̂lc
3
l√
N

, θ̂u +
σ̂uc

3
u√

N

]
if θ̂l −

σ̂lc
3
l√
N

≤ θ̂u +
σ̂uc

3
u√

N
∅ otherwise,

(2.8)

where (c3l , c
3
u) solve

min
cl,cu∈R

(σ̂lcl + σ̂ucu) s.t.

4Stoye (2009, Page 1305) states that typically (c2l , c
2
u) is uniquely determined by the fact that both

constraints in (2.7) hold with equality.
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P

 {
ρ̂z1 ≤ cu +

√
N(θ̂u−θ̂l)1[(θ̂u−θ̂l)>bN ]

σ̂u
+
√

1− ρ̂2z2

}
∩
{
− cl ≤ z1

}
∣∣∣∣∣∣ θ̂l, θ̂u, σ̂l, σ̂u, ρ̂

 ≥ 1− α and

P

 {
− cl −

√
N(θ̂u−θ̂l)1[(θ̂u−θ̂l)>bN ]

σ̂l
+
√
1− ρ̂2z2 ≤ ρ̂z1

}
∩
{
z1 ≤ cu

}
∣∣∣∣∣∣ θ̂l, θ̂u, σ̂l, σ̂u, ρ̂

 ≥ 1− α,

(2.9)

where (z1, z2) ∼ N (02×1, I2×2). As with CI2α, it is unclear whether (2.9) is guaranteed to

have a unique solution. In any case, our arguments only require the researcher to choose

(c3l , c
3
u) arbitrarily whenever (2.9) has multiple solutions. Stoye (2009, Proposition 3) shows

that CI3α is uniformly asymptotically exact under OBS.

Remark 1. As already noted, a central advantage of CI3α is that it does not require the

superefficiency condition for validity. Since the OBS framework satisfies the superefficiency

condition, one might reasonably conclude that CI3α is not needed in this context. More-

over, CI3α is as computationally costly as CI2α and requires an additional tuning parameter

sequence. Our forthcoming power results further clarify the costs associated with the robust-

ness properties of CI3α.

Our fourth confidence interval was introduced recently by Stoye (2020). Given an esti-

mator (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) and a confidence level (1− α), CI4α is defined as follows:

CI4α =
[
θ̂l −

σ̂lc
4

√
N

, θ̂u +
σ̂uc

4

√
N

]
∪
[
θ̂∗ − σ̂∗Φ−1(1− α/2)√

N
, θ̂∗ +

σ̂∗Φ−1(1− α/2)√
N

]
, (2.10)

where c4 is the unique value of c that solves

inf
∆≥0

P

(
{z1(ρ̂)−∆− c ≤ 0 ≤ z2(ρ̂) + c} ∪

{|z1(ρ̂) + z2(ρ̂)−∆| ≤
√
2 + 2ρ̂Φ−1(1− α/2)}

∣∣∣∣∣ρ̂
)

= 1− α,

where z(ρ̂) = (z1(ρ̂), z2(ρ̂)) ∼ N (02×1, [1, ρ̂; ρ̂, 1]),

θ̂∗ =
θ̂lσ̂u + θ̂uσ̂l
σ̂l + σ̂u

and σ̂∗ =
σ̂lσ̂u

√
2 + 2ρ̂

σ̂l + σ̂u
.

Stoye (2020, Theorem 1) proves that CI4α is uniformly asymptotically valid under OBS.

Stoye (2020) argues that CI4α has several advantages relative to existing approaches in the

literature: it delivers desirable coverage properties even under model misspecification, is

never empty or excessively short, requires no tuning parameters, and is computationally

trivial to implement.
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Remark 2. As we explain in the introduction, our econometric framework does not neces-

sarily correspond to a moment (in)equality model. For this reason, the CIs proposed by the

moment (in)equality literature are not included among the inference methods we consider.

3 Main results

Our goal is to compare the power of inference based on CIs for the partially-identified

parameter θ0(P ) ∈ ΘI(P ). By the duality between CIs and hypothesis testing, we can

investigate the power of an inference method based on a CI by deriving its limiting cover-

age probability for a parameter value θ outside of ΘI(P ). With an interval identified set

ΘI(P ) = [θl(P ), θu(P )], this means that either θ < θl(P ) or θ > θu(P ). Since θ does not

belong to the identified set ΘI(P ), it cannot be the true parameter value θ0(P ). Thus, a

lower limiting coverage probability for θ is equivalent to higher statistical power against the

(incorrect) null hypothesis H0 : θ0(P ) = θ.

Based on the previous discussion, we compare the limiting coverage probabilities for

parameter values outside ΘI(P ) across various CIs. Importantly, our analysis allows the

parameter value and the data distribution to vary arbitrarily with the sample size. That is,

we consider all possible sequences {(PN , θN ) ∈ P×ΘI(PN )c}N∈N. Thus, our results include

power analysis for fixed alternatives, i.e., θN = θ̄ ̸∈ ΘI(PN ), as well as local alternatives,

i.e., θN ↑ θl(PN ) or θN ↓ θu(PN ).

3.1 Power comparison across CIs

Our only result in this section is Theorem 1. This result compares the limiting coverage

probability of the four CIs for sequences of parameters outside ΘI(P ).

Theorem 1 (Comparison across CIs). Let (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) be an estimator that satisfies

OBS in Definition 1 with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P )) and set P. Assume

that α ∈ (0, 0.5). Then,

(a) For any sequence {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N,

lim
N→∞

(
PN (θN ∈ CI1α)− PN (θN ∈ CI2α)

)
= 0. (3.1)

(b) For any sequence {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N,

lim inf
N→∞

(
PN (θN ∈ CI3α)− PN (θN ∈ CIjα)

)
≥ 0 for j = 1, 2. (3.2)
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Furthermore, (3.2) holds strictly for suitable sequences of {(PN , θN ) ∈ P×ΘI(PN )c}N∈N.

(c) For any sequence {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N,

lim inf
N→∞

(
PN (θN ∈ CI4α)− PN (θN ∈ CIjα)

)
≥ 0 for j = 1, 2, 3. (3.3)

Furthermore, (3.3) holds strictly for suitable sequences of {(PN , θN ) ∈ P×ΘI(PN )c}N∈N.

Theorem 1 consists of three parts. Part (a) states that CI1α and CI2α are equivalent

in terms of power: for all sequences of parameters such that θN ̸∈ ΘI(PN ), the difference

in their coverage rates converges to zero. To explain this result, it is useful to split the

analysis into two mutually exclusive cases: “short” identified sets and “long” identified

sets. We say that the identified set is “short” if the length of the identified set is O(1/
√
N),

and we say that the identified set is “long” otherwise. For long identified sets, CI1α and

CI2α asymptotically treat the inference problem as one-sided. This implies that both CIs

agree on using the (1− α)-quantile of the normal distribution as the critical value, leading

to identical limiting coverage rates. For short identified sets, the ordered nature of the

bounds forces a degenerate asymptotic distribution; otherwise, the estimators would cross

with positive probability.5 This degeneracy in the asymptotic distribution implies that CI1α

and CI2α also agree on the critical values, resulting in the same limiting coverage rates.

Combining the two cases, the CIs have identical limiting coverage rates.

Part (b) compares the power of CI3α with the first two CIs for all sequences of parameters

θN ̸∈ ΘI(PN ). Notably, our conclusions hold regardless of the choice of {bN}N∈N used in

the implementation of CI3α, provided that bN → 0 and bN
√
N → ∞. The result shows

that CI1α and CI2α are weakly more powerful than CI3α, and that there exist sequences

(PN , θN )N∈N for which this relationship holds strictly. This allows us to conclude that CI1α

and CI2α dominate CI3α in terms of power. The argument considers the two cases presented

in the previous paragraph. For long identified sets, CI1α and CI2α asymptotically treat the

inference problem as one-sided (using the smallest critical values consistent with validity),

and are therefore weakly more powerful than CI3α. In turn, for short identified sets, CI3α

asymptotically treats the inference problem as two-sided, using the (1 − α/2)-quantile of

the normal distribution as the critical value. This critical value is larger than those used

by CI1α and CI2α, implying that CI3α is weakly less powerful than CI1α and CI2α.

Finally, part (c) shows that CI4α is dominated in power by the other three CIs for all

sequences of parameters θN /∈ ΘI(PN ). To gain intuition for this result, recall that CI4α is

the union of two confidence sets. The first is intended to cover the parameter value under

5See Lemma 4 for a precise statement of this result.
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correct specification, while the second is intended to cover the pseudo-true parameter value

when the model is misspecified. Our results show that the component of CI4α designed for

correct specification is dominated in power by the other CIs.

Theorem 1 provides a comprehensive comparison of the relative power properties of the

four CIs. It states that, under OBS, CI1α and CI2α are equally powerful, both dominate

CI3α and CI4α, with CI3α dominating CI4α. As already mentioned, we view this as favorable

from a practical point of view, since CI1α is straightforward to implement, and neither

CI1α nor CI2α requires a tuning parameter sequence. Recall that CI3α was designed to be

robust to violations of the superefficiency condition, while CI4α was designed to be robust

to model misspecification. In the OBS setting, however, the model is correctly specified,

and superefficiency holds automatically. Hence, using CI3α or CI4α incurs a loss of power

without providing any compensating robustness benefit.

The proof of Theorem 1 is based on auxiliary results that characterize the limiting

coverage rates for suitable sequences {(PN , θN )}N∈N with PN ∈ P and θN ̸∈ ΘI(PN ) for all

N ∈ N. For CI1α, CI2α, and CI3α, these results are presented in Lemmas 1, 2, and 3 in the

appendix, respectively. The results pertaining to CI4α are relegated to the supplementary

appendix. We believe these auxiliary results may be of independent interest beyond this

paper.

3.2 Power comparison across two bounds estimators

This section considers a situation in which the researcher has two bounds estimators for

constructing CIs for θ0(P ) ∈ ΘI(P ), with one more efficient than the other. We use the

superscripts E and I for the efficient and inefficient estimators, respectively. The next

assumption formalizes the setup.

Assumption 1. Assume the following conditions:

(a) (θ̂El , θ̂
E
u , σ̂

E
l , σ̂

E
u , ρ̂

E) satisfies OBS with parameters (θl(P ), θu(P ), σE
l (P ), σE

u (P ), ρE(P ))

and set P.

(b) (θ̂Il , θ̂
I
u, σ̂

I
l , σ̂

I
u, ρ̂

I) satisfies OBS with parameters (θl(P ), θu(P ), σI
l (P ), σI

u(P ), ρI(P )) and

set P.

(c) (θ̂El , θ̂
E
u ) is more efficient than (θ̂Il , θ̂

I
u) in the sense that, for all P ∈ P,

σE
l (P ) ≤ σI

l (P ) and σE
u (P ) ≤ σI

u(P ). (3.4)
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Assumptions 1(a)-(b) imply that both (θ̂El , θ̂
E
u ) and (θ̂Il , θ̂

I
u) are asymptotically normal

estimators of the bounds of the identified set (i.e., (θl(P ), θu(P ))), and that we consistently

estimate their limiting covariance matrix. Moreover, these results hold uniformly for all

distributions P ∈ P. This means that either estimator can be used to construct CIs that

are uniformly asymptotically exact. Assumption 1(c) specifies the sense in which (θ̂El , θ̂
E
u ) is

more efficient than (θ̂Il , θ̂
I
u): for both the lower and upper bounds, the asymptotic variance

of each efficient estimator is less than or equal to that of the inefficient estimator. We note

that this condition weakens the usual relative asymptotic efficiency criterion, which states

that, for all P ∈ P,(
σE
l (P )2 ρE(P )σE

l (P )σE
u (P )

ρE(P )σE
l (P )σE

u (P ) σE
u (P )2

)
−

(
σI
l (P )2 ρI(P )σI

l (P )σI
u(P )

ρI(P )σI
l (P )σI

u(P ) σI
u(P )2

)

is a negative semidefinite matrix.

We seek to compare the power of inference based on CIs constructed from inefficient

and efficient bounds estimators. As discussed in Section 3, we compare their power by

contrasting the limiting coverage rates of the corresponding CIs for sequences of parameter

values outside the identified set. Since these parameters lie outside the identified set, a lower

limiting coverage probability corresponds to higher statistical power against the (incorrect)

null hypotheses.

Our first result in this section compares the limiting coverage rates of inference based

on CI1α when implemented with the efficient and inefficient estimators.

Theorem 2 (Power comparison for CI1α). Let α ∈ (0, 0.5) and Assumption 1 hold. Define

CI1,Eα and CI1,Iα as in (2.4) with (θ̂El , θ̂
E
u , σ̂

E
l , σ̂

E
u , ρ̂

E) and (θ̂Il , θ̂
I
u, σ̂

I
l , σ̂

I
u, ρ̂

I), respectively.

For any sequence {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N,

lim inf
N→∞

(
PN (θN ∈ CI1,Iα )− PN (θN ∈ CI1,Eα )

)
≥ 0. (3.5)

Furthermore, (3.5) holds strictly for suitable sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N.

In simple terms, Theorem 2 shows that CI1α based on the more efficient bounds estimator

(i.e., CI1,Eα ) is more powerful than when it is based on the less efficient bounds estimator

(i.e., CI1,Iα ). While both CIs satisfy the coverage goal in (2.1) with equality, Theorem 2

demonstrates that the former dominates the latter in terms of power.

Our second result compares the limiting coverage rates of inference based on CI2α when

implemented with the efficient and inefficient estimators.

Theorem 3 (Power comparison for CI2α). Let α ∈ (0, 0.5) and Assumption 1 hold. Define

CI2,Eα and CI2,Iα as in (2.6) with (θ̂El , θ̂
E
u , σ̂

E
l , σ̂

E
u , ρ̂

E) and (θ̂Il , θ̂
I
u, σ̂

I
l , σ̂

I
u, ρ̂

I), respectively.
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For any sequence {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N,

lim inf
N→∞

(
PN (θN ∈ CI2,Iα )− PN (θN ∈ CI2,Eα )

)
≥ 0. (3.6)

Furthermore, (3.6) holds strictly for suitable sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N.

Our takeaway from Theorem 3 is analogous to that of Theorem 2: CI2α based on the

more efficient bounds estimator (i.e., CI2,Eα ) is more powerful than when it is based on the

less efficient bounds estimator (i.e., CI2,Iα ). Both CIs satisfy the coverage goal in (2.1) with

equality, but the former is more powerful than the latter.

The results of Theorems 2 and 3, while novel, may not seem surprising. After all, it is

natural to expect that a more efficient implementation of inference leads to greater statistical

power. However, this intuition need not hold for our two remaining CIs, as shown by the

next two results. We begin with the case of CI3α.

Theorem 4 (Power comparison for CI3α). Let α ∈ (0, 0.5) and Assumption 1 hold. De-

fine CI3,Eα and CI3,Iα as in (2.8) with (θ̂El , θ̂
E
u , σ̂

E
l , σ̂

E
u , ρ̂

E) and (θ̂Il , θ̂
I
u, σ̂

I
l , σ̂

I
u, ρ̂

I), respec-

tively, implemented with the same sequence of constants {bN}N∈N that satisfies bN → 0 and

bN
√
N → ∞. Then, there exist sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N such that

lim
N→∞

PN (θN ∈ CI3,Iα ) > lim
N→∞

PN (θN ∈ CI3,Eα ) (3.7)

and there also exist other sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N such that

lim
N→∞

PN (θN ∈ CI3,Iα ) < lim
N→∞

PN (θN ∈ CI3,Eα ). (3.8)

Theorem 4 shows that power rankings between efficient and inefficient implementations

of CI3α may vary with the underlying parameters of the problem. We now explain this

phenomenon. In the context of OBS, the main difference between CI2α and CI3α is that the

latter includes the indicator term 1[(θ̂u − θ̂l) > bN ] in (2.9). This term adjusts the critical

values depending on whether the estimated identified set is “long” or “short” relative to the

tuning parameter sequence {bN}N≥1. The proof of Theorem 4 focuses on short identified

sets, under which the indicator term is zero.6 In this case, CI3α uses an asymptotic critical

value corresponding to a two-sided testing problem, equal to the (1− α/2)-quantile of the

standard normal distribution. The coverage of CI3α increases with the normalized size of the

identified set, given by µ/σ, and decreases with the normalized distance from the identified

6A similar argument can be constructed for long identified sets. The proof restricts attention to the
short case for brevity; the corresponding arguments are available upon request.
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set, captured by Ψl/σ or Ψu/σ. See part (e) of Lemma 3 for the explicit expression. As the

variance of the bounds estimator (i.e., σ2) decreases, two opposing forces emerge. On the one

hand, a smaller σ increases µ/σ, making the identified set appear longer relative to sampling

uncertainty and thereby increasing coverage. On the other hand, a smaller σ also increases

Ψl/σ and Ψu/σ, making the parameter appear farther from the identified set and thereby

decreasing coverage. If the first effect dominates, we obtain the counterintuitive finding that

a more efficient estimator leads to higher coverage. If the second effect dominates instead,

we get the more intuitive result that a more efficient estimator reduces coverage.

At this point, one may wonder why the previous phenomenon does not arise for CI1α

or CI2α. The key difference is that, unlike CI3α, these procedures do not use the (1 −
α/2)-quantile of the normal distribution when the identified set is short. Instead, their

critical values depend on the normalized size of the identified set through G(µ/σ), as shown

in Lemma 2. This dependence eliminates the phenomenon described above. A formal

justification is provided in Lemma 5.

The possibility that a more efficient estimator leads to lower power arises from the way

the critical value is constructed in CI3α to ensure robustness to violations of the supereffi-

ciency condition. In this sense, it can be interpreted as a cost of the robustness properties of

CI3α. When superefficiency holds automatically under OBS, this robustness is unnecessary,

and CI3α incurs this cost without providing any compensating robustness benefit.

Our last result compares the power of efficient and inefficient implementations of CI4α.

Theorem 5 (Power comparison for CI4α). Let α ∈ (0, 0.5) and Assumption 1 hold. Define

CI4,Eα and CI4,Iα as in (2.10) with (θ̂El , θ̂
E
u , σ̂

E
l , σ̂

E
u , ρ̂

E) and (θ̂Il , θ̂
I
u, σ̂

I
l , σ̂

I
u, ρ̂

I), respectively.

Then, there exist sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N such that

lim
N→∞

PN (θN ∈ CI4,Eα ) < lim
N→∞

PN (θN ∈ CI4,Iα ) (3.9)

and there also exist other sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N such that

lim
N→∞

PN (θN ∈ CI4,Eα ) > lim
N→∞

PN (θN ∈ CI4,Iα ). (3.10)

Theorem 5 parallels Theorem 4 for CI4α: the relative power of efficient and inefficient

implementations depends on the underlying parameters. The intuition follows the same

lines as for Theorem 4. As in the analysis of CI3α, we interpret the counterintuitive power

properties in Theorem 5 as the cost associated with the desirable properties of CI4α discussed

in Stoye (2020).
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4 Conclusions

This paper studies the power properties of CIs for a partially-identified parameter of interest

with an interval identified set. We assume that the researcher has bounds estimators to

construct the CIs proposed by Imbens and Manski (2004), Stoye (2009) and Stoye (2020),

denoted by CI1α, CI2α, CI3α, and CI4α. We also assume these estimators are “ordered” in

the sense that the estimator of the lower bound is less than or equal to the estimator of the

upper bound. We refer to this as the “ordered bounds setup” or OBS.

Under our conditions, the literature has established that CI1α, CI2α, CI3α, and CI4α are

all uniformly asymptotically valid. However, the literature has not investigated the power

of inference associated with these CIs. That is, it does not assess the ability of these CIs to

rule out parameters outside the identified set, which, by definition, are invalid candidates

for θ0(P ).

In this context, this paper makes two contributions. Our first contribution is to compare

the coverage probabilities of the four CIs across all possible parameter sequences that do

not belong to the identified set. A higher coverage rate for these parameters translates into

lower power. We formally show that CI1α and CI2α are equally powerful, and both dominate

CI3α and CI4α, with CI3α dominating CI4α.

For our second contribution, we consider a favorable situation in which the researcher

has two pairs of estimators for these CIs, with one pair known to be more efficient than the

other. In this context, it is reasonable to expect that inference based on the more efficient

pair leads to more powerful inference. We formally demonstrate that this conclusion holds

for CI1α and CI2α, but not necessarily for CI3α or CI4α.

In the context of OBS, our findings indicate that CI1α and CI2α are equally powerful,

and both are preferable to CI3α and CI4α. This conclusion is valuable from a practical

standpoint for two reasons. First, CI1α is straightforward to implement, whereas some of

the other methods are not. Second, implementing CI3α requires a carefully calibrated tuning

parameter sequence, whereas the other methods do not. It is important to note, however,

that these conclusions depend critically on the OBS condition, and in particular on the

requirement that the bounds be “ordered”; in settings where this condition fails, the results

of this paper need not apply.
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A Appendix

This appendix uses “CMT” to denote the “continuous mapping theorem”, “UHC” to denote

“upper hemicontinuous”, “LHC” to denote “lower hemicontinuous”, and “s.t.” to denote

“subject to”. Also, we define R̄ = [−∞,∞], R̄+ = [0,∞], R+ = [0,+∞), R++ = (0,∞),

and R−− = (−∞, 0). Unless specified otherwise, all limits are taken as N → ∞.

A.1 Proof of theorems

Proof of Theorem 1. Part (a). We prove the result by contradiction. That is, suppose (3.1)

fails. Then, lim supN→∞(PN (θN ∈ CI1α) − PN (θN ∈ CI2α)) ̸= 0 or lim infN→∞(PN (θN ∈
CI1α)− PN (θN ∈ CI2α)) ̸= 0. In either case, we can find a subsequence {kN}N∈N s.t.

lim
N→∞

(PkN (θkN ∈ CI1α)− PkN (θkN ∈ CI2α)) ̸= 0. (A-1)

The proof is completed by showing that (A-1) cannot hold.

By possibly taking a further subsequence,(
θl(PkN ), θu(PkN ), σl(PkN ), σu(PkN ), ρ(PkN ),√

kN (θu(PkN )− θl(PkN )),
√
kN (θl(PkN )− θkN ),

√
kN (θkN − θu(PkN ))

)
→ (θl, θu, σl, σu, ρ, µ,Ψl,Ψu) ∈ R̄× R̄× [σ, σ]× [σ, σ]× [−1, 1]× R̄+ × R̄× R̄. (A-2)

We then divide the argument into four exhaustive cases, depending on the possible values of

(µ,Ψl,Ψu). In this regard, note that θN ∈ ΘI(PN )c implies that either (i)
√
kN (θl(PkN )−

θkN ) > 0 or (ii)
√
kN (θkN − θu(PkN )) > 0. By taking limits, we conclude that either (i)

Ψl ≥ 0 or (ii) Ψu ≥ 0. The proof is completed by showing that none of the following

exhaustive cases satisfy (A-1).

Case 1: µ = ∞ and Ψl ≥ 0. Then, consider the following derivation:

lim
N→∞

PkN (θkN ∈ CI1α)
(1)
= Φ(Φ−1(1− α)−Ψl/σl)

(2)
= lim

N→∞
PkN (θkN ∈ CI2α),

where (1) holds by (A-2), F1(µ, σl, σu) = Φ−1(1− α), and part (a) of Lemma 1, and (2) by

part (a) of Lemma 2. This equation implies that (A-1) fails.

Case 2: µ = ∞ and Ψu ≥ 0. This case is analogous to case 1 except that we replace parts

(a) of Lemmas 1 and 2 with parts (b) of these results.

Case 3: µ ∈ R+ and Ψl ≥ 0. By µ ∈ R+, it follows that θu(PkN ) − θl(PkN ) → 0. By this
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and Lemma 4, we get ρ = 1 and σl = σu. We set σ = σl = σu. Then, consider the following

derivation:

lim
N→∞

PkN (θkN ∈ CI1α)
(1)
= Φ((Ψl + µ)/σ +G(µ/σ))− Φ (Ψl/σ −G(µ/σ))

(2)
= lim

N→∞
PkN (θkN ∈ CI2α),

where (1) holds by (A-2), F1(µ, σ, σ) = G(µ/σ), and part (a) of Lemma 1, and (2) by part

(c) of Lemma 2. This equation implies that (A-1) fails.

Case 4: µ ∈ R+ and Ψu ≥ 0. This case is analogous to case 3 except that we replace part

(a) of Lemma 1 with part (b), and part (c) of Lemma 2 with part (d).

Part (b). We prove the result by contradiction. That is, suppose that lim infN→∞(PN (θN ∈
CI3α) − PN (θN ∈ CIjα)) < 0 for some j = 1, 2. Then, we can find a subsequence {kN}N∈N

s.t.

lim
N→∞

(PkN (θkN ∈ CI3α)− PkN (θkN ∈ CIjα)) < 0 for some j = 1, 2. (A-3)

The proof is completed by showing that (A-3) cannot hold.

By possibly taking a further subsequence,(
θl(PkN ), θu(PkN ), σl(PkN ), σu(PkN ), ρ(PkN ),√

kN (θu(PkN )− θl(PkN )),
√
kN (θl(PkN )− θkN ),

√
kN (θkN − θu(PkN ))

)
→ (θl, θu, σl, σu, ρ, µ,Ψl,Ψu) ∈ R̄× R̄× [σ, σ]× [σ, σ]× [−1, 1]× R̄+ × R̄× R̄. (A-4)

We then divide the argument into four exhaustive cases, depending on the possible values

of (µ,Ψl,Ψu). As before, we note that θN ∈ ΘI(PN )c implies that either (i) Ψl ≥ 0 or (ii)

Ψu ≥ 0. The proof is completed by showing that none of the following exhaustive cases

satisfy (A-3).

Case 1: µ = ∞ and Ψl ≥ 0. Then, consider the following derivation for j = 1, 2,

lim
N→∞

PkN (θkN ∈ CIjα)
(1)
= Φ(Φ−1(1− α)−Ψl/σl)

(2)

≤ lim
N→∞

PkN (θkN ∈ CI3α),

where (1) holds by (A-4), F1(µ, σl, σu) = Φ−1(1−α), and part (a) of Lemma 1 and Lemma

2, and (2) by part (a) of Lemma 3. This equation implies that (A-3) fails.

Case 2: µ = ∞ and Ψu ≥ 0. This case is analogous to case 1 except that we replace parts

(a) of Lemmas 1 and 2 with parts (b) of these results, and part (a) of Lemma 3 with part (f).

Case 3: µ ∈ R+ and Ψl ≥ 0. By µ ∈ R+ and Lemma 4, we get ρ = 1 and σl = σu. We set
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σ = σl = σu.

As a preliminary derivation, note that

Φ−1(1− α/2) ≥ G(µ/σ). (A-5)

To see this, note that Φ(c+ µ/σ)− Φ(−c) is strictly increasing in c, and

Φ(Φ−1(1− α/2) + µ/σ)− Φ(−Φ−1(1− α/2))
(1)

≥ Φ(Φ−1(1− α/2))− Φ(−Φ−1(1− α/2))

= 1− α

(2)
= Φ(G(µ/σ) + µ/σ)− Φ(−G(µ/σ)),

where (1) holds by µ/σ ≥ 0, and (2) by definition of G(y).

For j = 1, 2, we then have the following derivation:

lim
N→∞

PkN (θkN ∈ CI3α)
(1)
= Φ

(
(Ψl + µ)/σ +Φ−1(1− α/2)

)
− Φ

(
Ψl/σ − Φ−1(1− α/2)

)
(2)

≥ Φ ((Ψl + µ)/σ +G(µ/σ))− Φ (Ψl/σ −G(µ/σ))

(3)
= lim

N→∞
PkN (θkN ∈ CIjα), (A-6)

where (1) holds by part (e) of Lemma 3, (2) by (A-5) and that Φ((Ψl+µ)/σ+c)−Φ(Ψl/σ−c)

is increasing in c, and (3) by part (a) of Lemma 1, part (c) of Lemma 2, and F1(µ, σ, σ) =

G(µ/σ). Note that this equation implies that (A-3) fails.

Case 4: µ ∈ R+ and Ψu ≥ 0. This case is analogous to case 3 except that we replace part

(a) of Lemma 1 with part (b), part (c) of Lemma 2 with part (d), and part (e) of Lemma

3 with part (j).

To conclude the proof of this part, it suffices to verify (3.2) holds strictly for a suitably

chosen sequence {(PN , θN ) ∈ P×ΘI(PN )c}N∈N. We can consider two cases: lim supN→∞
√
N(θu(PN )−

θl(PN )) < ∞ or lim supN→∞
√
N(θu(PN )− θl(PN )) = ∞. For brevity, we focus on the first

case.

To this end, consider Example 1 with Y = 0, Y = 1, {Yi|Zi = 1} ∼ Be(1/2), and

Zi ∼ Be(1 − π(PN )), with π(PN ) = a1/
√
N ↓ 0 for any a1 ∈ (0,∞), which leads to

lim supN→∞
√
N(θu(PN ) − θl(PN )) < ∞. Consider coverage of θN = θl(PN ) − a2/

√
N ∈

ΘI(PN )c for any a2 > 0 using CI3α implemented with bN = (lnN)/
√
N . Then, (A-2)

and (A-4) hold with (θl, θu, σ, σ, ρ, µ,Ψl,Ψu) = (1/2, 1/2, 1/2, 1/2, 1, a1, a2,−a1 − a2). For
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j = 1, 2, we then obtain

lim
N→∞

PN (θN ∈ CIjα)
(1)
= Φ(2(a2 + a1) +G(2a1))− Φ (2a2 −G(2a1))

(2)
< Φ

(
2(a2 + a1) + Φ−1(1− α/2)

)
− Φ

(
2a2 − Φ−1(1− α/2)

)
(3)
= lim

N→∞
PN (θN ∈ CI3α), (A-7)

where (1) holds by part (a) of Lemmas 1 and 2, (2) by repeating the derivation in (A-5),

and (3) by part (e) of Lemma 3. For concreteness, a1 = 1, a2 = 1, and α = 0.05 give

limN→∞ PN (θN ∈ CIjα) = 0.36 < 0.48 = limN→∞ PN (θN ∈ CI3α) for j = 1, 2. Note that

(A-7) implies that (3.2) holds strictly.

Part (c). These results are shown in the supplementary appendix.

Proof of Theorem 2. We prove (3.5) by contradiction. To this end, assume (3.5) fails:

lim inf
N→∞

(
PN (θN ∈ CI1,Iα )− PN (θN ∈ CI1,Eα )

)
< 0. (A-8)

By possibly taking a subsequence {kN}N≥1, the following sequence converges:(
θl(PkN ), θu(PkN ), σ

E
l (PkN ), σ

E
u (PkN ), ρ

E(PkN ), σ
I
l (PkN ), σ

I
u(PkN ), ρ

I(PkN ),√
kN (θu(PkN )− θl(PkN )),

√
kN (θl(PkN )− θkN ),

√
kN (θkN − θu(PkN ))

)
→ (θl, θu, σ

E
l , σ

E
u , ρ

E , σI
l , σ

I
u, ρ

I , µ,Ψl,Ψu),

∈ R̄× R̄× [σ, σ]× [σ, σ]× [−1, 1]× [σ, σ]× [σ, σ]× [−1, 1]× R̄+ × R̄× R̄. (A-9)

By Assumption 1, σE
l ≤ σI

l and σE
u ≤ σI

u. We then divide the argument into four exhaustive

cases, depending on the possible values of (µ,Ψl,Ψu). As in the proof of Theorem 1, we note

that θN ∈ ΘI(PN )c implies that either (i) Ψl ≥ 0 or (ii) Ψu ≥ 0. The proof is completed by

showing that none of the following exhaustive cases satisfy (A-8).

Case 1: µ = ∞ and Ψl ≥ 0. Then,

lim
N→∞

PN (θN ∈ CI1,Eα )
(1)
= Φ(Φ−1(1− α)−Ψl/σ

E
l )

(2)

≤ Φ(Φ−1(1− α)−Ψl/σ
I
l )

(3)
= lim

N→∞
PN (θN ∈ CI1,Iα ),

as desired, where (1) and (3) hold by part (a) of Lemma 1, and (2) by Ψl ≥ 0 and σE
l ≤ σI

l .

Case 2: µ = ∞ and Ψu ≥ 0. This case is analogous to case 1 except that we replace part
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(a) of Lemma 1 with part (b).

Case 3: µ ∈ R+ and Ψl ≥ 0. By µ ∈ R+ and Lemma 4, σE
l = σE

u , σ
I
l = σI

u, ρ
E = 1, and

ρI = 1. We set σI = σI
l = σI

u and σE = σE
l = σE

u . Then,

lim
N→∞

PN (θN ∈ CI1,Eα )
(1)
= Φ

(
(Ψl + µ)/σE +G(µ/σE)

)
− Φ

(
Ψl/σ

E −G(µ/σE)
)

(2)
= H(σE , µ,Ψl)

(3)

≤ H(σI , µ,Ψl)

(4)
= Φ

(
(Ψl + µ)/σI +G(µ/σI)

)
− Φ

(
Ψl/σ

I −G(µ/σI)
)

(5)
= lim

N→∞
PN (θN ∈ CI1,Iα ),

as desired, where (1) and (5) hold by part (c) of Lemma 1, (2) and (4) by H : [σ, σ]×R+×
R̄+ → R defined in Lemma 5, and (3) by part (a) of Lemma 5 and σE

l ≤ σI
l .

Case 4: µ ∈ R+ and Ψu ≥ 0. This case is analogous to case 3 except that we replace part

(c) of Lemma 1 with part (d).

To conclude the proof, it suffices to show that the inequality in (3.5) holds strictly for

suitable sequences of {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N. To this end, consider {(PN , θN )}N∈N

that satisfies (A-9) with σE < σI , and either (i) Ψl > 0 or (ii) Ψu > 0. For brevity, focus

on (i), but analogous results hold for (ii).

We now have two cases. If µ = ∞, then the desired strict inequality follows from the

derivation in case 1. The difference with this derivation is that the weak inequality now

becomes strict under Ψl > 0 and σE < σI . In turn, if µ ∈ R+, the desired strict inequality

follows from the derivations in case 3. The difference with this derivation is that the weak

inequality now becomes strict under Ψl > 0, σE < σI , and part (b) of Lemma 5.

We now illustrate the case with µ = ∞ in the context of Example 1. Within this

example, set Y = 0, Y = 1, {Yi|Zi = 1} ∼ Be(1/2), and Zi ∼ Be(1 − π(PN )), with

π(PN ) = a1 ∈ (0, 1), which leads to lim supN→∞
√
N(θu(PN ) − θl(PN )) = ∞. Our goal is

to cover θN = θl(PN ) − a2/
√
N ∈ ΘI(PN )c for some a2 > 0. In this context, consider two

estimators for the bounds. The first one is (2.3), which serves as the efficient estimator.

The second one is as in (2.3) but using only the first ⌊a3N⌋ observations of the sample for

any a3 ∈ (0, 1). This will be the inefficient estimator, as it uses a fraction of the available

sample. Both bounds estimators can be represented as

(θ̂l(λ), θ̂u(λ)) =
( 1

⌊λN⌋

⌊λN⌋∑
i=1

(YiZi + Y (1− Zi)),
1

⌊λN⌋

⌊λN⌋∑
i=1

(YiZi + Y (1− Zi))
)
. (A-10)
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For λ = 1, we get (θ̂El , θ̂
E
u ) = (θ̂l(1), θ̂u(1)), and for λ = a3 ∈ (0, 1), we get (θ̂Il , θ̂

I
u) =

(θ̂l(a3), θ̂u(a3)). Finally, we assume the estimators for (σl, σu, ρ) are all obtained by their cor-

responding sample analogs: (σ̂E
l , σ̂

E
u , ρ̂

E) uses the entire sample (i.e., λ = 1), and (σ̂I
l , σ̂

I
u, ρ̂

I)

relies only on the first ⌊a3N⌋ observations of the sample, with the standard-deviation es-

timators scaled by
√
N/⌊a3N⌋. By repeating arguments in Example 1, we can verify that

(θ̂El , θ̂
E
u , σ̂

E
l , σ̂

E
u , ρ̂

E) and (θ̂Il , θ̂
I
u, σ̂

I
l , σ̂

I
u, ρ̂

I) satisfy Assumption 1. Moreover, we can show

that (A-9) holds with

(θl, θu, σ
E
l , σ

E
u , ρ

E , σI
l , σ

I
u, ρ

I , µ,Ψl,Ψu)

=
(1− a1

2
,
1 + a1

2
,

√
1− a21
2

,

√
1− a21
2

,
1− a1
1 + a1

,

√
1− a21
2
√
a3

,

√
1− a21
2
√
a3

,
1− a1
1 + a1

,+∞, a2,−∞
)
.

At this point, we can repeat the derivation in case 1 to get the following:

lim
N→∞

PN (θN ∈ CI1,Eα )
(1)
= Φ

(
Φ−1(1− α)− 2a2/

√
1− a21

)
(2)
< Φ

(
Φ−1(1− α)− 2

√
a3a2/

√
1− a21

)
(3)
= lim

N→∞
PN (θN ∈ CI1,Iα ),

as desired, where (1) and (3) hold by part (a) of Lemma 1, and (2) by a3 ∈ (0, 1). For

concreteness, a1 = 1/2, a2 = 1, a3 = 0.3, and α = 0.05 yield limN→∞ PN (θN ∈ CI1,Iα ) =

0.69 > 0.25 = limN→∞ PN (θN ∈ CI1,Eα ).

Proof of Theorem 3. This result follows from part (a) of Theorem 1 and Theorem 2.

Proof of Theorem 4. To show this result, we construct specific sequences where (3.7) and

(3.8) can occur. We focus on sequences {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N s.t.(
θl(PN ), θu(PN ), σE

l (PN ), σE
u (PN ), ρE(PN ), σI

l (PN ), σI
u(PN ), ρI(PN )√

N(θu(PN )− θl(PN )),
√
N(θl(PN )− θN ),

√
N(θN − θu(PN ))

)
→ (θl, θu, σ

E
l , σ

E
u , ρ

E , σI
l , σ

I
u, ρ

I , µ,Ψl,Ψu). (A-11)

with Ψl ≥ 0 and µ ∈ R+. By Lemma 4, ρE = ρI = 1 and σE
l = σE

u , and σI
l = σI

u.

We can construct concrete sequences in the context of Example 1. In particular, we

use Example 1 with Y = 0, Y = 1, {Yi|Zi = 1} ∼ Be(1/2), and Zi ∼ Be(1 − π(PN )),

where π(PN ) = a1/
√
N ↓ 0 for some a1 > 0. We consider coverage of θN = θl(PN ) −

a2/
√
N ∈ ΘI(PN )c for some a2 > 0 and CI3α implemented with the subsample of the data

{(Yi, Zi)}⌊λN⌋
i=1 for λ ∈ (0, 1]. In this context, we consider two estimators for the bounds. The

23



efficient estimator uses the full sample, while the inefficient estimator uses only a fraction

λ = a3 ∈ (0, 1) of the sample. By repeating arguments in Theorem 2, we deduce that (A-11)

holds with

(θl, θu, σ
E
l , σ

E
u , ρ

E , σI
l , σ

I
u, ρ

I , µ,Ψl) =
(1
2
,
1

2
,
1

2
,
1

2
, 1,

1

2
√
a3

,
1

2
√
a3

, 1, a1, a2

)
.

Part (e) of Lemma 3 then yields

lim
N→∞

PN (θN ∈ CI3,Eα ) = Φ
(
2(a2 + a1) + Φ−1(1− α/2)

)
− Φ

(
2a2 − Φ−1(1− α/2)

)
,

lim
N→∞

PN (θN ∈ CI3,Iα ) = Φ
(
2
√
a3(a2 + a1) + Φ−1(1− α/2)

)
− Φ

(
2
√
a3a2 − Φ−1(1− α/2)

)
.

We now verify the strict inequalities. To obtain (3.7), set a1 = a2 = 1, a3 = 0.3, and

α = 0.05, which give

lim
N→∞

PN (θN ∈ CI3,Eα ) = 0.48 < 0.81 = lim
N→∞

PN (θN ∈ CI3,Iα ).

To obtain (3.8), set a1 = 0.15, a2 = 0.01, a3 = 0.3, and α = 0.05, which give

lim
N→∞

PN (θN ∈ CI3,Eα ) = 0.963 > 0.958 = lim
N→∞

PN (θN ∈ CI3,Iα ).

This completes the proof.

Proof of Theorem 5. This result is shown in the supplementary appendix.

A.2 Auxiliary results

Lemma 1 (CI1α). Assume α ∈ (0, 0.5) and that (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with param-

eter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P )) and set P. Let F1(δ, σl, σu) : R̄+× [σ, σ]× [σ, σ] → R̄
be the unique c > 0 that solves

Φ (c+ δ/max{σl, σu})− Φ(−c) = 1− α. (A-12)

Consider any sequence {(PN , θN ) ∈ P ×ΘI(PN )c}N∈N with(
θl(PN ), θu(PN ), σl(PN ), σu(PN ), ρ(PN ),√

N(θu(PN )− θl(PN )),
√
N(θl(PN )− θN ),

√
N(θN − θu(PN ))

)
→ (θl, θu, σl, σu, ρ, µ,Ψl,Ψu) ∈ R̄× R̄× [σ, σ]× [σ, σ]× [−1, 1]× R̄+ × R̄× R̄. (A-13)
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Under these conditions, we have the following results.

(a) If Ψl ≥ 0,

lim
N→∞

PN (θN ∈ CI1α) =

P

(
{z1 − F1(z2σu

√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu) ≤ −Ψl

σl
} ∩

{−Ψl+µ
σu

≤ z2
√
1− ρ2 + z1ρ+ F1(z2σu

√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu)}

)
,

where (z1, z2) ∼ N (02×1, I2×2).

(b) If Ψu ≥ 0,

lim
N→∞

PN (θN ∈ CI1α) =

P

(
{Ψu
σu

≤ z2
√
1− ρ2 + z1ρ+ F1(z2σu

√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu)}

∩ {z1 − F1(z2σu
√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu) ≤ Ψu+µ

σl
}

)
,

where (z1, z2) ∼ N (02×1, I2×2).

Proof. We begin by confirming that F1(δ, σl, σu) is unique and positive. To this end, note

that the left-hand side of (A-12) is strictly increasing and continuous in c. Moreover,

at c = 0, it is equal to Φ(δ/max{σl, σu}) − Φ(0) ≤ 0.5 < 1 − α, whereas, as c → ∞,

limc→∞Φ(c+ δ/max{σl, σu})− Φ(−c) = 1 > 1−α. This establishes, existence, uniqueness,

and positivity.

Next, we show that F1 : R̄+×[σ, σ]×[σ, σ] → R̄ is a continuous function of its arguments.

To this end, consider any sequence {(δM , σM,l, σM,u)}M∈N s.t. limM→∞(δM , σM,l, σM,u) =

(δ, σl, σu) ∈ R̄+×[σ, σ]×[σ, σ]. In search of a contradiction, assume that {F1(δM , σM,l, σM,u)}M∈N

does not converge to F1(δ, σl, σu). Then, there exist ∆ > 0 and a subsequence {kM}M∈N

such that either F1(δkM , σkM ,l, σkM ,u)−F1(δ, σl, σu) > ∆ for allM ∈ N or F1(δkM , σkM ,l, σkM ,u)−
F1(δ, σl, σu) < −∆ for all M ∈ N. We assume the first case, but the argument is analogous

to the other case. Since limM→∞(δM , σM,l, σM,u) = (δ, σl, σu) ∈ R̄+ × [σ, σ̄] × [σ, σ̄], we

have that φkM = δkM /max{σkM ,l, σkM ,u} → φ = δ/max{σl, σu}. Here, there are two cases.

Case 1: δ < ∞, and so φ < ∞, or case 2: δ = φ = ∞.

Case 1: δ < ∞. Then, ∃M1 ∈ N s.t. |φkM − φ| < ∆/2 for all M > M1. Then, for all

M ≥ M1, we reach the following contradiction.

1− α
(1)
= Φ(F1(δkM , σkM ,l, σkM ,u) + φkM )− Φ(−F1(δkM , σkM ,l, σkM ,u))

(2)

≥ Φ(∆/2 + F1(δ, σl, σu) + φ)− Φ(−∆− F1(δ, σl, σu))
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(3)
> Φ(F1(δ, σl, σu) + φ)− Φ(−F1(δ, σl, σu))

(4)
= 1− α, (A-14)

where (1) holds by (A-12) with c = F1(δkM , σkM ,l, σkM ,u), (2) by F1(δkM , σkM ,l, σkM ,u) −
F1(δ, σl, σu) > ∆ and |φkM − φ| < ∆/2, and (3) by ∆ > 0, and (4) by (A-12) with

c = F1(δ, σl, σu).

Case 2: δ = φ = ∞. In this case, F1(δ, σl, σu) = Φ−1(1 − α) and φkM → ∞. By this and

∆ > 0, ∃M1 ∈ N s.t. for all M > M1,

Φ(∆ + Φ−1(1− α) + φkM )− Φ(−∆− Φ−1(1− α)) > 1− α. (A-15)

Then, for all M ≥ M1, we have the following contradiction.

1− α
(1)
= Φ(F1(δkM , σkM ,l, σkM ,u) + φkM )− Φ(−F1(δkM , σkM ,l, σkM ,u))

(2)

≥ Φ(∆ + F1(δ, σl, σu) + φkM )− Φ(−∆− F1(δ, σl, σu))

(3)
= Φ(∆ + Φ−1(1− α) + φkM )− Φ(−∆− Φ−1(1− α))

(4)
> 1− α,

as desired, where (1) holds by (A-12) with c = F1(δkM , σkM ,l, σkM ,u), (2) by F1(δkM , σkM ,l, σkM ,u)−
F1(δ, σl, σu) > ∆, (3) by F1(δ, σl, σu) = Φ−1(1− α), and (4) by (A-15).

We now divide the rest of the argument into its parts.

Part (a). Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-13),

(
√
N(θ̂l−θl(PN )),

√
N(θ̂u−θu(PN )), σ̂l, σ̂u)

d→ (z1σl, (z2
√

1− ρ2+z1ρ)σu, σl, σu), (A-16)

where (z1, z2) ∼ N (02×1, I2×2). Then,

PN (θN ∈ CI1α)

(1)
= PN

( √
N(θ̂l − θl(PN ))− σ̂lF1(

√
N(θ̂u − θ̂l), σ̂l, σ̂u) ≤

√
N(θN − θl(PN )) ≤√

N(θ̂u − θu(PN )) +
√
N(θu(PN )− θl(PN )) + σ̂uF1(

√
N(θ̂u − θ̂l), σ̂l, σ̂u)

)
(2)→ P

(
z1σl − σlF1(z2σu

√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu) ≤ −Ψl ≤

(z2
√

1− ρ2 + z1ρ)σu + µ+ σuF1(z2σu
√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu)

)
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(3)
= P

 {
z1 − F1(z2σu

√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu) ≤ −Ψl

σl

}
∩{

−Ψl+µ
σu

≤ z2
√
1− ρ2 + z1ρ+ F1(z2σu

√
1− ρ2 + z1(ρσu − σl) + µ, σl, σu)

}  ,

as desired, where (1) holds by (2.4) and (2.5), which give c1 = F1(
√
N(θ̂u − θ̂l), σ̂l, σ̂u), (2)

by (A-13), (A-16), the continuity of F1(δ, σl, σu), and the CMT, and (3) by σl, σu ≥ σ > 0.

Part (b). This argument is analogous to part (a), and it is thus omitted.

Lemma 2 (CI2α). Assume α ∈ (0, 0.5) and that (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with pa-

rameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P )) and set P. Consider any sequence {(PN , θN ) ∈
P ×ΘI(PN )c}N∈N with(

θl(PN ), θu(PN ), σl(PN ), σu(PN ), ρ(PN ),√
N(θu(PN )− θl(PN )),

√
N(θl(PN )− θN ),

√
N(θN − θu(PN ))

)
→ (θl, θu, σl, σu, ρ, µ,Ψl,Ψu) ∈ R̄× R̄× [σ, σ]× [σ, σ]× [−1, 1]× R̄+ × R̄× R̄. (A-17)

Under these conditions, we have the following results.

(a) If µ = ∞ and Ψl ≥ 0,

lim
N→∞

PN (θN ∈ CI2α) = Φ(Φ−1(1− α)−Ψl/σl).

(b) If µ = ∞ and Ψu ≥ 0,

lim
N→∞

PN (θN ∈ CI2α) = Φ(Φ−1(1− α)−Ψu/σu).

(c) If µ ∈ R+ and Ψl ≥ 0, then σl = σu = σ, ρ = 1, and

lim
N→∞

PN (θN ∈ CI2α) = Φ ((Ψl + µ)/σ +G(µ/σ))− Φ (Ψl/σ −G(µ/σ)) ,

where G(y) : R+ → R++ is as defined in Lemma 5.

(d) If µ ∈ R+ and Ψu ≥ 0, then σl = σu = σ, ρ = 1, and

lim
N→∞

PN (θN ∈ CI2α) = Φ ((Ψu + µ)/σ +G(µ/σ))− Φ (Ψu/σ −G(µ/σ)) ,

where G(y) : R+ → R++ is as defined in Lemma 5.
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Proof. Let C2 : R̄+ × [σ, σ]× [σ, σ]× [−1, 1] ⇒ R̄2 be the following correspondence:

C2(δ, σl, σu, ρ) =


(cl, cu) ∈ R̄2 s.t.

P ({−cl ≤ z1} ∩ {ρz1 ≤ cu + δ/σu +
√

1− ρ2z2}) ≥ 1− α and

P ({−cl − δ/σl +
√

1− ρ2z2 ≤ ρz1} ∩ {z1 ≤ cu}) ≥ 1− α,

 ,

(A-18)

where (z1, z2) ∼ N (02×1, I2×2), let S2 : R̄+ × [σ, σ]× [σ, σ]× [−1, 1] ⇒ R̄2 be the following

minimizer correspondence:

S2(δ, σl, σu, ρ) = arg min
(cl,cu)∈C2(δ,σl,σu,ρ)

(σlcl + σucu), (A-19)

and let F2 = (F2,l, F2,u) : R̄+ × [σ, σ] × [σ, σ] × [−1, 1] → R̄2 be the choice in S2 used to

implement CI2α. By (2.6) and (2.7), we have that c2 = F2(
√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂).

We now study the continuity properties of F2. For our purposes, it suffices to determine

the limit of {F2(δM , σM,l, σM,u, ρM )}M∈N for two types of sequences {(δM , σM,l, σM,u, ρM )}M∈N:

(i) those converging to (∞, σl, σu, ρ) with (σl, σu, ρ) ∈ [σ, σ]× [σ, σ]× [−1, 1] and (ii) those

converging to (δ, σ, σ, 1) with (δ, σ) ∈ R̄+ × [σ, σ].

First, consider {F2(δM , σM,l, σM,u, ρM )}M∈N for limM→∞(δM , σM,l, σM,u, ρM ) = (∞, σl, σu, ρ)

and (σl, σu, ρ) ∈ [σ, σ]× [σ, σ]× [−1, 1]. It is not hard to verify that

C2(∞, σl, σu, ρ) =
{
(cl, cu) ∈ R̄2 s.t. Φ(cl) ≥ 1− α and Φ(cu) ≥ 1− α

}
,

S2(∞, σl, σu, ρ) = {(Φ−1(1− α),Φ−1(1− α))},

F2(∞, σl, σu, ρ) = (Φ−1(1− α),Φ−1(1− α)).

Furthermore, part (a) of Lemma 7 shows that C2 is continuous at (δ, σl, σu, ρ) = (∞, σl, σu, ρ).

Then, Lemma 9 shows that F2 is continuous at (δ, σl, σu, ρ) = (∞, σl, σu, ρ), i.e.,

lim
(δM ,σM,l,σM,u,ρM )→(∞,σl,σu,ρ)

F2(δM , σM,l, σM,u, ρM ) = (Φ−1(1− α),Φ−1(1− α)). (A-20)

Second, consider {F2(δM , σM,l, σM,u, ρM )}M∈N for limM→∞(δM , σM,l, σM,u, ρM ) = (δ, σ, σ, 1)

and (δ, σ) ∈ R̄+ × [σ, σ]. It is not hard to verify that

C2(δ, σ, σ, 1) =

{
(cl, cu) ∈ R̄2 s.t.

Φ(cu + δ/σ)− Φ(−cl) ≥ 1− α and Φ(cu)− Φ(−cl − δ/σ) ≥ 1− α

}
.
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In turn, Lemma 6 shows that

S2(δ, σ, σ, 1) = {(G(δ/σ), G(δ/σ))} and F2(δ, σ, σ, 1) = (G(δ/σ), G(δ/σ)).

Furthermore, part (b) of Lemma 7 shows that C2 is continuous at (δ, σl, σu, ρ) = (δ, σ, σ, 1).

Under these conditions, Lemma 9 shows that F2 is continuous at (δ, σl, σu, ρ) = (δ, σ, σ, 1),

i.e.,

lim
(δM ,σM,l,σM,u,ρM )→(δ,σ,σ,1)

F2(δM , σM,l, σM,u, ρM ) = (G(δ/σ), G(δ/σ)). (A-21)

We now divide the rest of the argument into its parts.

Part (a). Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-17),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (z1σl, (z2
√

1− ρ2 + z1ρ)σu, σl, σu, ρ),

(A-22)

where (z1, z2) ∼ N (02×1, I2×2). Then,

PN (θN ∈ CI2α)

(1)
= PN

( √
N(θ̂l − θl(PN ))− σ̂lF2,l(

√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂) ≤

√
N(θN − θl(PN )) ≤√

N(θ̂u − θu(PN )) +
√
N(θu(PN )− θl(PN )) + σ̂uF2,u(

√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂)

)
(2)→ P (z1σl − σlΦ

−1(1− α) ≤ −Ψl)

(3)
= Φ(Φ−1(1− α)−Ψl/σl),

as desired, where (1) holds by (2.6) and (2.7), which give c2 = F2(
√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂),

(2) by (A-17), (A-20), (A-22), µ = ∞, and the CMT, and (3) by σl, σu ≥ σ > 0 and

z1 ∼ N (0, 1).

Part (b). This argument is analogous to part (a) and it is therefore omitted.

Part (c). Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-17), (A-22) holds. Moreover, by Lemma 4, σl = σu and ρ = 1. We set σ = σl = σu.

Then,

PN (θN ∈ CI2α)

(1)
= PN

( √
N(θ̂l − θl(PN ))− σ̂lF2,l(

√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂) ≤

√
N(θN − θl(PN )) ≤√

N(θ̂u − θu(PN )) +
√
N(θu(PN )− θl(PN )) + σ̂uF2,u(

√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂)

)
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(2)→ P (σz1 − σG(µ/σ) ≤ −Ψl ≤ z1σ + µ+ σG(µ/σ))

(3)
= Φ((Ψl + µ)/σ +G(µ/σ))− Φ (Ψl/σ −G(µ/σ)) ,

as desired, where (1) holds by (2.6) and (2.7), which give c2 = F2(
√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂),

(2) by σ = σl = σu, ρ = 1, (A-17), (A-21), (A-22), and the CMT, and (3) by σ ≥ σ > 0

and z1 ∼ N (0, 1).

Part (d). This argument is analogous to part (c), and it is thus omitted.

Lemma 3 (CI3α). Assume α ∈ (0, 0.5) and that (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with pa-

rameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P )) and set P. Consider any sequence {(PN , θN ) ∈
P ×ΘI(PN )c}N∈N with(

θl(PN ), θu(PN ), σl(PN ), σu(PN ), ρ(PN ),
√
N(θu(PN )− θl(PN )),√

N(θu(PN )− θl(PN )− bN ),
√
N(θl(PN )− θN ),

√
N(θN − θu(PN )),

)
→

(θl, θu, σl, σu, ρ, µ, η,Ψl,Ψu) ∈ R̄× R̄× [σ, σ]× [σ, σ]× [−1, 1]× R̄+ × R̄× R̄× R̄.
(A-23)

Finally, assume that {bN}N∈N satisfies bN → 0 and bN
√
N → ∞. Under these conditions,

we have the following results.

(a) If µ = ∞ and Ψl ≥ 0, then

lim inf
N→∞

PN (θN ∈ CI3α) ≥ Φ(Φ−1(1− α)−Ψl/σl).

(b) If µ = ∞, η = 0, and Ψl ≥ 0, then σl = σu = σ, ρ = 1, and

lim sup
N→∞

PN (θN ∈ CI3α) ≤ Φ(Φ−1(1− α/2)−Ψl/σ).

(c) If µ = ∞, η ∈ (0,∞], and Ψl ≥ 0,

lim
N→∞

PN (θN ∈ CI3α) = Φ(Φ−1(1− α)−Ψl/σl).

(d) If µ = ∞, η ∈ [−∞, 0), and Ψl ≥ 0, then σl = σu = σ, ρ = 1, and

lim
N→∞

PN (θN ∈ CI3α) = Φ(Φ−1(1− α/2)−Ψl/σ).
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(e) If µ ∈ R+ and Ψl ≥ 0, then σl = σu = σ, ρ = 1, and

lim
N→∞

PN (θN ∈ CI3α) = Φ
(
(Ψl + µ)/σ +Φ−1(1− α/2)

)
− Φ

(
Ψl/σ − Φ−1(1− α/2)

)
,

(f) If µ = ∞ and Ψu ≥ 0, then

lim inf
N→∞

PN (θN ∈ CI3α) ≥ Φ(Φ−1(1− α)−Ψu/σu).

(g) If µ = ∞, η = 0, and Ψu ≥ 0, then σl = σu = σ, ρ = 1, and

lim sup
N→∞

PN (θN ∈ CI3α) ≤ Φ(Φ−1(1− α/2)−Ψu/σ).

(h) If µ = ∞, η ∈ (0,∞], and Ψu ≥ 0,

lim
N→∞

PN (θN ∈ CI3α) = Φ(Φ−1(1− α)−Ψu/σu).

(i) If µ = ∞, η ∈ [−∞, 0), and Ψu ≥ 0, then σl = σu = σ, ρ = 1, and

lim
N→∞

PN (θN ∈ CI3α) = Φ(Φ−1(1− α/2)−Ψu/σ).

(j) If µ ∈ R+ and Ψu ≥ 0, then σl = σu = σ, ρ = 1, and

lim
N→∞

PN (θN ∈ CI3α) = Φ
(
(Ψu + µ)/σ +Φ−1(1− α/2)

)
− Φ

(
Ψu/σ − Φ−1(1− α/2)

)
,

Proof. Let C3 : R̄+ × R̄× [σ, σ]× [σ, σ]× [−1, 1] ⇒ R̄2 be the following correspondence:

C3(δ1, δ2, σl, σu, ρ)

=


(cl, cu) ∈ R̄2 s.t.

P ({−cl ≤ z1} ∩ {ρz1 ≤ cu + δ11[δ2 > 0]/σu +
√

1− ρ2z2}) ≥ 1− α and

P ({−cl − δ11[δ2 > 0]/σl +
√

1− ρ2z2 ≤ ρz1} ∩ {z1 ≤ cu}) ≥ 1− α,

 ,

(A-24)

where (z1, z2) ∼ N (02×1, I2×2), let S3 : R̄+ × R̄ × [σ, σ] × [σ, σ] × [−1, 1] ⇒ R̄2 be the

following minimizer correspondence:

S3(δ1, δ2, σl, σu, ρ) = arg min
(cl,cu)∈C3(δ1,δ2,σl,σu,ρ)

(σlcl + σucu), (A-25)

and let F3 = (F3,l, F3,u) : R̄+ × R̄ × [σ, σ] × [σ, σ] × [−1, 1] → R̄2 be the choice in
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S3(δ1, δ2, σl, σu, ρ) used to implement CI3α. By (2.8), (2.9), and Lemma 11, we have that

c3 = F3(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l)−

√
NbN , σ̂l, σ̂u, ρ̂) a.s.

Part (a). We first show that (cl, cu) ∈ C3(δ1, δ2, σl, σu, ρ) satisfies cl, cu ≥ Φ−1(1 − α) > 0.

To show this for cl, note that the first constraint in (A-24) implies that

P (−cl ≤ z1) ≥ P ({−cl ≤ z1} ∩ {ρz1 ≤ cu + δ11[δ2 > 0]/σu +
√
1− ρ2z2}) ≥ 1− α,

which implies cl ≥ Φ−1(1−α). In turn, note that Φ−1(1−α) > 0 by α ∈ (0, 0.5). A similar

argument using the second constraint in (A-24) implies that cu ≥ Φ−1(1 − α) > 0. Since

F3(δ1, δ2, σl, σu, ρ) ∈ S3(δ1, δ2, σl, σu, ρ) ⊆ C3(δ1, δ2, σl, σu, ρ),

F3,l(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l)−

√
NbN , σ̂l, σ̂u, ρ̂) ≥ Φ−1(1− α)

F3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l)−

√
NbN , σ̂l, σ̂u, ρ̂) ≥ Φ−1(1− α). (A-26)

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-23),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (z1σl, (z2
√

1− ρ2 + z1ρ)σu, σl, σu, ρ),

(A-27)

where (z1, z2) ∼ N (02×1, I2×2). Then,

PN (θN ∈ CI3α)

(1)
= PN


√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

≤
√
N(θN − θl(PN )) ≤

√
N(θ̂u − θu(PN )) +

√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


(2)

≥ PN


√
N(θ̂l − θl(PN ))− σ̂lΦ

−1(1− α) ≤
√
N(θN − θl(PN )) ≤√

N(θ̂u − θu(PN )) +
√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


(3)→ P

(
z1σl − σlΦ

−1(1− α) ≤ −Ψl

)
(4)
= Φ(Φ−1(1− α)−Ψl/σl), (A-28)

where (1) holds by Lemma 11, (2.8), and (2.9), which give c3 = F3(
√
N(θ̂u − θ̂l),

√
N(θ̂u −

θ̂l) −
√
NbN , σ̂l, σ̂u, ρ̂) a.s., (2) by (A-26), (3) by (A-23), (A-26), (A-27), µ = ∞, and the

CMT, and (4) by σl ≥ σ > 0 and z1 ∼ N (0, 1). The desired result is implied by (A-28).

Part (b). Note that
√
N (θu(PN )− θl(PN )− bN ) → η = 0 and bN → 0 implies θu(PN ) −

θl(PN ) → 0. Lemma 4 then implies that (A-23) holds with (σl, σu, ρ) = (σ, σ, 1) for some
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σ ∈ [σ, σ̄].

We now derive the desired limiting result. It suffices to show that, for any ε > 0,

lim sup
N→∞

PN (θN ∈ CI3α) ≤ Φ(Φ−1(1− α/2) + ε−Ψl/σ). (A-29)

To see why, note that the desired limit follows from (A-29) as ε ↓ 0. To this end, we fix

ε > 0 arbitrarily for the remainder of this part.

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-23),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (zσ, zσ, σ, σ, 1), (A-30)

where z ∼ N (0, 1).

Next, we introduce some definitions. Define AN = {(θ̂u − θ̂l) > bN}. Let C0 : [−1, 1] ⇒

R̄2 be the following correspondence:

C0(ρ) =


(cl, cu) ∈ R̄2 s.t.

P ({−cl ≤ z1} ∩ {ρz1 ≤ cu +
√

1− ρ2z2}) ≥ 1− α and

P ({−cl +
√

1− ρ2z2 ≤ ρz1} ∩ {z1 ≤ cu}) ≥ 1− α,

 ,

where (z1, z2) ∼ N (02×1, I2×2), let S0 : [σ, σ] × [σ, σ] × [−1, 1] ⇒ R̄2 be the following

minimizer correspondence:

S0(σl, σu, ρ) = arg min
(cl,cu)∈C0(ρ)

(σlcl + σucu), (A-31)

and let F0 = (F0,l, F0,u) : [σ, σ]× [σ, σ]× [−1, 1] → R̄2 be the choice in S0(σl, σu, ρ) used to

implement CI3α when Ac
N occurs. By repeating arguments in part (b) of Lemma 8, it follows

that C0 is continuous at ρ = 1. Also note that S0(σ, σ, 1) = {(Φ−1(1−α/2),Φ−1(1−α/2))}.
Then, by repeating the arguments of Lemma 10, we obtain that F0 is continuous at (σ, σ, 1)

and F0(σ, σ, 1) = (Φ−1(1− α/2),Φ−1(1− α/2)). By this and (A-30),

F0(σ̂l, σ̂u, ρ̂)
p→ (Φ−1(1− α/2),Φ−1(1− α/2)). (A-32)

Let C2 be defined as in (A-18), S2 be defined as in (A-19), and F2 = (F2,l, F2,u) :

R̄+ × [σ, σ] × [σ, σ] × [−1, 1] → R̄2 be the choice in S2 used to implement CI3α when AN

occurs. Recall from Lemma 7 that C2 in (A-18) is continuous at (∞, σ, σ, 1). Also, note

from the definition in (A-19) and Lemmas 5 and 6, we obtain S2(∞, σ, σ, 1) = {(Φ−1(1 −
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α),Φ−1(1 − α))}. From this and Lemma 9, it follows that F2 is continuous at (∞, σ, σ, 1)

and F2(∞, σ, σ, 1) = (Φ−1(1− α),Φ−1(1− α)). By this and (A-30),

F2(
√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂)

p→ (Φ−1(1− α),Φ−1(1− α)). (A-33)

Next, define EN = {F3,l(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂) > Φ−1(1−α/2)+ ε}.

By construction,

F3,l(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

= F2,l(
√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂)× I {AN}+ F0,l(σ̂l, σ̂u, ρ̂)× I {Ac

N} . (A-34)

Then,

PN (EN ) = PN (EN ∩AN ) + PN (EN ∩Ac
N )

(1)
=

{
PN ({F2,l(

√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂) > Φ−1(1− α/2) + ε} ∩AN )

+PN ({F0,l(σ̂l, σ̂u, ρ̂) > Φ−1(1− α/2) + ε} ∩Ac
N )

}

≤

{
PN (F2,l(

√
N(θ̂u − θ̂l), σ̂l, σ̂u, ρ̂) > Φ−1(1− α/2) + ε)

+PN (F0,l(σ̂l, σ̂u, ρ̂) > Φ−1(1− α/2) + ε)

}
(2)→ 0, (A-35)

where (1) holds by (A-34) and (2) by (A-32) and (A-33). To complete the proof, note that

PN (θN ∈ CI3α)

(1)
= PN


√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

≤
√
N(θN − θl(PN )) ≤

√
N(θ̂u − θu(PN )) +

√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


≤ PN (

√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂) ≤

√
N(θN − θl(PN )))

(2)

≤ PN (
√
N(θ̂l − θl(PN ))− σ̂l(Φ

−1(1− α/2) + ε) ≤
√
N(θN − θl(PN ))) + PN (EN )

(3)→ Φ(Φ−1(1− α/2) + ε−Ψl/σ),

where (1) holds by Lemma 11, (2.8) and (2.9), (2) by definition of EN , and (3) by (A-30)

and (A-35). This derivation implies (A-29), and concludes the proof of this part.

Part (c). We divide the analysis into two cases.

Case 1: η ∈ (0,∞). By
√
N(θu(PN ) − θl(PN ) − bN ) → η ∈ (0,∞) and bN → 0, we

conclude that θu(PN ) − θl(PN ) → 0. Lemma 4 then implies (σl(PN ), σu(PN ), ρ(PN )) →
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(σ, σ, 1) with σ ∈ [σ, σ̄].

We now study the continuity properties of F3 for any sequence {(δM,1, δM,2, σM,l, σM,u, ρM )}M∈N

with limM→∞(δM,1, δM,2, σM,l, σM,u, ρM ) = (∞, η, σ, σ, 1). By evaluating in (A-24), we get

C3(∞, η, σ, σ, 1) =
{
(cl, cu) ∈ R̄2 s.t. Φ(cl) ≥ 1− α and Φ(cu) ≥ 1− α

}
.

In turn, Lemma 6 shows that

S3(∞, η, σ, σ, 1) = {(Φ−1(1− α),Φ−1(1− α))}

F3(∞, η, σ, σ, 1) = (Φ−1(1− α),Φ−1(1− α)).

Furthermore, part (a) of Lemma 8 shows that C3 is continuous at (δ1, δ2, σl, σu, ρ) =

(∞, η, σ, σ, 1). Under these conditions, Lemma 10 shows that F3 is continuous at (δ1, δ2, σl, σu, ρ) =

(∞, η, σ, σ, 1), i.e.,

lim
(δM,1,δM,2,σM,l,σM,u,ρM )→(∞,η,σ,σ,1)

F3(δM,1, δM,2, σM,l, σM,u, ρM ) = (Φ−1(1−α),Φ−1(1−α)).

(A-36)

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-23),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (zσ, zσ, σ, σ, 1), (A-37)

where z ∼ N (0, 1). Then,

PN (θN ∈ CI3α)

(1)
= PN


√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

≤
√
N(θN − θl(PN )) ≤

√
N(θ̂u − θu(PN )) +

√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


(2)→ Φ(Φ−1(1− α)−Ψl/σ), (A-38)

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give c3 = F3(
√
N(θ̂u −

θ̂l),
√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂) a.s., and (2) by (A-23), (A-36), (A-37), and the CMT.

Case 2: η = ∞. We now study continuity properties of F3 for any convergent sequence

{(δM,1, δM,2, σM,l, σM,u, ρM )}M∈N with limM→∞(δM,1, δM,2, σM,l, σM,u, ρM ) = (∞,∞, σl, σu, ρ)

with (σl, σu, ρ) ∈ [σ, σ]× [σ, σ]× [−1, 1]. By evaluating in (A-24), we get

C3(∞,∞, σl, σu, ρ) =
{
(cl, cu) ∈ R̄2 s.t. Φ(cl) ≥ 1− α and Φ(cu) ≥ 1− α

}
.
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In turn, Lemma 6 shows that

S3(∞,∞, σl, σu, ρ) = {(Φ−1(1− α),Φ−1(1− α))}

F3(∞,∞, σl, σu, ρ) = (Φ−1(1− α),Φ−1(1− α)).

Furthermore, part (a) of Lemma 8 shows that C3 is continuous at (δ1, δ2, σl, σu, ρ) =

(∞,∞, σl, σu, ρ) with (σl, σu, ρ) ∈ [σ, σ] × [σ, σ] × [−1, 1]. Under these conditions, Lemma

10 shows that F3 is continuous at (δ1, δ2, σl, σu, ρ) = (∞,∞, σl, σu, ρ), i.e.,

lim
(δM,1,δM,2,σM,l,σM,u,ρM )→(∞,∞,σl,σu,ρ)

F3(δM,1, δM,2, σM,l, σM,u, ρM ) = (Φ−1(1−α),Φ−1(1−α)).

(A-39)

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-23),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (z1σl, (z2
√

1− ρ2 + z1ρ)σu, σl, σu, ρ),

(A-40)

where (z1, z2) ∼ N (02×1, I2×2). Then,

PN (θN ∈ CI3α)

(1)
= PN


√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

≤
√
N(θN − θl(PN )) ≤

√
N(θ̂u − θu(PN )) +

√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


(2)→ Φ(Φ−1(1− α)−Ψl/σl), (A-41)

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give c3 = F3(
√
N(θ̂u −

θ̂l),
√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂) a.s., and (2) by (A-23), (A-39), (A-40), and the CMT.

Part (d). We now show that θu(PN )−θl(PN ) → 0. To see this, note that we have two cases:

η ∈ (−∞, 0) or η = −∞. If η ∈ (−∞, 0),
√
N(θu(PN ) − θl(PN ) − bN ) → η ∈ (−∞, 0).

By this and bN → 0, we get that θu(PN ) − θl(PN ) → 0. If η = −∞, θu(PN ) − θl(PN ) ≤
−1/

√
N + bN for all sufficiently large N . By this, θu(PN ) − θl(PN ) ≥ 0, and bN → 0,

we get that θu(PN ) − θl(PN ) → 0. Since θu(PN ) − θl(PN ) → 0, Lemma 4 then implies

(σl(PN ), σu(PN ), ρ(PN )) → (σ, σ, 1) with σ ∈ [σ, σ̄].

We now study the continuity properties of F3 for any sequence {(δM,1, δM,2, σM,l, σM,u, ρM )}M∈N

with limM→∞(δM,1, δM,2, σM,l, σM,u, ρM ) = (∞, η, σ, σ, 1). By evaluating in (A-24), we get

C3(∞, η, σ, σ, 1) =
{
(cl, cu) ∈ R̄2 s.t. P (−cl ≤ z1 ≤ cu) ≥ 1− α

}
.
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In turn, Lemma 6 shows that

S3(∞, η, σ, σ, 1) = {(Φ−1(1− α/2),Φ−1(1− α/2))}

F3(∞, η, σ, σ, 1) = (Φ−1(1− α/2),Φ−1(1− α/2)).

Furthermore, part (a) of Lemma 8 shows that C3 is continuous at (δ1, δ2, σl, σu, ρ) =

(∞, η, σ, σ, 1). Under these conditions, Lemma 10 shows that F3 is continuous at (δ1, δ2, σl, σu, ρ) =

(∞, η, σ, σ, 1), i.e.,

lim
(δM,1,δM,2,σM,l,σM,u,ρM )→(∞,η,σ,σ,1)

F3(δM,1, δM,2, σM,l, σM,u, ρM ) = (Φ−1(1−α/2),Φ−1(1−α/2)).

(A-42)

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and (A-23),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (zσ, zσ, σ, σ, 1), (A-43)

where z ∼ N (0, 1). Then,

PN (θN ∈ CI3α)

(1)
= PN


√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

≤
√
N(θN − θl(PN )) ≤

√
N(θ̂u − θu(PN )) +

√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


(2)→ Φ(Φ−1(1− α/2)−Ψl/σ), (A-44)

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give c3 = F3(
√
N(θ̂u −

θ̂l),
√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂) a.s., and (2) by (A-23), (A-42), (A-43), and the CMT.

Part (e). By
√
N(θu(PN ) − θl(PN )) → µ ∈ R+ and bN → 0, we conclude that θu(PN ) −

θl(PN ) → 0. Lemma 4 then implies (σl(PN ), σu(PN ), ρ(PN )) → (σ, σ, 1) with σ ∈ [σ, σ̄].

Also, by
√
NbN → ∞, we conclude that

√
N(θu(PN )− θl(PN )− bN ) → −∞.

We now study the continuity properties of F3 for any sequence {(δM,1, δM,2, σM,l, σM,u, ρM )}M∈N

with limM→∞(δM,1, δM,2, σM,l, σM,u, ρM ) = (µ,−∞, σ, σ, 1) with (µ, σ) ∈ R+ × [σ, σ]. By

evaluating in (A-24), we get

C3(µ,−∞, σ, σ, 1) =
{
(cl, cu) ∈ R̄2 s.t. P (−cl ≤ z1 ≤ cu) ≥ 1− α

}
.
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In turn, Lemma 6 shows that

S3(µ,−∞, σ, σ, 1) = {(Φ−1(1− α/2),Φ−1(1− α/2))}

F3(µ,−∞, σ, σ, 1) = (Φ−1(1− α/2),Φ−1(1− α/2)).

Furthermore, part (a) of Lemma 8 shows that C3 is continuous at (δ1, δ2, σl, σu, ρ) =

(µ,−∞, σ, σ, 1). Under these conditions, Lemma 10 shows that F3 is continuous at (δ1, δ2, σl, σu, ρ) =

(µ,−∞, σ, σ, 1), i.e.,

lim
(δM,1,δM,2,σM,l,σM,u,ρM )→(µ,−∞,σ,σ,1)

F3(δM,1, δM,2, σM,l, σM,u, ρM ) = (Φ−1(1−α/2),Φ−1(1−α/2)).

(A-45)

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS with parameter (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P )) and

(A-23),

(
√
N(θ̂l − θl(PN )),

√
N(θ̂u − θu(PN )), σ̂l, σ̂u, ρ̂)

d→ (zσ, zσ, σ, σ, 1), (A-46)

where z ∼ N (0, 1). Then,

PN (θN ∈ CI3α)

(1)
= PN


√
N(θ̂l − θl(PN ))− σ̂lF3,l(

√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)

≤
√
N(θN − θl(PN )) ≤

√
N(θ̂u − θu(PN )) +

√
N(θu(PN )− θl(PN ))+

σ̂uF3,u(
√
N(θ̂u − θ̂l),

√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂)


(2)→ P

(
σz − σΦ−1(1− α/2) ≤ −Ψl ≤ zσ + µ+ σΦ−1(1− α/2)

)
(3)
= Φ

(
(Ψl + µ)/σ +Φ−1(1− α/2)

)
− Φ

(
Ψl/σ − Φ−1(1− α/2)

)
,

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give c3 = F3(
√
N(θ̂u −

θ̂l),
√
N(θ̂u − θ̂l − bN ), σ̂l, σ̂u, ρ̂) a.s., (2) by (A-23), (A-45), (A-46), and the CMT, and (3)

by σ ≥ σ > 0 and z ∼ N (0, 1).

Parts (f)-(j). These are analogous to those in parts (a)-(e), respectively, and are thus omit-

ted.

Lemma 4. Let (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfy OBS with parameters (θl(P ), θu(P ), σl(P ), σu(P ), ρ(P ))

and P. Then, for any sequence of distributions {PN}N≥1 that satisfies

θu(PN )− θl(PN ) → 0, (A-47)

(ρ(PN ), σl(PN ), σu(PN )) → (ρ, σl, σu) ∈ [−1, 1]× [σ, σ]× [σ, σ̄], (A-48)
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we have that ρ = 1 and σl = σu.

Proof. By (A-47), we can construct a subsequence {kN}N≥1 of {N}N≥1 s.t.
√
N(θu(PkN )−

θl(PkN )) → 0. Construct the subsequence recursively as follows. First, set k1 = 1, and

so Pk1 = P1. Next, for any N ∈ N with N > 1, find kN ∈ N s.t. kN > kN−1 and

|
√
N(θu(PkN )−θl(PkN ))| ≤ 1/N . (This is always possible because of (A-47)). By repeating

this construction iteratively, and taking limits as N → ∞, we get
√
N(θu(PkN )−θl(PkN )) →

0. Next, consider the sequence {P̃N}N≥1 with P̃N = PkN . By construction, we get

√
N(θu(P̃N )− θl(P̃N )) → 0. (A-49)

Since {P̃N}N≥1 is a subsequence of {PN}N≥1, (A-48) implies that

(ρ(P̃N ), σl(P̃N ), σu(P̃N )) → (ρ, σl, σu). (A-50)

To complete the proof, it suffices to show that ρ = 1 and σl = σu.

First, note that OBS applied to {P̃N}N≥1 and (A-50) imply

√
N

(
θ̂l − θl(P̃N ),

θ̂u − θu(P̃N )

)
d→ N

(
02×1,

(
σ2
l ρσlσu

ρσlσu σ2
u

))
. (A-51)

Let ZN ≡
√
N(θ̂l − θ̂u). Then, consider the following derivation.

ZN =
√
N(θ̂l − θl(P̃N ))−

√
N(θ̂u − θu(P̃N ))−

√
N(θu(P̃N )− θl(P̃N ))

d→ Z ∼ N (0, σ2
l + σ2

u − 2ρσlσu). (A-52)

where the convergence holds by (A-49) and (A-51). By OBS, P̃N (ZN ≤ 0) = P̃N (θ̂l ≤ θ̂u) =

1. This and (A-52) then imply that σ2
l + σ2

u − 2ρσlσu = 0 or, equivalently,

(σl − σu)
2 = 2(ρ− 1)σlσu. (A-53)

To see why, note that (A-52) and σ2
l +σ2

u−2ρσlσu > 0 imply P̃N (ZN ≤ 0) → P (Z ≤ 0) < 1,

which contradicts P̃N (ZN ≤ 0) = 1.

We are now ready to conclude the proof. First, note that (A-53), (σl − σu)
2 ≥ 0, and

(ρ, σl, σu) ∈ [−1, 1]× [σ, σ]× [σ, σ] imply that ρ = 1. In turn, (A-53) and ρ = 1 imply that

(σl − σu)
2 = 0 or, equivalently, σl = σu.

Lemma 5. Assume that α ∈ (0, 1/2), and let σ, σ > 0 be as in Definition 1. Let H :
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[σ, σ]× R+ × R̄+ → R be defined as follows:

H(σ, µ,Ψ) ≡ Φ
(Ψ+µ

σ +G(µσ )
)
− Φ

(
Ψ
σ −G(µσ )

)
, (A-54)

where G(y) : R+ → R++ is implicitly defined as the unique c > 0 that solves

Φ(c+ y)− Φ(−c) = 1− α. (A-55)

Then, we have the following results.

(a) H(σ, µ,Ψ) is weakly increasing in σ for all (σ, µ,Ψ) ∈ [σ, σ]× R+ × R̄+,

(b) H(σ, µ,Ψ) is strictly increasing in σ for all (σ, µ,Ψ) ∈ [σ, σ]× R+ × R++.

Proof. We first verify that (A-55) has a unique and positive solution. For any y ∈ R+, let

L(c) ≡ Φ(c+y)−Φ(−c) denote the left-hand side of (A-55). Note that L is continuous and

strictly increasing because L′(c) = ϕ(c+ y) + ϕ(−c) > 0. Moreover, L(0) = Φ(y)− Φ(0) ≤
0.5 < 1−α and limc→∞ L(c) = 1 > 1−α. Thus, by the intermediate value theorem, (A-55)

has a solution. Strict monotonicity gives uniqueness, and L(0) < 1 − α implies that the

solution is positive.

Note that H(σ, µ,Ψ) is differentiable in σ. Therefore, part (a) follows from verifying

that, for all (σ, µ,Ψ) ∈ [σ, σ]× R+ × R̄+,

∂H(σ, µ,Ψ)

∂σ
≥ 0. (A-56)

Moreover, part (b) follows from verifying that (A-56) becomes strict when Ψ ∈ (0,∞).

We divide the proof into cases.

Case 1: Ψ = ∞. This case implies that H(σ, µ,∞) = 0, and so ∂H(σ, µ,∞)/∂σ = 0.

Case 2: Ψ < ∞. Note that

∂H(σ, µ,Ψ)

∂σ
= −

(
ϕ(Ψ+µ

σ +G(µσ ))
((
G′(µσ ) + 1

)
µ+Ψ

)
+ ϕ(Ψσ −G(µσ ))

(
G′(µσ )µ−Ψ

))
σ2

.

(A-57)

We complete our proof by showing that the numerator of (A-57) is non-positive or, equiv-

alently,

exp
(
− (Ψσ −G(µσ ))

2/2
)
(Ψ−G′(µσ )µ) ≥ exp

(
− (Ψ+µ

σ +G(µσ ))
2/2
)
((G′(µσ ) + 1)µ+Ψ),

(A-58)
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and that this becomes strict when Ψ > 0.

We now divide the analysis into three sub-cases.

Case 2.1: µ = 0 and Ψ = 0. In this case, (A-58) is equivalent to 0 ≥ 0.

Case 2.2: µ = 0 and Ψ ∈ (0,∞). In this case, the strict inequality in (A-58) is equivalent to

(Ψσ − G(0))2 < (Ψσ + G(0))2 which, in turn, is equivalent to G(0)Ψσ > 0. This follows from

G(0) > 0 and σ ≥ σ > 0.

Case 2.3: µ > 0 and Ψ ∈ [0,∞). As a preliminary result, we now show that

G′(µσ ) =
−ϕ(G(µσ ) +

µ
σ )

ϕ(G(µσ ) +
µ
σ ) + ϕ(−G(µσ ))

< 0. (A-59)

To this end, note that for any y ∈ R+, G(y) satisfies F (y) ≡ Φ(G(y) + y) − Φ(−G(y)) −
(1− α) = 0. Since the relationship holds for all y ∈ R+, we have that F ′(y) = 0, i.e.,

ϕ(G(y) + y)(G′(y) + 1) + ϕ(−G(y))G′(y) = 0.

By evaluating on y = µ/σ with (σ, µ) ∈ [σ, σ]× R̄+ and solving for G′(µ/σ), (A-59) follows.

Since G′(µσ ) < 0 (by (A-59)), Ψ ≥ 0, and µ > 0, we have that Ψ −G′(µσ )µ > 0, and so

(A-58) is equivalent to

exp
(
1
2(

Ψ+µ
σ +G(µσ ))

2 − 1
2(

Ψ
σ −G(µσ ))

2
)

≥
(G′(µσ ) + 1)µ+Ψ

Ψ−G′(µσ )µ
. (A-60)

By combining with (A-59), (A-60) is equivalent to

(
Ψ
µ +

ϕ(G(
µ
σ )+

µ
σ )

ϕ(G(
µ
σ )+

µ
σ )+ϕ(−G(

µ
σ ))

)
exp

(Ψµ
σ2 + µ2

2σ2 +G(µσ )
2Ψ+µ

σ

)
≥ ϕ(−G(

µ
σ ))

ϕ(G(
µ
σ )+

µ
σ )+ϕ(−G(

µ
σ ))

+ Ψ
µ .

(A-61)

To verify (A-61), it suffices to check that:

(Ψ/µ) exp
(Ψµ
σ2 + µ2

2σ2 +G(µσ )
2Ψ+µ

σ

)
≥ Ψ/µ,

ϕ(G(µ/σ) + µ/σ) exp
(Ψµ
σ2 + µ2

2σ2 +G(µσ )
2Ψ+µ

σ

)
≥ ϕ(−G(µ/σ)). (A-62)

Both of these can be shown by algebra and the fact that Ψ ≥ 0, µ > 0, G(µσ ) > 0, and

σ ≥ σ > 0.

Finally, we note that Ψ > 0 further implies that both inequalities in (A-62) hold strictly.

By retracing our steps, this implies that (A-58), (A-60), and (A-61) all become strict in this
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case.

Lemma 6. For any α < 1/2, δ ≥ 0, and σ > 0, consider the problem:

min
cl,cu∈R

(cl + cu)σ s.t.

Φ (cu + δ/σ)− Φ (−cl) ≥ 1− α and Φ (cu)− Φ (−cl − δ/σ) ≥ 1− α. (A-63)

This problem has a unique solution (c∗l , c
∗
u) = (G(δ/σ), G(δ/σ)), where G(y) : R+ → R++

is defined in Lemma 5.

Proof. First, we show that c∗l , c
∗
u > 0. To see why, note that c∗l ≤ 0 implies a violation of

the first constraint in (A-63) and c∗u ≤ 0 would imply a violation of the second constraint

in (A-63). For brevity, we only show the first one. To see this, note that c∗l ≤ 0 implies

Φ(c∗u + δ/σ)− Φ(−c∗l ) ≤ 1− Φ(−c∗l ) = Φ(c∗l ) ≤ Φ(0) = 1/2 < 1− α.

This is a violation of the first constraint, as desired.

By c∗l , c
∗
u > 0 and σ > 0, we have that (A-63) is equivalent to

min
cl,cu∈R

(cl + cu) s.t.

Φ(cu + δ/σ) + Φ(cl) ≥ 2− α and Φ(cu) + Φ(cl + δ/σ) ≥ 2− α. (A-64)

We focus on (A-64) for the remainder of the proof.

We now show that at any solution (c∗l , c
∗
u) one of the two constraints must be binding. To

see why, suppose that this is not the case and (c∗l , c
∗
u) minimizes (cl+cu) with Φ(cu+δ/σ)+

Φ(cl) ≥ 2− α and Φ(cu) + Φ(cl + δ/σ) ≥ 2− α. Since Φ is continuous and the constraints

are slack, we can then find an alternative candidate solution (c̃∗l , c̃
∗
u) with 0 ≤ c̃∗l < c∗l and

0 ≤ c̃∗u < c∗u that also satisfies the constraints. Since c̃∗l + c̃∗u < c∗l + c∗u, this contradicts that

(c∗l , c
∗
u) was a minimizer.

We now show that the solution is unique. Suppose that this is not the case, and that

(c∗l , c
∗
u) and (c̃∗l , c̃

∗
u) are solutions to the problem and (c∗l , c

∗
u) ̸= (c̃∗l , c̃

∗
u). Let V = c∗l + c∗u =

c̃∗l + c̃∗u denote their (common) minimized value.

Then, consider ((c∗l + c̃∗l )/2, (c
∗
u + c̃∗u)/2) as another candidate solution. Note that this

achieves the same minimized value (c∗l + c∗u)/2 + (c̃∗l + c̃∗u)/2 = V . Then, we have

Φ( c
∗
u+c̃∗u
2 + δ/σ) + Φ(

c∗l +c̃∗l
2 )

(1)
>

Φ(c∗u + δ/σ) + Φ(c∗l ) + Φ(c̃∗u + δ/σ) + Φ(c̃∗l )

2

(3)

≥ 2− α
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Φ( c
∗
u+c̃∗u
2 ) + Φ(

c∗l +c̃∗l
2 + δ/σ)

(2)
>

Φ(c∗u) + Φ(c∗l + δ/σ) + Φ(c̃∗u) + Φ(c̃∗l + δ/σ)

2

(4)

≥ 2− α,

(A-65)

where (1) and (2) hold by c∗l , c
∗
u, c̃

∗
l , c̃

∗
u > 0 and δ/σ ≥ 0, Φ(x) is strictly concave for x > 0,

and either c∗l ̸= c̃∗l or c∗u ̸= c̃∗u, and (3) and (4) hold because (c∗l , c
∗
u) and (c̃∗l , c̃

∗
u) satisfy the

constraints. Note that (A-65) implies that ((c∗l + c̃∗l )/2, (c
∗
u + c̃∗u)/2) is an optimal solution

where neither constraint is binding (i.e., an interior solution), which is a contradiction.

Next, we show that the unique solution (c∗l , c
∗
u) satisfies c

∗
l = c∗u. Suppose this is not the

case, i.e., c∗l ̸= c∗u. From here, it is easy to see that ((c∗l + c∗u)/2, (c
∗
l + c∗u)/2) is a different

candidate that is feasible and achieves the same minimized value. But this then implies

that the solution is not unique, which is a contradiction.

By combining all previous arguments, we get that the unique solution is (c∗l , c
∗
u) = (c, c)

with c > 0 that satisfies Φ(c+δ/σ)−Φ(−c) ≥ 1−α or Φ(c)−Φ(−c−δ/σ) ≥ 1−α, one of the

two constraints with equality. We now show that this implies that both hold with equality.

To this end, suppose that the first one holds with equality, i.e., Φ(c+ δ/σ)−Φ(−c) = 1−α.

This is equivalent to Φ(c+δ/σ)+Φ(c) = 2−α or, equivalently, Φ(c)−Φ(−c−δ/σ) = 1−α,

which is the second equality. Finally, we note that the first constraint with equality is

exactly how we define G(δ/σ), completing the proof.

Lemma 7. The correspondence C2 : R̄+ × [σ, σ] × [σ, σ] × [−1, 1] ⇒ R̄2 in (A-18) is

continuous (i.e., both UHC and LHC) at the following values:

(a) (δ̃, σ̃l, σ̃u, ρ̃) = (∞, σl, σu, ρ) with (σl, σu, ρ) ∈ [σ, σ]× [σ, σ]× [−1, 1].

(b) (δ̃, σ̃l, σ̃u, ρ̃) = (δ, σ, σ, 1) with (δ, σ) ∈ R̄+ × [σ, σ].

Proof. Part (a). For any (σl, σu, ρ) ∈ [σ, σ]×[σ, σ]×[−1, 1], consider (δ̃, σ̃l, σ̃u, ρ̃) = (∞, σl, σu, ρ).

We first show UHC. Let limM→∞(δM , σM,l, σM,u, ρM ) = (∞, σl, σu, ρ) and (cM,l, cM,u) ∈
C2(δM , σM,l, σM,u, ρM ) with limM→∞(cM,l, cM,u) = (cl, cu). By (A-18), (cM,l, cM,u) ∈
C2(δM , σM,l, σM,u, ρM ) implies

1− α ≤ P ({−cM,l ≤ z1} ∩ {ρMz1 ≤ cM,u + δM/σM,u +
√

1− ρ2Mz2}) ≤ 1− Φ(−cM,l)

1− α ≤ P ({−cM,l − δM/σM,l +
√

1− ρ2Mz2 ≤ ρMz1} ∩ {z1 ≤ cM,u}) ≤ Φ(cM,u).

(A-66)

Taking limits in both equations in (A-66) as M → ∞ yields 1 − Φ(−cl) ≥ 1 − α and

Φ(cu) ≥ 1− α. By (A-18), this is equivalent to (cl, cu) ∈ C2(∞, σl, σu, ρ), proving UHC.
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We now show LHC. Let limM→∞(δM , σM,l, σM,u, ρM ) = (∞, σl, σu, ρ) and fix (cl, cu) ∈
C2(∞, σl, σu, ρ). For each k ∈ N, set c̃k,l = cl+1/k and c̃k,u = cu+1/k. Then limk→∞(c̃k,l, c̃k,u) =

(cl, cu), 1 − Φ(−c̃k,l) > 1 − α, and Φ(c̃k,u) > 1 − α. Moreover, for each fixed k ∈ N,
limM→∞(δM , σM,l, σM,u, ρM ) = (∞, σl, σu, ρ) and the dominated convergence theorem give

lim
M→∞

P
(
{−c̃k,l ≤ z1} ∩

{
ρMz1 ≤ c̃k,u + δM/σM,u +

√
1− ρ2Mz2

})
= 1− Φ(−c̃k,l) > 1− α,

lim
M→∞

P
({

− c̃k,l − δM/σM,l +
√

1− ρ2Mz2 ≤ ρMz1
}
∩ {z1 ≤ c̃k,u}

)
= Φ(c̃k,u) > 1− α,

where (z1, z2) ∼ N (02×1, I2×2). Hence, for each fixed k ∈ N, there exists Mk ∈ N such

that (c̃k,l, c̃k,u) ∈ C2(δM , σM,l, σM,u, ρM ) for all M ≥ Mk. Without loss of generality, we

can take Mk ∈ N strictly increasing in k. Then, for any M ∈ N, proceed as follows. For

M < M1, set (cM,l, cM,u) = (∞,∞). For M ∈ [Mk,Mk+1) with k ∈ N, set (cM,l, cM,u) =

(c̃k,l, c̃k,u). By construction, this means that (cM,l, cM,u) ∈ C2(δM , σM,l, σM,u, ρM ) for all

M ∈ N. Moreover, since Mk is strictly increasing, the index k corresponding to the inter-

val M ∈ [Mk,Mk+1) satisfies k → ∞ as M → ∞. Therefore, as limM→∞(cM,l, cM,u) =

limM→∞(c̃k,l, c̃k,u) = (cl, cu). Thus, we have constructed a sequence (cM,l, cM,u) satisfy-

ing (cM,l, cM,u) ∈ C2(δM , σM,l, σM,u, ρM ) with limM→∞(cM,l, cM,u) = (cl, cu), which proves

LHC.

Part (b). For any (δ, σ) ∈ R̄+ × [σ, σ], consider (δ̃, σ̃l, σ̃u, ρ̃) = (δ, σ, σ, 1). If δ = ∞, the

result follows from part (a), so suppose that δ < ∞.

We first show UHC. Let limM→∞(δM , σM,l, σM,u, ρM ) = (δ, σ, σ, 1) and (cM,l, cM,u) ∈
C2(δM , σM,l, σM,u, ρM ) with limM→∞(cM,l, cM,u) = (cl, cu). Since δ < ∞, we have δM < ∞
for all sufficiently large M . By (A-18), (cM,l, cM,u) ∈ C2(δM , σM,l, σM,u, ρM ) implies that

P
(
{−cM,l ≤ z1} ∩

{
ρMz1 ≤ cM,u + δM/σM,u +

√
1− ρ2Mz2

})
≥ 1− α,

P
({

− cM,l − δM/σM,l +
√
1− ρ2Mz2 ≤ ρMz1

}
∩ {z1 ≤ cM,u}

)
≥ 1− α. (A-67)

Moreover, limM→∞(δM , σM,l, σM,u, ρM ) = (δ, σ, σ, 1) and the dominated convergence theo-

rem give

lim
M→∞

P
(
{−cM,l ≤ z1} ∩

{
ρMz1 ≤ cM,u + δM/σM,u +

√
1− ρ2Mz2

})
= Φ(cu + δ/σ)− Φ(−cl),

lim
M→∞

P
({

− cM,l − δM/σM,l +
√

1− ρ2Mz2 ≤ ρMz1
}
∩ {z1 ≤ cM,u}

)
= Φ(cu)− Φ(−cl − δ/σ),

(A-68)

where (z1, z2) ∼ N (02×1, I2×2). Combining (A-67) and (A-68) implies that Φ(cu + δ/σ) −
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Φ(−cl) ≥ 1 − α and Φ(cu) − Φ(−cl − δ/σ) ≥ 1 − α. By (A-18), this is equivalent to

(cl, cu) ∈ C2(δ, σ, σ, 1), proving UHC.

We now show LHC. Let limM→∞(δM , σM,l, σM,u, ρM ) = (δ, σ, σ, 1) and fix (cl, cu) ∈
C2(δ, σ, σ, 1). For each k ∈ N, let c̃k,l = cl+1/k and c̃k,u = cu+1/k. Then limk→∞(c̃k,l, c̃k,u) =

(cl, cu), Φ(c̃k,u +
δ
σ )−Φ(−c̃k,l) > 1− α, and Φ(c̃k,u)−Φ(−c̃k,l − δ

σ ) > 1− α. Moreover, for

each fixed k ∈ N, limM→∞(δM , σM,l, σM,u, ρM ) = (δ, σ, σ, 1) and the dominated convergence

theorem give

lim
M→∞

P
(
{−c̃k,l ≤ z1} ∩

{
ρMz1 ≤ c̃k,u + δM

σM,u
+
√

1− ρ2Mz2
})

= Φ(c̃k,u + δ
σ )− Φ(−c̃k,l) > 1− α,

lim
M→∞

P
({

− c̃k,l − δM
σM,l

+
√
1− ρ2Mz2 ≤ ρMz1

}
∩ {z1 ≤ c̃k,u}

)
= Φ(c̃k,u)− Φ(−c̃k,l − δ

σ ) > 1− α,

where (z1, z2) ∼ N (02×1, I2×2). Hence, for each fixed k ∈ N, there exists Mk ∈ N
such that (c̃k,l, c̃k,u) ∈ C2(δM , σM,l, σM,u, ρM ) for all M ≥ Mk. Without loss of gener-

ality, we can take Mk ∈ N strictly increasing in k. Then, proceed as follows for ev-

ery M ∈ N. For M < M1, set (cM,l, cM,u) = (∞,∞). For M ∈ [Mk,Mk+1) with

k ∈ N, set (cM,l, cM,u) = (c̃k,l, c̃k,u). By construction, this means that (cM,l, cM,u) ∈
C2(δM , σM,l, σM,u, ρM ) for all M ∈ N. Moreover, since Mk is strictly increasing, the index

k corresponding to the interval M ∈ [Mk,Mk+1) satisfies k → ∞ as M → ∞. There-

fore, limM→∞(cM,l, cM,u) = limM→∞(c̃Mk,l, c̃Mk,u) = (cl, cu). Thus, we have constructed a

sequence (cM,l, cM,u) ∈ C2(δM , σM,l, σM,u, ρM ) with limM→∞(cM,l, cM,u) = (cl, cu), which

proves LHC.

Lemma 8. The correspondence C3 : R̄+ × R̄ × [σ, σ] × [σ, σ] × [−1, 1] ⇒ R̄2 in (A-24) is

continuous (i.e., UHC and LHC) at the following values:

(a) (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = (∞, η, σl, σu, ρ) with (η, σl, σu, ρ) ∈ (R̄\{0})× [σ, σ]× [σ, σ]× [−1, 1].

(b) (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = (δ,−∞, σ, σ, 1) with (δ, σ) ∈ R̄+ × [σ, σ].

Proof. By (A-18) and (A-24), C3(δ1, δ2, σl, σu, ρ) = C2(δ11[δ2 > 0], σl, σu, ρ) for all (δ1, δ2, σl, σu, ρ).

We divide the rest of the argument into parts.

Part (a). Consider (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = (∞, η, σl, σu, ρ) with (η, σl, σu, ρ) ∈ (R̄\{0})× [σ, σ]×
[σ, σ]× [−1, 1]. Let {(δM,1, δM,2, σM,l, σM,u, ρM )}M∈N be a convergence sequence that satis-

fies (δM,1, δM,2, σM,l, σM,u, ρM ) → (∞, η, σl, σu, ρ) as M → ∞.

First, suppose that η > 0. Then δM,2 > 0 for all sufficiently largeM , and so δM,11[δM,2 >

0] = δM,1 → ∞. Therefore, for all sufficiently large M , C3(δM,1, δM,2, σM,l, σM,u, ρM ) =

45



C2(δM,1, σM,l, σM,u, ρM ), and C3(∞, η, σl, σu, ρ) = C2(∞, σl, σu, ρ). Thus, the UHC and

LHC of C3 follow from Part (a) of Lemma 7.

Now suppose that η < 0. Then δM,2 ≤ 0 for all sufficiently large M , and so δM,11[δM,2 >

0] = 0. Hence, for all sufficiently largeM , C3(δM,1, δM,2, σM,l, σM,u, ρM ) = C2(0, σM,l, σM,u, ρM )

and C3(∞, η, σl, σu, ρ) = C2(0, σl, σu, ρ).

We first show UHC in this case. Let (cM,l, cM,u) ∈ C3(δM,1, δM,2, σM,l, σM,u, ρM ) with

limM→∞(cM,l, cM,u) = (cl, cu). By (A-24), membership implies that, for all sufficiently large

M ,

P
(
{−cM,l ≤ z1} ∩ {ρMz1 ≤ cM,u +

√
1− ρ2Mz2}

)
≥ 1− α,

P
(
{−cM,l +

√
1− ρ2Mz2 ≤ ρMz1} ∩ {z1 ≤ cM,u}

)
≥ 1− α. (A-69)

Moreover, the dominated convergence theorem gives

lim
M→∞

P
(
{−cM,l ≤ z1} ∩ {ρMz1 ≤ cM,u +

√
1− ρ2Mz2}

)
= P

(
{−cl ≤ z1} ∩ {ρz1 ≤ cu +

√
1− ρ2z2}

)
,

lim
M→∞

P
(
{−cM,l +

√
1− ρ2Mz2 ≤ ρMz1} ∩ {z1 ≤ cM,u}

)
= P

(
{−cl +

√
1− ρ2z2 ≤ ρz1} ∩ {z1 ≤ cu}

)
,

(A-70)

where (z1, z2) ∼ N (02×1, I2×2). Combining (A-69) and (A-70) implies that (cl, cu) ∈
C2(0, σl, σu, ρ). Since C3(∞, η, σl, σu, ρ) = C2(0, σl, σu, ρ), this proves UHC.

We now show LHC in the case with η < 0. Fix (cl, cu) ∈ C3(∞, η, σl, σu, ρ) = C2(0, σl, σu, ρ).

For each k ∈ N, set c̃k,l = cl + 1/k and c̃k,u = cu + 1/k. Then limk→∞(c̃k,l, c̃k,u) = (cl, cu),

and the two defining inequalities for C2(0, σl, σu, ρ) hold strictly at (c̃k,l, c̃k,u). Moreover,

for each fixed k ∈ N, the dominated convergence theorem gives

lim
M→∞

P
(
{−c̃k,l ≤ z1} ∩ {ρMz1 ≤ c̃k,u +

√
1− ρ2Mz2}

)
= P

(
{−c̃k,l ≤ z1} ∩ {ρz1 ≤ c̃k,u +

√
1− ρ2z2}

)
> 1− α,

and

lim
M→∞

P
(
{−c̃k,l +

√
1− ρ2Mz2 ≤ ρMz1} ∩ {z1 ≤ c̃k,u}

)
= P

(
{−c̃k,l +

√
1− ρ2z2 ≤ ρz1} ∩ {z1 ≤ c̃k,u}

)
> 1− α.

Hence, for each fixed k ∈ N, there existsMk ∈ N such that (c̃k,l, c̃k,u) ∈ C3(δM,1, δM,2, σM,l, σM,u, ρM )

for all M ≥ Mk. Without loss of generality, we can take Mk ∈ N strictly increasing
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in k. For M < M1, set (cM,l, cM,u) = (∞,∞). For M ∈ [Mk,Mk+1) with k ∈ N, set

(cM,l, cM,u) = (c̃k,l, c̃k,u). By construction, (cM,l, cM,u) ∈ C3(δM,1, δM,2, σM,l, σM,u, ρM ) for

all M ∈ N. Moreover, since Mk is strictly increasing, the index k corresponding to the

interval M ∈ [Mk,Mk+1) satisfies k → ∞ as M → ∞. Therefore, limM→∞(cM,l, cM,u) =

(c̃Mk,l, c̃Mk,u) = (cl, cu). This proves LHC, completing the proof of part (a).

Part (b). Consider (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = (δ,−∞, σ, σ, 1) with (δ, σ) ∈ R̄+ × [σ, σ]. Let

limM→∞(δM,1, δM,2, σM,l, σM,u, ρM ) = (δ,−∞, σ, σ, 1). Since δM,2 ≤ 0 for all sufficiently

large M , δM,11[δM,2 > 0] = 0 for all sufficiently large M . Therefore, for all sufficiently

large M , C3(δM,1, δM,2, σM,l, σM,u, ρM ) = C2(0, σM,l, σM,u, ρM ) and C3(δ,−∞, σ, σ, 1) =

C2(0, σ, σ, 1). The UHC and LHC of C3 at this point therefore follow directly from Part (b)

of Lemma 7, applied with δ = 0.

Lemma 9. If the correspondence C2 : R̄+ × [σ, σ] × [σ, σ] × [−1, 1] ⇒ R̄2 in (A-18) is

continuous at (δ̃, σ̃l, σ̃u, ρ̃) and the correspondence S2 : R̄+ × [σ, σ] × [σ, σ] × [−1, 1] ⇒ R̄2

in (A-19) is a singleton at (δ̃, σ̃l, σ̃u, ρ̃), the function F2 : R̄+ × [σ, σ]× [σ, σ]× [−1, 1] → R̄2

that arbitrarily selects a solution from S2 is continuous at (δ̃, σ̃l, σ̃u, ρ̃).

Proof. This result follows by restricting the second coordinate of the argument in C3, S3,

and F3 in Lemma 10 to (0,∞].

Lemma 10. If the correspondence C3 : R̄+ × R̄× [σ, σ]× [σ, σ]× [−1, 1] ⇒ R̄2 in (A-24) is

continuous at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) and the correspondence S3 : R̄+×R̄×[σ, σ]×[σ, σ]×[−1, 1] ⇒

R̄2 in (A-25) is a singleton at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃), the function F3 : R̄+ × R̄× [σ, σ]× [σ, σ]×
[−1, 1] → R̄2 that arbitrarily selects a solution from S3 is continuous at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃).

Proof. We divide the proof into two parts.

Part 1. Show that S3 is UHC at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃).

We prove this by contradiction: we assume that there is {(δM,1, δM,2, σM,l, σM,u, ρM )}M∈N

that satisfies (δM,1, δM,2, σM,l, σM,u, ρM ) → (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) asM → ∞, and {(cM,l, cM,u)}M∈N

with (cM,l, cM,u) ∈ S3(δM,1, δM,2, σM,l, σM,u, ρM ) for all M ∈ N with (cM,l, cM,u) → (c∗l , c
∗
u)

as M → ∞, and (c∗l , c
∗
u) ̸∈ S3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃). Since S3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) is a singleton,

we have (c∗l , c
∗
u) ̸= (c̃l, c̃u). Since S3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = {(c̃l, c̃u)}, we have that (c̃l, c̃u) ∈

C3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃). Since C3 is LHC at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃), we can find a subsequence {kM}M∈N

s.t. {(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )}M≥1 with (δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) → (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃)

as M → ∞, and {(c̃kM ,l, c̃kM ,u)}M∈N with (c̃kM ,l, c̃kM ,u) ∈ C3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )

for all M ∈ N with (c̃kM ,l, c̃kM ,u) → (c̃l, c̃u) as M → ∞. We focus on this subsequence for
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the remainder of the part. Along this subsequence, we have

lim
M→∞

σkM ,lckM ,l + σkM ,uckM ,u = σ̃lc
∗
l + σ̃uc

∗
u. (A-71)

Since (ckM ,l, ckM ,u) ∈ S3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) ⊆ C3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )

for all M ∈ N, (ckM ,l, ckM ,u) ∈ C3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) for all M ∈ N. Thus, we

have that {(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )}M≥1 with limM→∞(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) =

(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) and {(ckM ,l, ckM ,u)}M≥1 with (ckM ,l, ckM ,u) ∈ C3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )

for all M ∈ N with limM→∞(ckM ,l, ckM ,u) = (c∗l , c
∗
u). This implies that

lim
M→∞

σkM ,lc̃kM ,l + σkM ,uc̃kM ,u = σ̃lc̃l + σ̃uc̃u. (A-72)

Since C3 is UHC at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃), (c
∗
l , c

∗
u) ∈ C3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃). By (c∗l , c

∗
u) ∈ C3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃)

and (c∗l , c
∗
u) ̸∈ S3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = {(c̃l, c̃u)}, we deduce that

σ̃lc
∗
l + σ̃uc

∗
u > σ̃lc̃l + σ̃uc̃u. (A-73)

By (A-71), (A-72), and (A-73), we deduce that ∃M̄ s.t.

σkM ,lckM ,l + σkM ,uckM ,u > σkM ,lc̃kM ,l + σkM ,uc̃kM ,u for all M ≥ M̄. (A-74)

However, (A-74) contradicts (ckM ,l, ckM ,u) ∈ S3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) and (c̃kM ,l, c̃kM ,u) ∈
C3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) for all M ∈ N.

Part 2. Show that F3 : R̄+×R̄×[σ, σ]×[σ, σ]×[−1, 1] → R̄2 is continuous at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃).

We prove this by contradiction: we assume {(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )}M∈N sat-

isfies (δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM ) → (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) as M → ∞, but the sequence

{F3(δkM ,1, δkM ,2, σkM ,l, σkM ,u, ρkM )} does not converge to F3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = (c̃l, c̃u) as

M → ∞. By this and the compactness of R̄2, it follows that there is a subsequence

{aM}M∈N of {kM}M∈N s.t. F3(δaM ,1, δaM ,2, σaM ,l, σaM ,u, ρaM ) → (c∗l , c
∗
u) ̸= (c̃l, c̃u) as M →

∞. Since F3 selects from S3, (c∗l , c
∗
u) is the limit of a sequence with each element in

S3(δaM ,1, δaM ,2, σaM ,l, σaM ,u, ρaM ).

By part 1, S3 is UHC at (δ̃1, δ̃2, σ̃l, σ̃u, ρ̃). This implies that (c∗l , c
∗
u) ∈ S3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃).

Since S3(δ̃1, δ̃2, σ̃l, σ̃u, ρ̃) = {(c̃l, c̃u)}, we conclude that (c∗l , c
∗
u) = (c̃l, c̃u), which is a contra-

diction.

Lemma 11. If (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS and α ∈ (0, 0.5),

P
(
CI3α = [θ̂l − σ̂lc

3
l /
√
N, θ̂u + σ̂uc

3
u/
√
N ]
)

= 1. (A-75)
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Proof. We first show that (c3l , c
3
u) satisfies c

3
l , c

3
u ≥ 0. We only show c3l ≥ 0, as the proof of

c3u ≥ 0 is analogous. Suppose that c3l ≥ 0 fails, i.e., c3l < 0. Then,

0.5
(1)
> P (−c3l ≤ z1)

≥ P
(
{−c3l ≤ z1} ∩

{
ρ̂z1 ≤ c3u +

√
N(θ̂u−θ̂l)1[(θ̂u−θ̂l)>bN ]

σ̂u
+
√

1− ρ̂2z2

} ∣∣∣θ̂l, θ̂u, σ̂l, σ̂u, ρ̂)
(2)

≥ 1− α, (A-76)

where (1) holds by c3l < 0 and z1 ∼ N (0, 1), and (2) by (2.9). Note that (A-76) contradicts

α < 0.5, which proves the desired result.

Since (θ̂l, θ̂u, σ̂l, σ̂u, ρ̂) satisfies OBS, we have that P (θ̂l ≤ θ̂u) = 1 and σ̂l, σ̂u ≥ 0. If we

combine these with c3l , c
3
u ≥ 0, we get

P (θ̂l − σ̂lc
3
l /
√
N ≤ θ̂u + σ̂uc

3
u/
√
N) = 1. (A-77)

To conclude the proof, note that (2.8) and (A-77) imply (A-75), as desired.

A.3 An example that does not satisfy OBS

Example 2. Consider a linear regression model with missing outcome data. In this exam-

ple, {(Yi, Zi, Xi)}Ni=1 are i.i.d. from a distribution P , where Yi ≥ 0 is a nonnegative outcome

variable, Xi is a scalar regressor with support SX = {−1, 1}, and Zi ∈ {0, 1} is a binary

variable that indicates whether Yi is observed (Zi = 1) or not (Zi = 0). Assume that these

variables satisfy the following linear regression model:

Yi = 1 +Xiθ + εi with EP [εi|Xi] = 0, (A-78)

where θ ∈ Θ = R is the parameter of interest and εi ∈ R is the unobserved regression

residual. The data are not assumed to be missing at random, i.e., EP [εi|Xi, Zi] is not

necessarily zero.

In this framework, Yi is only observed when Zi = 1. Thus, the available data are

the i.i.d. sample {(YiZi, Zi, Xi)}Ni=1. The econometric model implies the following moment

inequalities:

1 + xθ
(1)
= EP [YiZi + (1− Zi)Yi|Xi = x]

(2)

≥ EP [YiZi|Xi = x] for x ∈ SX , (A-79)

where (1) holds by (A-78), and (2) by Yi ≥ 0. By evaluating (A-79) at x ∈ SX = {−1, 1},
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we deduce that the identified set for θ is given by ΘI(P ) = [θl(P ), θu(P )], where θl(P ) =

EP [YiZi|Xi = 1] − 1 and θu(P ) = 1 − EP [YiZi|Xi = −1]. We also assume that P (Zi =

1, Xi = x) > 0 and VP [YiZi|Xi = x] ∈ (0,∞) for all x ∈ {−1, 1}.

In this context, it is natural to estimate the bounds using sample analogs:

(θ̂l, θ̂u) =
(∑N

i=1 YiZiI{Xi=1}∑N
i=1 I{Xi=1}

− 1, 1−
∑N

i=1 YiZiI{Xi=−1}∑N
i=1 I{Xi=−1}

)
.

Standard asymptotic arguments imply

√
N(θ̂l − θl(P ), θ̂u − θu(P ))

=

(
1√
N

∑N
i=1(YiZi−EP [YiZi|Xi=1])I{Xi=1}

1
N

∑N
i=1 I{Xi=1}

, −
1√
N

∑N
i=1(YiZi−EP [YiZi|Xi=−1])I{Xi=−1}

1
N

∑N
i=1 I{Xi=−1}

)
d→ N

(
02×1,

(
VP [YiZi | Xi = 1]/P (Xi = 1) 0

0 VP [YiZi | Xi = −1]/P (Xi = −1)

))
.

(A-80)

It is not hard to verify that OBS can fail in this econometric model. For example,

consider the case with EP [YiZi|Xi = 1] − 1 = 1 − EP [YiZi|Xi = −1], or, equivalently,

θl(P ) = θu(P ), so the model is point identified. Then,

P (θ̂l ≤ θ̂u) = P (
√
N(θ̂l − θl(P )) ≤

√
N(θ̂u − θu(P )))

(1)→ 1

2
, (A-81)

where (1) holds by (A-80). Note that (A-81) implies that P (θ̂l ≤ θ̂u) < 1 for all N large

enough.
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