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Abstract

This paper studies the power properties of confidence intervals (CIs) for a partially-
identified parameter of interest with an interval identified set. We assume the researcher
has bounds estimators needed to construct the Cls proposed by Imbens and Manski
(2004), Stoye (2009), and Stoye (2020), denoted by CI}, CI2, CI2, and CIZ. We
also assume these bounds estimators are “ordered”: the lower bound estimator is less
than or equal to the upper bound estimator. This setup arises in economic applications
involving missing data and treatment effects.

Under these conditions, we establish two results. First, we show that CI} and CI2
are equally powerful, and both dominate C'I2 and CT2. Second, we consider a favorable
situation in which there are two possible bounds estimators to construct these Cls, and
one is more efficient than the other. One would expect that the more efficient bounds
estimator yields more powerful inference. We prove that this desirable result holds for
CI! and CI2, but not necessarily for CI3 or CI2. In summary, within the class of
models considered, CI} and CI2 have identical power properties, and both compare
favorably to CI2 or CI2.
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1 Introduction

This paper contributes to the literature on inference in partially-identified econometric
models. Our setup is as in Imbens and Manski (2004) and Stoye (2009) where the econo-
metric model implies that, for a data distribution P, the real-valued parameter of interest
0o(P) belongs to an interval identified set [6;(P), 6,,(P)]. We focus on the case in which the
endpoints of the interval do not cross, i.e., 6;(P) < 6,(P), so the identified set is non-empty.

We assume the researcher can implement asymptotically valid inference for the partially-
identified parameter based on asymptotically normal estimators of the identified set’s end-

points. That is, we assume the availability of a pair of estimators (él, éu) such that

0, — 0,(P) d

uniformly in a suitable set of distributions, along with a uniformly consistent estimator of
Y(P). Furthermore, we assume that the bounds estimators are “ordered”, in the sense that
él < 6, with probability one. We refer to these conditions as the “ordered bounds setup”
or OBS.

Under our conditions, the researcher has several natural options for constructing a con-
fidence interval (CI, henceforth) for 6y(P) with a confidence level of (1—«). The first option
is the CI proposed by Imbens and Manski (2004), which we denote by CT}. Two additional
options were introduced by Stoye (2009), and we denote them by CI2 and CI3. A final
option was recently introduced by Stoye (2020), and we denote it by CTIZ.

One notable aspect is that CI} is straightforward to implement, whereas CI2, CI3
and CTI% are relatively more complex. Stoye (2009) shows that CI} and CI2 rely on the
so-called superefficiency condition, whereas CI3 dispenses with this requirement at the
expense of introducing a tuning parameter that must be selected in practice. See Section
2.2 for a detailed description of these Cls. Stoye (2009) shows that CT}, CI2, and CI3 are
all uniformly asymptotically valid and exact. In addition, Stoye (2020) shows the uniform
asymptotic validity of CI2. This implies that the four CIs are equivalent in terms of uniform

coverage of parameter values in the identified set, all of which are valid candidates for 0y (P).

The previously mentioned results do not discuss the statistical power of inference for
the four Cls. That is, they are silent about the ability of these ClIs to rule out parameters
outside of the identified set, which are not valid candidates for 6y(P). In fact, to our
knowledge, the literature has not compared these Cls in terms of power in the context

of OBS. Our first contribution is to conduct this comparison. To this end, we study the



limiting coverage probabilities of the four CIs for all possible parameter sequences outside
the identified set. A higher limiting coverage rate for these parameters corresponds to lower
power. We formally show that CI} and CI? are equally powerful, and both dominate CT3
and CI4. This is a favorable result from a practical standpoint, as CI} is straightforward

to implement, and CI! and CI? are free from tuning parameter choices, unlike CI3.

For our second result, we consider the advantageous situation in which the researcher
has not one but two pairs of estimators that satisfy OBS, and one of them is known to
be more efficient than the other, in the sense of having smaller diagonal elements of their
asymptotic covariance matrices.! While one could implement asymptotically exact CIs for
0o(P) using either one of these pairs of estimators, it is reasonable to expect that inference
based on the more efficient pair is preferable. In particular, one would expect that the more
efficient estimator would result in more powerful inference. We formally demonstrate that
this result generally holds for CI} and CI2, but not necessarily for CI3 or CIZ. Specifically,
for CIL and CI2, inference based on the more efficient bounds estimators is always at least
as powerful as inference based on the less efficient estimators. In contrast, for CI3 and
CT4, the reverse can occur. That is, inference based on the more efficient estimators can
be strictly less powerful than inference based on the less efficient estimators. We explain
this counterintuitive and undesirable phenomenon and provide the conditions under which

it arises.

One can summarize both results in our paper by stating that, within our OBS framework,

C1I} and CI2 have identical power properties, and both compare favorably to CI3 and CT4.

Our econometric framework with OBS is motivated by a general class of econometric
problems involving missing data; see Manski (1989, 1990, 1994, 1995). We illustrate our
setup with the standard missing data problem in Example 1. Beyond this canonical example,
our analysis is also motivated by the treatment effects problem studied in Bugni et al. (2024).
In that paper, we investigate inference for treatment effect parameters such as the average
treatment effect (ATE) in a randomized controlled trial (RCT) with imperfect compliance.
In this context, the ATE is partially identified, with its identified set being an interval. We
also propose consistent and asymptotically normal estimators of these bounds that satisfy
the OBS. Accordingly, we can implement asymptotically valid and exact inference using
either CT}, CI2, CI3, or CI2. Our first contribution demonstrates that CI} and CI2 are
equally powerful, and both are more powerful than CI2 and CI:. Based on this finding,

we choose to conduct inference using either CT} or CI2, instead of CI2 or CI2.

Within the empirical application in Bugni et al. (2024), we have two possible imple-

!This is weaker than the standard definition of efficiency, where the difference of the asymptotic covari-
ance matrices of the efficient and inefficient estimators, respectively, is negative semidefinite.



mentations of our bounds estimators for the ATE: we can estimate treatment probabilities
using sample frequencies or exact probabilities (known in an RCT). By similar arguments
to those in Hahn (1998) and Hirano et al. (2003), the bounds estimators that use sample
analogs are shown to be more efficient than those using exact probabilities. Intuitively, one
would expect that the more efficient implementation of the bounds estimator produces a
more powerful inference of the partially-identified parameter value. Our second contribu-
tion shows that this intuitive result holds for CI} and C'I2, but may fail to hold for CI2 or
CI2. That is, it is possible for the more efficient bounds estimator to result in less powerful
inference when CI3 or CI2 is used. Based on the two contributions, we suggest using C'I}
or CI2 under OBS.

The econometric model described by our identified set [0;(P),6,(P)] is a partially-
identified model that is both simple and empirically relevant. Within the OBS framework,
the methods proposed by Imbens and Manski (2004) and Stoye (2009) are particularly rel-
evant to this model. Nonetheless, there is a substantial literature on inference in partially-
identified models, with a significant focus on moment (in)equality models; see Tamer (2010);
Canay and Shaikh (2017); Ho and Rosen (2017); Molinari (2020); Canay et al. (2023) for
comprehensive reviews. If the endpoints of the identified set, 6;(P) and 6,,(P), are specified
as functions of expectations of observed random variables (e.g., linear functions or ratios
of expectations), our model could be viewed as a special case within the class of moment
(in)equality models. However, this is not a necessary assumption in our framework, as we
do not require 6;(P) and 6,(P) to be linked to expectations. Thus, our framework is not

inherently part of the moment (in)equality literature.

The rest of the paper is organized as follows. Section 2 describes the econometric model.
Section 2.1 presents our setup (i.e., OBS), and Section 2.2 details the four CIs. We present
our main results in Section 3, which is divided into two subsections. Section 3.1 compares
the power of inference across the Cls. Section 3.2 compares the power of inference for each
CI when two bounds estimators are available, with one being more efficient than the other.
Section 4 concludes. The appendix contains most proofs and intermediate results. Proofs

related to CI% are provided in an online supplement.

2 Setup

). The
econometric model indicates that y(P) belongs to an interval identified set ©;(P)
[01(P),0,(P)]. Moreover, we assume that the identified set is non-empty, i.e., 6;(P) < 6,,(P).

For a data distribution P, the real-valued parameter of interest is denoted by 6y (P



We consider a confidence interval C1, that covers y(P) with a minimum prespecified
coverage probability of (1 — «) as the sample size N increases. Furthermore, we require this
coverage condition to be satisfied uniformly for all parameters in the identified set ©7(P)
and for all probability distributions P in a suitable space P. Specifically, we require our CI
to be uniformly asymptotically valid and, if possible, uniformly asymptotically exact, which

we define next.
The confidence interval C1, for 0y(P) € O7(P) is uniformly asymptotically valid if it
satisfies the following property:

liminf inf inf POeCl,) > 1-—c. (2.1)
Nosoco PEP 66 (P)

Moreover, C1, is uniformly asymptotically exact if (2.1) holds with equality, i.e.,

liminf inf inf POeCl,) = 1-—o. (2.2)
Nosoo PEP 6e6;(P)

By definition, a CI that is uniformly asymptotically exact is also uniformly asymptotically

valid.

The remainder of this section is organized as follows. Section 2.1 specifies our main
assumptions, referred to as OBS. Section 2.2 describes the four Cls considered in this

paper. Under OBS, these four Cls are uniformly asymptotically exact.

2.1 Ordered bounds setup (OBS)
Throughout our paper, we assume that the researcher can construct estimators of the
bounds of the identified set and its limiting distribution that satisfy the following condition.

Definition 1 (OBS or Ordered Bounds Setup). We say that the estimator (él, 0,61, 6, p) €
R xR xRy xRy x [—1,1] satisfies OBS with parameters (6;(P),0,(P),01(P),c.(P), p(P))

and set of distributions P = P(a?,52,A) if the following conditions are satisfied:

(a) (él,éu) is “ordered”, i.e., P(él < éu) =1.

(b) (él, éu) is uniformly asymptotically normal, i.e.,

0, — 0,(P) d oi(P)? p(P)oi(P)oy(P)
m( éu—euw)) - N(‘)M’( p(P)oi(P)ou(P)  ou(P) >>

uniformly in P € P. Moreover, assume that o;(P)?*, 0,(P)? € [0?,5%] with 0 < o* <
7% < 00 and 0,(P) — 6;(P) < A < co.



(c) (61,0u,p) is uniformly consistent for (o;(P),o.(P), p(P)), i.e.,
(a'lva'uyﬁ) £> (UI(P)vau(P)7p(P))

uniformly in P € P.

The set of distributions P in Definition 1 encodes high-level assumptions that facilitate
our asymptotic analysis. Condition (a) occurs frequently in economic applications where
bound estimators are constructed as sample analogs of ordered population bounds, so that
the ordering is preserved by construction. It arises, for example, in models with treatment
effects or missing data that are not assumed to be missing at random; see, e.g., Manski
(1990); Horowitz and Manski (2000). Importantly, condition (a) is closely related to existing
approaches in the literature. In particular, Stoye (2009, Lemma 3) shows that, under
conditions (b)-(c), condition (a) implies the superefficiency condition stated in Stoye (2009,
Assumption 3).? As discussed in Stoye (2009), this condition is sufficient for the inference

results in Imbens and Manski (2004), who impose a stronger assumption.

Conditions (b)-(c) are high-level requirements on the asymptotic distribution of the
bound estimators and on the estimation of the parameters of the corresponding limiting
distribution. They coincide exactly with Assumptions 1(i)-(ii) in Imbens and Manski (2004)
and Stoye (2009). In applications, one would typically impose low-level conditions (e.g., i.i.d.
sampling and bounded moments) to establish conditions (b)-(c) in Definition 1 for a suitable
estimator (él,éu,&l,&u,f)), typically constructed as sample analogs of the corresponding

population quantities. We leave P unspecified to maintain generality.

The previous discussion implies that the OBS framework satisfies all of the assumptions
required by Imbens and Manski (2004) and Stoye (2009). Thus, an estimator (6;, 0, 67, 6, p)
that satisfies OBS can be used to implement any of the Cls proposed in these papers to
achieve uniformly asymptotically exact inference. These Cls are reviewed in the next sec-

tion.

The following example illustrates OBS in the canonical missing-data model, inspired by
Manski (1989).

Example 1. Consider the following missing-data problem. Let {(Y;, Z;)}Y, be an i.i.d.
sample from a distribution P € P, with Y; € [Y,Y], where Y and Y are known constants
withY <Y, and Z; € {0,1} is a binary variable that indicates whether Y; is observed (Z; =

2The superefficiency condition requires the existence of a sequence {an } nen such that any — 0, a NV N —
00, and VN|(6y — 0;) — (0. (Px) — 0;(Px))| 2 0 for any sequence { Py € P}nen with 0, (Pn)—60;(Px) < an.



1) or not (Z; = 0). Further, assume that Ep[Y;|Z; = 1] = u(P), Vp[Y;|Z; = 1] = o*(P)
with o?(P) > §; > 0. Finally, assume that P(Z; = 0) = 7(P) € [0, 2] with 2 < 1.

The parameter of interest is 0 = Ep[Y;]. By elementary arguments:
0 = EplYi] € [EplYiZi+Y (1~ Z)|, Ep[YiZ; +Y (1 - Z;)]].

Then, the sharp identified set for 0 is

6(P) = Ep[YiZi+Y(1-Z)] = p(P)(1 - n(P)) + Yx(P),
0u(P) = Epl¥iZi+ V(1 — Z)] = u(P)(1 - n(P)) + Vr(P).

In this context, it is natural to propose the following sample analog estimators for the
bounds:
- 1 & 1 & =
@ﬁw::<N§;m&+Yu—&LN§;n&+Yu—&O- (2.3)
1= 1=

Note that Y <Y implies él < éu, i.e., Definition 1(a) holds. Since the observations are

bounded, the triangular array central limit theorem implies

VN = 6,(P), 6, — 0,(P)) 5 N(0g51,5(P)),

uniformly in P, where X(P) is the following matriz

o*(P) + m(P)(u(P) — Y)? o*(P) + m(P)(u(P) = Y)(u(P) = Y)

(1-(P)) _ ¥
o2(P) + x(P)(u(P) - Y)(u(P) V) o*(P)+n(P)(u(P

~—
I
>~<
~—
[\

From here, we deduce that Definition 1(b) holds with o> = (1 — §2)0; > 0, 72 = 5(Y —
Y)2/4 < 00, and A =Y —Y < oco. Finally, standard asymptotic arguments imply that

Definition 1(c) holds for sample analogs, i.e., 6; and &, based on
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and p = 61,,/(616,) with

s 1% YiZi+ YA -Z)x | [ T (NiZi+Y(1 - Z)
"TNZ\ Mz V(- ) LYY Zi+Y(1-2) )

We conclude this section by noting that there are well-known examples of interval-
identified sets that do not satisfy OBS. In particular, the “ordered” condition in Definition
1(a) can be restrictive in certain cases. To illustrate this, Example 2 in Appendix A.3
presents a missing-data problem in a linear regression setting where the bounds estimators
are not “ordered”, causing OBS to fail. It is important to note that our results depend
critically on OBS, and in particular on the requirement that the bounds be “ordered”;

without it, the results of our paper do not apply.

2.2 Confidence intervals (CIs)

This paper considers four CIs. Our first confidence interval is CI}, originally proposed by
Imbens and Manski (2004, Section 4), and revisited by Stoye (2009). Given an estimator

(01,0.,61, 64, p) and a confidence level (1 — o), CIL is defined as follows:

Guct ]
)

VN

&lcl

CI&C == |:él_\/ﬁ7 éu+ (24)

where ¢! solves

max{dy, o, }

® <c1 + W) —d(—c!) = 1-a (2.5)

Provided that max{6;,6,} > 0, it follows that ¢! is uniquely determined by (2.5).® Under
OBS, Imbens and Manski (2004, Lemma 4) implies that CI} is uniformly asymptotically
valid, while Stoye (2009, Proposition 1) shows that CTI} is uniformly asymptotically ex-
act. Importantly, the implementation of CI} does not require estimating the correlation

coefficient p, whereas the other methods do.

Our second confidence interval is CI2, developed by Stoye (2009). Given a generic

estimator (0}, 0,6, 64, p) and a confidence level (1 — a)), CI2 is defined as follows:

(2.6)

3Under OBS, max{67, 5.} > 0 occurs with probability approaching one.



where (c7,c2) solve:

min_ (6y¢ + 6yucy) S-t.
clvcuGR

P({—clgzl} N {pzl<c + (9 —01)_'_\/1_;) 22} Ul,au,ﬁ)
P({-a- G T2 <pu} 0 {m el | 00061600 ) = 1-0,

(2.7)

Vv
—_
|
Q
o
=
(o9

where (21, 22) ~ N(02x1,I2x2). It is unclear to us whether (2.7) has a unique solution.”
Be that as it may, our formal arguments will only require the researcher to choose (c7,c2)

arbitrarily whenever (2.7) has multiple solutions.

As explained in Stoye (2009, Page 1305), CI2 calibrates the critical values (c7, c2) taking
into account that the underlying problem is bivariate. In this sense, CI2 is viewed as an
improvement upon CI.. In fact, Stoye (2009, Page 1305) argues that CI2 is the shortest
CI with correct nominal size. Stoye (2009, Proposition 2) shows that CI2 is uniformly
asymptotically exact under OBS.

Our third confidence interval is CI3, also developed by Stoye (2009). Unlike CI} and
C1I2, CI3 was introduced as a CI that does not require the superefficiency condition (Stoye
(2009, Assumption 3)) for its validity. As already explained, the superefficiency condition
is guaranteed under our OBS assumptions, but may fail in other contexts. To implement
CI(?;, the researcher must specify a preassigned tuning parameter sequence of constants
{bn} y> that satisfies by — 0 and byV' N — oo. These types of sequences are commonly
utilized_ for moment selection in the moment (in)equality literature; e.g., see Andrews and

Soares (2010); Bugni (2010, 2015). For example, these papers suggest sequences such as

by =InN/VN, by = VInln N/v/N, or by = N~¢ for any c € (0,1/2).

Given an estimator (él, Oy, 61, Gus p), a confidence level (1—a), and a sequence {bn} 1,
C1I3 is defined as follows:

5100 5 3 53 ~ 3
i aic; A OuCy 1c; A OyuCy,
0 otherwise,

where (¢}, ¢3) solve

min  (gj¢; + 64¢y) S.t.
cr,cu€R ( “ u)

“Stoye (2009, Page 1305) states that typically (c7,c2) is uniquely determined by the fact that both
constraints in (2.7) hold with equality.



{ﬁzl < eyt ﬁwu—ez)g(eu—el»bm i \/sz} o
: 1y 0us 61,60, p | > 1—a and
N{-—a<au}

VN (0u—0)1[(6u—0) >bn] ~2 A }
—c — - + /11— p2z0 < pz A A
P { l a pree = l7QU7&l7&U7ﬁ zl_aa
N {21 < cu}

P

(2.9)

where (21, 22) ~ N(02x1,Iax2). As with CI2, it is unclear whether (2.9) is guaranteed to
have a unique solution. In any case, our arguments only require the researcher to choose
(c3,c3) arbitrarily whenever (2.9) has multiple solutions. Stoye (2009, Proposition 3) shows

that CI2 is uniformly asymptotically exact under OBS.

Remark 1. As already noted, a central advantage of CI2 is that it does not require the
superefficiency condition for validity. Since the OBS framework satisfies the superefficiency
condition, one might reasonably conclude that CI3 is not needed in this context. More-
over, CI3 is as computationally costly as CI2 and requires an additional tuning parameter
sequence. Qur forthcoming power results further clarify the costs associated with the robust-

ness properties of CI3.

Our fourth confidence interval was introduced recently by Stoye (2020). Given an esti-

mator (0}, 0y, 6,64, p) and a confidence level (1 — a), CT? is defined as follows:

-t s Gyt o Tl —af2) 5 6071 - )2)
crt = 6, -2 g+ |uler -2 0"+ . (210
[ : vV N \/N] [ v N /N :| ( )
where ¢? is the unique value of ¢ that solves
| (1) —A—c<0< (P +ck U |
inf P ) . e pl = 1-¢
A20 \ A{lz21(p) + 22(p) — Al < V2+2p27 (1 — 2/2)}

where 2(p) = (21(p), 22(p)) ~ N (0ax1, [1, p; p, 1]),

o = L&A“ + ?uérl and 6" = ———

o+ 0y 01+ 0Oy
Stoye (2020, Theorem 1) proves that CI2 is uniformly asymptotically valid under OBS.
Stoye (2020) argues that CT2 has several advantages relative to existing approaches in the
literature: it delivers desirable coverage properties even under model misspecification, is
never empty or excessively short, requires no tuning parameters, and is computationally

trivial to implement.
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Remark 2. As we explain in the introduction, our econometric framework does not neces-
sarily correspond to a moment (in)equality model. For this reason, the Cls proposed by the

moment (in)equality literature are not included among the inference methods we consider.

3 Main results

Our goal is to compare the power of inference based on Cls for the partially-identified
parameter 6p(P) € ©7(P). By the duality between Cls and hypothesis testing, we can
investigate the power of an inference method based on a CI by deriving its limiting cover-
age probability for a parameter value 6 outside of ©;(P). With an interval identified set
©7(P) = [6;(P),0,(P)], this means that either 6 < 6;(P) or § > 6,(P). Since § does not
belong to the identified set ©;(P), it cannot be the true parameter value 6p(P). Thus, a
lower limiting coverage probability for 6 is equivalent to higher statistical power against the
(incorrect) null hypothesis Hy : 0y(P) = 6.

Based on the previous discussion, we compare the limiting coverage probabilities for
parameter values outside O;(P) across various Cls. Importantly, our analysis allows the
parameter value and the data distribution to vary arbitrarily with the sample size. That is,
we consider all possible sequences {(Py,0n) € P x O(Pn)°}nen. Thus, our results include

power analysis for fixed alternatives, i.e., Oy = 0 ¢ ©;(Py), as well as local alternatives,
ie., On T 0(Py) or Oy | 0,(Py).

3.1 Power comparison across Cls

Our only result in this section is Theorem 1. This result compares the limiting coverage

probability of the four CIs for sequences of parameters outside ©(P).

Theorem 1 (Comparison across Cls). Let (él,éu,61,6u, p) be an estimator that satisfies
OBS in Definition 1 with parameter (0;(P),0,(P),o;(P),o.(P),p(P)) and set P. Assume
that o € (0,0.5). Then,

(a) For any sequence {(Pn,0n) € P x O1(Pn)°}nen,

lim (Py(0y € CI}) — Py(On € CIZ)) = 0. (3.1)

N—o00
(b) For any sequence {(Pn,0n) € P x O1(Pn)} Nnen,

lin inf (Pn(On € CI3) — Pn(Oy € CI)) > 0 forj=1,2. (3.2)
—00

11



Furthermore, (3.2) holds strictly for suitable sequences of {(Pn,0n) € PxO1(Pn)¢} NeN.

(¢) For any sequence {(Pn,0n) € P x O1(Pn)} Nen,

liminf (Py(0n € CI3) — Px(Oy € CI2)) > 0 forj=1,2,3. (3.3)

N—oo

Furthermore, (3.3) holds strictly for suitable sequences of {(Pn,0n) € PxO1(Pn)¢}Nen-

Theorem 1 consists of three parts. Part (a) states that CT} and CI2 are equivalent
in terms of power: for all sequences of parameters such that Oy & ©7(Py), the difference
in their coverage rates converges to zero. To explain this result, it is useful to split the
analysis into two mutually exclusive cases: “short” identified sets and “long” identified
sets. We say that the identified set is “short” if the length of the identified set is O(1/v/N),
and we say that the identified set is “long” otherwise. For long identified sets, CI} and
C1I2? asymptotically treat the inference problem as one-sided. This implies that both CIs
agree on using the (1 — «)-quantile of the normal distribution as the critical value, leading
to identical limiting coverage rates. For short identified sets, the ordered nature of the
bounds forces a degenerate asymptotic distribution; otherwise, the estimators would cross
with positive probability.” This degeneracy in the asymptotic distribution implies that CT}
and CI2 also agree on the critical values, resulting in the same limiting coverage rates.

Combining the two cases, the Cls have identical limiting coverage rates.

Part (b) compares the power of CI? with the first two CIs for all sequences of parameters
On ¢ O1(Py). Notably, our conclusions hold regardless of the choice of {by}yen used in
the implementation of CI3, provided that by — 0 and byv/N — oco. The result shows
that CI} and CI? are weakly more powerful than CI3, and that there exist sequences
(Pn,0ON) nyen for which this relationship holds strictly. This allows us to conclude that C'1 L
and C12 dominate CI2 in terms of power. The argument considers the two cases presented
in the previous paragraph. For long identified sets, CI} and CI2? asymptotically treat the
inference problem as one-sided (using the smallest critical values consistent with validity),
and are therefore weakly more powerful than CI3. In turn, for short identified sets, CI?
asymptotically treats the inference problem as two-sided, using the (1 — «/2)-quantile of
the normal distribution as the critical value. This critical value is larger than those used
by CI} and CI2, implying that CI3 is weakly less powerful than CI! and CT2.

Finally, part (c) shows that CI2 is dominated in power by the other three Cls for all
sequences of parameters 0y ¢ ©;(Py). To gain intuition for this result, recall that CT3 is

the union of two confidence sets. The first is intended to cover the parameter value under

5See Lemma 4 for a precise statement of this result.
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correct specification, while the second is intended to cover the pseudo-true parameter value
when the model is misspecified. Our results show that the component of CT2 designed for

correct specification is dominated in power by the other Cls.

Theorem 1 provides a comprehensive comparison of the relative power properties of the
four Cls. It states that, under OBS, CI} and CI? are equally powerful, both dominate
CI? and CI%, with CI? dominating CI2. As already mentioned, we view this as favorable
from a practical point of view, since CI} is straightforward to implement, and neither
CI} nor CI? requires a tuning parameter sequence. Recall that CI3 was designed to be
robust to violations of the superefficiency condition, while CI? was designed to be robust
to model misspecification. In the OBS setting, however, the model is correctly specified,
and superefficiency holds automatically. Hence, using CI3 or CI2 incurs a loss of power

without providing any compensating robustness benefit.

The proof of Theorem 1 is based on auxiliary results that characterize the limiting
coverage rates for suitable sequences {(Py,0n)}nven with Py € P and Oy & ©7(Py) for all
N € N. For CI}, CI?

s, and 013, these results are presented in Lemmas 1, 2, and 3 in the

appendix, respectively. The results pertaining to CI2 are relegated to the supplementary

appendix. We believe these auxiliary results may be of independent interest beyond this

paper.

3.2 Power comparison across two bounds estimators

This section considers a situation in which the researcher has two bounds estimators for
constructing Cls for 0y(P) € ©7(P), with one more efficient than the other. We use the
superscripts £ and I for the efficient and inefficient estimators, respectively. The next

assumption formalizes the setup.

Assumption 1. Assume the following conditions:

(a) (élE, éf,é}lE, 6, pF) satisfies OBS with parameters (6,(P),0,(P),of (P), ok (P), p?(P))
and set P.

(b) (éll, 0!, ol,6L, p) satisfies OBS with parameters (0,(P), 0, (P), ol (P),ck(P), p!(P)) and
set P.

(c) (élE, 05) is more efficient than (él], 61) in the sense that, for all P € P,

u

of(P)<ol(P) and of(P)<ol(P). (3.4)
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Assumptions 1(a)-(b) imply that both (élE ,6F) and (élf ,01) are asymptotically normal
estimators of the bounds of the identified set (i.e., (6;(P),8,(P))), and that we consistently
estimate their limiting covariance matrix. Moreover, these results hold uniformly for all
distributions P € P. This means that either estimator can be used to construct Cls that
are uniformly asymptotically exact. Assumption 1(c) specifies the sense in which (élE ) éf ) is

more efficient than (él] , éi) for both the lower and upper bounds, the asymptotic variance

of each efficient estimator is less than or equal to that of the inefficient estimator. We note
that this condition weakens the usual relative asymptotic efficiency criterion, which states
that, for all P € P,

< of (P)? p?(P)of (P)ol(P) )_( of (P)? o (P)a} (P)ol(P) )
pE(P)oE(P)o Pl (P

is a negative semidefinite matrix.

We seek to compare the power of inference based on Cls constructed from inefficient
and efficient bounds estimators. As discussed in Section 3, we compare their power by
contrasting the limiting coverage rates of the corresponding Cls for sequences of parameter
values outside the identified set. Since these parameters lie outside the identified set, a lower
limiting coverage probability corresponds to higher statistical power against the (incorrect)

null hypotheses.

Our first result in this section compares the limiting coverage rates of inference based

on CT} when implemented with the efficient and inefficient estimators.

Theorem 2 (Power comparison for CI1l). Let o € (0,0.5) and Assumption 1 hold. Define
CIYY and CIY" as in (2.4) with (élE,éE,&F,&f,ﬁE) and (é{,éi,&l],&f;,ﬁl), respectively.

For any sequence {(Pn,0n) € P x O1(PN)°}Nen,
lin inf (Pn(Oy € CILT) — Py(On € CILP)) > 0. (3.5)
— 00
Furthermore, (3.5) holds strictly for suitable sequences of {(Pn,0n) € P x O1(Pn)°} NeN-

In simple terms, Theorem 2 shows that CT} based on the more efficient bounds estimator
(i.e., C’Iole) is more powerful than when it is based on the less efficient bounds estimator
(i.e., C’Ié’l). While both CIs satisfy the coverage goal in (2.1) with equality, Theorem 2

demonstrates that the former dominates the latter in terms of power.

Our second result compares the limiting coverage rates of inference based on C'I? when

implemented with the efficient and inefficient estimators.

Theorem 3 (Power comparison for C12). Let a € (0,0.5) and Assumption 1 hold. Define

CIZY and CIZ as in (2.6) with (6F,0F 67,62, pF) and (0],6L, 67,61, p7), respectively.
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For any sequence {(Pn,0n) € P x O1(Pn)°}NeN,
limn inf (Pn(Oy € CI2ZT) — Py (0N € CIZF)) > 0. (3.6)
— 00
Furthermore, (3.6) holds strictly for suitable sequences of {(Pn,0n) € P x ©1(Pn)¢} Nen-

Our takeaway from Theorem 3 is analogous to that of Theorem 2: C1I2 based on the
more efficient bounds estimator (i.e., CI>") is more powerful than when it is based on the
less efficient bounds estimator (i.e., C’Igjl). Both CIs satisfy the coverage goal in (2.1) with

equality, but the former is more powerful than the latter.

The results of Theorems 2 and 3, while novel, may not seem surprising. After all, it is
natural to expect that a more efficient implementation of inference leads to greater statistical
power. However, this intuition need not hold for our two remaining Cls, as shown by the

next two results. We begin with the case of CTI3.

Theorem 4 (Power comparison for CI2). Let a € (0,0.5) and Assumption 1 hold. De-
fine CI3E and CIZ' as in (2.8) with (éF,éE,&lE,&f,ﬁE) and (é{,éi,&l[,&i,ﬁl), respec-
tively, implemented with the same sequence of constants {by }nen that satisfies by — 0 and
bnV N — co. Then, there exist sequences of {(Pn,0N) € P x O1(PN)}NeN such that

lim Py(n € CI3') > lim Py(8y € CI3F) (3.7)
N—o00 N—00
and there also exist other sequences of {(Pn,0n) € P X ©1(Pn)¢}nen such that

lim Py(fy € CI3') < lim Py(Oy € CIZF). (3.8)
N—oo N—oo

Theorem 4 shows that power rankings between efficient and inefficient implementations
of CI? may vary with the underlying parameters of the problem. We now explain this
phenomenon. In the context of OBS, the main difference between CI2 and CI3 is that the
latter includes the indicator term 1[(6, — 6;) > by] in (2.9). This term adjusts the critical
values depending on whether the estimated identified set is “long” or “short” relative to the
tuning parameter sequence {by}n>1. The proof of Theorem 4 focuses on short identified
sets, under which the indicator term is zero.® In this case, CI3 uses an asymptotic critical
value corresponding to a two-sided testing problem, equal to the (1 — «/2)-quantile of the
standard normal distribution. The coverage of CI3 increases with the normalized size of the

identified set, given by u/o, and decreases with the normalized distance from the identified

SA similar argument can be constructed for long identified sets. The proof restricts attention to the
short case for brevity; the corresponding arguments are available upon request.
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set, captured by ¥;/o or ¥, /0. See part (e) of Lemma 3 for the explicit expression. As the
variance of the bounds estimator (i.e., 02) decreases, two opposing forces emerge. On the one
hand, a smaller o increases p /o, making the identified set appear longer relative to sampling
uncertainty and thereby increasing coverage. On the other hand, a smaller ¢ also increases
V;/o and ¥, /o, making the parameter appear farther from the identified set and thereby
decreasing coverage. If the first effect dominates, we obtain the counterintuitive finding that
a more efficient estimator leads to higher coverage. If the second effect dominates instead,

we get the more intuitive result that a more efficient estimator reduces coverage.

At this point, one may wonder why the previous phenomenon does not arise for CT}
or CI2. The key difference is that, unlike CI3, these procedures do not use the (1 —
a/2)-quantile of the normal distribution when the identified set is short. Instead, their
critical values depend on the normalized size of the identified set through G(p/0), as shown
in Lemma 2. This dependence eliminates the phenomenon described above. A formal

justification is provided in Lemma 5.

The possibility that a more efficient estimator leads to lower power arises from the way
the critical value is constructed in CI3 to ensure robustness to violations of the supereffi-
ciency condition. In this sense, it can be interpreted as a cost of the robustness properties of
CI3. When superefficiency holds automatically under OBS, this robustness is unnecessary,

and CI2 incurs this cost without providing any compensating robustness benefit.

Our last result compares the power of efficient and inefficient implementations of CT2.

Theorem 5 (Power comparison for CI3). Let a € (0,0.5) and Assumption 1 hold. Define

CIYY and CIY as in (2.10) with (HAlE,éf,&F,&f,ﬁE) and (9{,95,&{,65,,@1), respectively.
Then, there exist sequences of {(Pn,0n) € P X O1(Pn)“}nen such that

lim Py(y € CI*F) < lim Py(8y € CIA) (3.9)
N—o0 N—oo
and there also exist other sequences of {(Pn,0n) € P x ©1(Pn)¢}nen such that

lim Py(fy € CI®F) > lim Py(Oy € CIM). (3.10)
N—oo N—oo

Theorem 5 parallels Theorem 4 for CI2: the relative power of efficient and inefficient
implementations depends on the underlying parameters. The intuition follows the same
lines as for Theorem 4. As in the analysis of CI3, we interpret the counterintuitive power
properties in Theorem 5 as the cost associated with the desirable properties of CT2 discussed
in Stoye (2020).
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4 Conclusions

This paper studies the power properties of Cls for a partially-identified parameter of interest
with an interval identified set. We assume that the researcher has bounds estimators to
construct the ClIs proposed by Imbens and Manski (2004), Stoye (2009) and Stoye (2020),
denoted by CIL, CI2, CI?, and CIi. We also assume these estimators are “ordered” in
the sense that the estimator of the lower bound is less than or equal to the estimator of the

upper bound. We refer to this as the “ordered bounds setup” or OBS.

Under our conditions, the literature has established that CT}, C12, CI3

o

and CI3 are
all uniformly asymptotically valid. However, the literature has not investigated the power
of inference associated with these Cls. That is, it does not assess the ability of these CIs to
rule out parameters outside the identified set, which, by definition, are invalid candidates
for Oy(P).

In this context, this paper makes two contributions. Our first contribution is to compare
the coverage probabilities of the four Cls across all possible parameter sequences that do
not belong to the identified set. A higher coverage rate for these parameters translates into
lower power. We formally show that CI} and CI?2 are equally powerful, and both dominate
CI? and CTI2, with CI? dominating CTA.

For our second contribution, we consider a favorable situation in which the researcher
has two pairs of estimators for these Cls, with one pair known to be more efficient than the
other. In this context, it is reasonable to expect that inference based on the more efficient
pair leads to more powerful inference. We formally demonstrate that this conclusion holds
for CI} and CI2, but not necessarily for CI3 or CI2.

In the context of OBS, our findings indicate that CI} and CI? are equally powerful,
and both are preferable to CI3 and CI2. This conclusion is valuable from a practical
standpoint for two reasons. First, CI} is straightforward to implement, whereas some of
the other methods are not. Second, implementing CI3 requires a carefully calibrated tuning
parameter sequence, whereas the other methods do not. It is important to note, however,
that these conclusions depend critically on the OBS condition, and in particular on the
requirement that the bounds be “ordered”; in settings where this condition fails, the results

of this paper need not apply.
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A Appendix

This appendix uses “CMT” to denote the “continuous mapping theorem”, “UHC” to denote
“upper hemicontinuous”, “LHC” to denote “lower hemicontinuous”, and “s.t.” to denote
“subject to”. Also, we define R = [—o0, 00], Ry = [0,00], Ry = [0, +00), Ry = (0,00),

and R__ = (—00,0). Unless specified otherwise, all limits are taken as N — oo.

A.1 Proof of theorems

Proof of Theorem 1. Part (a). We prove the result by contradiction. That is, suppose (3.1)
fails. Then, limsupy_,..(Pn(On € CIL) — Py(Ox € CI2)) # 0 or liminfy_,o0o(Pn (0N €
CIL) — Py(On € CI2)) # 0. In either case, we can find a subsequence {ky}nen s.t.

(PkN (gkzv € CIcly) - PkN <6kN € CIg)) # 0. (A'l)

lim

N—oo

The proof is completed by showing that (A-1) cannot hold.
By possibly taking a further subsequence,

( el(PkN)’HU(Pk?N)7O-l(PkN)70-u(PkN)7p(PkN)7 )
\/H(GU(P]?N) - el(PkN))7 \/H(GI(PRN) - 0kN)7 \/H(ekzv - HU(P/CN))

= (01, 00,00, 00, p, 11, ¥, ¥,) ERXR X [0,5] x [0,7] x [-1,1] x Ry x RxR.  (A-2)
We then divide the argument into four exhaustive cases, depending on the possible values of
(p, 0, W,,). In this regard, note that Oy € ©7(Py)¢ implies that either (i) vAn(6;(Pry) —
Ory) > 0 or (ii) VAn(Oky — Ou(Pry)) > 0. By taking limits, we conclude that either (i)
U; > 0 or (ii) ¥, > 0. The proof is completed by showing that none of the following

exhaustive cases satisfy (A-1).
Case 1: = oo and ¥; > 0. Then, consider the following derivation:

. ) - @ .
Jim Py (O € crl)y = o@'1-a)-¥/0) = Jim Py (6 € CI?),

where (1) holds by (A-2), Fy(u,01,04) = ®71(1 — ), and part (a) of Lemma 1, and (2) by
part (a) of Lemma 2. This equation implies that (A-1) fails.

Case 2: u = oo and ¥, > 0. This case is analogous to case 1 except that we replace parts

(a) of Lemmas 1 and 2 with parts (b) of these results.

Case 3: € Ry and ¥; > 0. By p € Ry, it follows that 6,(Pg, ) — 01(Pky) — 0. By this
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and Lemma 4, we get p = 1 and o; = 0. We set 0 = 0; = 0,. Then, consider the following

derivation:

—
N

Jim Pry (0 € C1L) 2 ® (Wi + )/ + Gl/f)) — @ (Wi/o — Glu/o))

—~
-

= Nhgloo Py (01 € CI2),
where (1) holds by (A-2), Fy(u,0,0) = G(u/0), and part (a) of Lemma 1, and (2) by part
(c) of Lemma 2. This equation implies that (A-1) fails.

Case 4: p € Ry and ¥,, > 0. This case is analogous to case 3 except that we replace part
(a) of Lemma 1 with part (b), and part (c¢) of Lemma 2 with part (d).

Part (b). We prove the result by contradiction. That is, suppose that lim inf x_, o (Pn (0N €
CI3) — Py(y € CI)) < 0 for some j = 1,2. Then, we can find a subsequence {ky}nen
S.t.

J&iinoo(PkN(gkN € CI3) — Pyy Oy € CI)) < 0 for some j = 1,2. (A-3)

The proof is completed by showing that (A-3) cannot hold.
By possibly taking a further subsequence,
el(PkN)7gu(PkN)7Ul(PkN)7Uu(PkN>7p(PkN)7 )

( M(GU(PICN) - el(PkN))v \/H(el(PkN) - 9kN)7 \/H(ekN - au(PkN))
= (01,0u,00, 00, p, 11, ¥, ¥,) ERXR X [0,5] x [0,7] x [-1,1] x Ry x RxR.  (A-4)

We then divide the argument into four exhaustive cases, depending on the possible values
of (u, ¥y, ¥,). As before, we note that O € ©7(Px)¢ implies that either (i) ¥; > 0 or (ii)
W, > 0. The proof is completed by showing that none of the following exhaustive cases
satisfy (A-3).

Case 1: = oo and ¥; > 0. Then, consider the following derivation for j = 1,2,

o)

| A . ®
]\}gnoo Pk’N (ekzv S ngz) CI)((I) 1(1 - a) - \Ill/al) < ]\}gnoo PkN (ekN S 013)7

where (1) holds by (A-4), Fy(u,07,04) = ®71(1 — ), and part (a) of Lemma 1 and Lemma
2, and (2) by part (a) of Lemma 3. This equation implies that (A-3) fails.

Case 2: p = oo and ¥, > 0. This case is analogous to case 1 except that we replace parts

(a) of Lemmas 1 and 2 with parts (b) of these results, and part (a) of Lemma 3 with part (f).

Case 3: p € Ry and ¥; > 0. By p € Ry and Lemma 4, we get p =1 and o7 = g,. We set
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o =0] =0y

As a preliminary derivation, note that
o7l (1-a/2) = Glu/o). (A-5)

To see this, note that ®(c + p/o) — ®(—c) is strictly increasing in ¢, and

OO (1~ a/2) + p/o) = (=27} (1 - a/2)) é (7M1 - a/2)) -~ (-7 (1 - a/2))

=1l-a

Qo (G(u)o) + pfo) — B(—G(u)a)),

—~
~—

where (1) holds by u/o > 0, and (2) by definition of G(y).

For j = 1,2, we then have the following derivation:

Jim Py, (Ory € CI3) Y op (T +p)/o+@ 1 —a/2) — @ (V)0 — (1 — a/2))

Y (Wt 1) o+ Glufo)) — B (W)o — G(u)o)

@ . j

D lim Pe, (O, € CE), (A-6)
where (1) holds by part (e) of Lemma 3, (2) by (A-5) and that ®((V;+u)/o+¢)—P(¥;/oc—c)
is increasing in ¢, and (3) by part (a) of Lemma 1, part (c¢) of Lemma 2, and Fi(p,0,0) =
G(u/o). Note that this equation implies that (A-3) fails.

Case 4: p € Ry and ¥, > 0. This case is analogous to case 3 except that we replace part
(a) of Lemma 1 with part (b), part (c¢) of Lemma 2 with part (d), and part (e) of Lemma
3 with part (j).

To conclude the proof of this part, it suffices to verify (3.2) holds strictly for a suitably
chosen sequence {(Py,0x) € PxO1(Px)°} ven. We can consider two cases: lim sup y_, o VN (6 (Pyn)—
6,(Py)) < oo or limsupy_, ..V N (0, (Px) — 6;(Py)) = co. For brevity, we focus on the first

case.

To this end, consider Example 1 with Y = 0, Y = 1, {V;|Z; = 1} ~ Be(1/2), and
Z; ~ Be(l — n(Py)), with 7(Px) = a1/V/N | 0 for any a; € (0,00), which leads to
limsupy .. VN (0. (Px) — 0;(Py)) < co. Consider coverage of Oy = 6;(Py) — aa/V'N €
O7(Py)¢ for any az > 0 using CI3 implemented with by = (InN)/v/N. Then, (A-2)
and (A-4) hold with (0;,04,0,0,p, 1, Y, ¥,,) = (1/2,1/2,1/2,1/2,1,a1,a2, —a1 — az). For
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7 =1,2, we then obtain

—~
~

Jim Py (0 € CI}) = ®(2(az+a1) +G(2a1)) — @ (2a2 — G(2a1))

A
A

® (2(az +a1) + 7' (1 — a/2)) — @ (2a2 — 7' (1 — @/2))

—
w
=

lim Py(fn € CI3), (A-7)
N—o00

where (1) holds by part (a) of Lemmas 1 and 2, (2) by repeating the derivation in (A-5),
and (3) by part (e) of Lemma 3. For concreteness, a; = 1, ag = 1, and a = 0.05 give
im0 Py(On € CIL) = 0.36 < 0.48 = limy_o0 Py (0n € CI3) for j = 1,2. Note that
(A-7) implies that (3.2) holds strictly.

Part (c). These results are shown in the supplementary appendix. m

Proof of Theorem 2. We prove (3.5) by contradiction. To this end, assume (3.5) fails:

lim inf (Py(0y € CIY) — Py(On € CILF)) < 0. (A-8)

N—o0

By possibly taking a subsequence {kn}n>1, the following sequence converges:

\% kN(QU(PkN) - Hl(Pk’N))a \% kN(Ql(PkN) - 9k7N)7 V kN(gkN - (Pk'N))
— (917euaalE70—57pan—llvo—qupI>,uv \Illa \Iju)v
ERXR X [0,7] x [0,7] x [-1,1] x [¢,7] x [o,7] x [-1,1] x Ry x R x R. (A-9)

(ezu%m),eu<PkN>,olE<PkN>,af(PkprE(PkN) H(Piy),0 (Pm <PkN>,>

By Assumption 1, 0 < of and ¢ < o. We then divide the argument into four exhaustive
cases, depending on the possible values of (i, U7, ¥,,). As in the proof of Theorem 1, we note
that O € O7(Py)¢ implies that either (i) ¥; > 0 or (ii) ¥,, > 0. The proof is completed by

showing that none of the following exhaustive cases satisfy (A-8).

Case 1: y = o0 and W; > 0. Then,

—~
[
~

lim Py(0y € CILF)

N—oo

®(@7 (1~ a) ~ Wi/o)’)

A
A

®(@7H(1 - a) — /o)

—
w
=

lim Py(8y € CILY),
N—oo

as desired, where (1) and (3) hold by part (a) of Lemma 1, and (2) by ¥; > 0 and o < of.

Case 2: = oo and ¥, > 0. This case is analogous to case 1 except that we replace part
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(a) of Lemma 1 with part (b).

Case 3: p € Ry and ¥; > 0. By p € Ry and Lemma 4, O'ZE =0k, alI =ol pP =1, and

pl =1. We set o =o! =0l and o = oF = o, Then,

—~
N

lim Py(Oy € CILF) = @ (¥ + ) /o + G(M/UE)) - d (\IIZ/UE - G(u/JE))

N—o0

—~
N
~

H(aEa H, \I,l)

A
[N

H(OJ? M, \I’l)
O (V) + p) /o’ + G(u/o")) — @ (U/0" — G(u/o"h))

lim Py(fy € CILT),
N—o0

—~
N
Nz

—~
ot
=

as desired, where (1) and (5) hold by part (c¢) of Lemma 1, (2) and (4) by H : [g,7] X Ry x
R; — R defined in Lemma 5, and (3) by part (a) of Lemma 5 and oF < of.

Case 4: u € Ry and ¥,, > 0. This case is analogous to case 3 except that we replace part
(c) of Lemma 1 with part (d).

To conclude the proof, it suffices to show that the inequality in (3.5) holds strictly for
suitable sequences of {(Pn,0n) € P x O1(Pn)¢} nen. To this end, consider {(Pn,0n)} nen
that satisfies (A-9) with o < ¢, and either (i) ¥; > 0 or (ii) ¥, > 0. For brevity, focus

on (i), but analogous results hold for (ii).

We now have two cases. If 4 = oo, then the desired strict inequality follows from the
derivation in case 1. The difference with this derivation is that the weak inequality now
becomes strict under ¥; > 0 and o < ¢!. In turn, if u € R, the desired strict inequality
follows from the derivations in case 3. The difference with this derivation is that the weak

inequality now becomes strict under ¥; > 0, 0¥ < ¢!, and part (b) of Lemma 5.

We now illustrate the case with © = oo in the context of Example 1. Within this
example, set Y = 0, Y = 1, {Vi|Z; = 1} ~ Be(1/2), and Z; ~ Be(l — n(Py)), with
7(Py) = a1 € (0,1), which leads to limsupy_, VN (8, (Py) — 6;(Py)) = co. Our goal is
to cover Oy = 0;(Pyn) — az/V/N € ©7(Py)° for some ap > 0. In this context, consider two
estimators for the bounds. The first one is (2.3), which serves as the efficient estimator.
The second one is as in (2.3) but using only the first [az/N | observations of the sample for
any ag € (0,1). This will be the inefficient estimator, as it uses a fraction of the available

sample. Both bounds estimators can be represented as

A A 1 |AN] ] [AN] B
(B:(N), 0u(N)) = (W Z(mﬁﬁl—zi)),m Z(mZﬁY(l—Zi))). (A-10)

i=1 i=1
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For A = 1, we get (élE,éf) = (6,(1),0,(1)), and for A = a3 € (0,1), we get (é{,éi) =
(61(a3),0u(a3)). Finally, we assume the estimators for (o;, o, p) are all obtained by their cor-
responding sample analogs: (6lE, 6E, pF) uses the entire sample (i.e., A = 1), and (&ll, oL ph)
relies only on the first [a3N | observations of the sample, with the standard-deviation es-
timators scaled by \/W By repeating arguments in Example 1, we can verify that
(91 ,Hu 68,68, pF) and (9{,05,6’{, 6L, p1) satisfy Assumption 1. Moreover, we can show

that (A-9) holds with

E E E I I I
(Hlaeuaal yOusP 501,04, P 7”7\Pl7\1/u>

_ (1—@1 1+aq \/l—a% \/1—a% 1—a \/l—a% \/1—a% 1—a
N 2 72 7 2 7 2 l4a’ 2az | 2yaz '1+4a;’

+00, ag, —oo).

At this point, we can repeat the derivation in case 1 to get the following:

lim Py(0y € CIVF) &

N—oo

<1>(<1>—1(1 —a) — 2ap/4/1 - a%)

2 q>(q> (1 - a) - 2y/azaz/ 1—a1)

(i) lim PN(HN S Cfolt’l),

N—o0
as desired, where (1) and (3) hold by part (a) of Lemma 1, and (2) by a3 € (0,1). For
concreteness, a; = 1/2, ag = 1, az = 0.3, and o = 0.05 yield limy_,o Pn(0n € CIé’I) =
0.69 > 0.25 = limy_,00 Py (Oy € CIST). m

Proof of Theorem 3. This result follows from part (a) of Theorem 1 and Theorem 2. m

Proof of Theorem 4. To show this result, we construct specific sequences where (3.7) and

(3.8) can occur. We focus on sequences {(Py,0n) € P x O7(Pn)¢} nen s.t.

<ez<PN> W(Px),oF (Py), 02 (Py), p <PN>,a{<PN>,o£<PN>,pI<PN>)
VN(0u(Px) = 6i(Px)), VN (0:(Px) — On), VN (Ox — 0,(Px))

— (elaeuaal 70u 7p » 01 7O-uvpl>,ua ‘I/la\Iju)' (A'll)

E

with U; > 0 and ;o € Ry. By Lemma 4, pf = p! =1 and O‘lE =0, !

I_
, and 0} = 0.

We can construct concrete sequences in the context of Example 1. In particular, we
use Example 1 with Y = 0, Y = 1, {Vi|Z; = 1} ~ Be(1/2), and Z; ~ Be(l — m(Py)),
where 7(Py) = a1/vV/N | 0 for some a; > 0. We consider coverage of Oy = 6;(Py) —
as/V N VN e®o 1(Py)¢ for some ag > 0 and CI3 implemented with the subsample of the data
(Y5, Z) },2 L)‘NJ for A € (0, 1]. In this context, we consider two estimators for the bounds. The
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efficient estimator uses the full sample, while the inefficient estimator uses only a fraction
A =as € (0,1) of the sample. By repeating arguments in Theorem 2, we deduce that (A-11)
holds with

—_

1
2727272

—_
—_

1 1

1, — =
"2 /az’ 2/az

E FE FE I I I
(elaeuaal yOusP 501,04, P 7,“’7\111) = ( ,1,(11,&2).

Part (e) of Lemma 3 then yields

Jim Py (0 € CIZE) = ©(2(az +a1) + 271 (1 — a/2)) — ®(2a2 — D 1(1 — @/2)),

P
®(2y/az(az + a1) + 2711 — a/2)) — ®(2/azas — 7' (1 — a/2)).

lim Py(0y € CIZT) =
N—o0

We now verify the strict inequalities. To obtain (3.7), set a; = ag = 1, a3 = 0.3, and
a = 0.05, which give

lim Py(fy € CIZF) = 048 < 0.81 = lim Py(Oy € CI>7).
N—oo

N—oo
To obtain (3.8), set a; = 0.15, ag = 0.01, as = 0.3, and « = 0.05, which give
lim Py(Ay € CI3F) = 0.963 > 0.958 = lim Py(Oy € CI3T).
N—oo N—o0

This completes the proof. m

Proof of Theorem 5. This result is shown in the supplementary appendix. m

A.2 Auxiliary results

Lemma 1 (CI}). Assume a € (0,0.5) and that (él,éu,ﬁl,&u,ﬁ) satisfies OBS with param-
eter (0;(P),0,(P),0,(P),0u(P),p(P)) and set P. Let F\(5,01,04) : Ry x [0,7] x [0,7] — R
be the unique ¢ > 0 that solves

® (¢ + 0/max{oj,0,}) — P(—c) = 1—«. (A-12)
Consider any sequence {(Py,0n) € P x ©O1(Pn )¢} nen with

( 01(Px), 0u(PN), o1(Px), 0u(Py), p(Px), >
VN(0u(Pn) — 6:(Pn)), VN (0i(Pxn) — On), VN (On — 0,(Pn))

— (01,00, 00,00, p, 11, V1, 0,) ER X R X [0,7] % [0,7] x [-1,1] x Ry x RxR. (A-13)
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Under these conditions, we have the following results.
(a) If ¥; >0,

lim PN(GN € Cfoll) =
N—o0

p {z1 — Fi(200u\/1 — p?> + z1(poy — 07) + p, 01, 04) < _%} N
{2 < 29\/T— p? + 21p + Fi(220u\/1 = p° + 21(pow — 00) + po01,00)} )

where (z1,z2) ~ N (02x1, I2x2).

(b) If ¥, >0,

lim PN(HN S Cfoll) =
N—o0

P ( {3 < 2V/1 = P2+ z1p + Filz20u/1 = 0 + 21(pow — 01) + 1, 01,00)} )

N {z1 — Fi(z20u\/1 — p? + 21(poy — 01) + 1,00, 04) < \I“;—;r”}

where (z1,z2) ~ N (02x1, I2x2).

Proof. We begin by confirming that Fy(d, 0y, 0,) is unique and positive. To this end, note
that the left-hand side of (A-12) is strictly increasing and continuous in c¢. Moreover,
at ¢ = 0, it is equal to ®(§/ max{o;,0,}) — ®(0) < 0.5 < 1 — «, whereas, as ¢ — 0,
lime_s o0 ®(c + 0/max{o;,0,}) — ®(—c) = 1 > 1 —c. This establishes, existence, uniqueness,

and positivity.

Next, we show that Fy : Ry x[o, 7] x[g, 7] — R is a continuous function of its arguments.
To this end, consider any sequence {(dar, oar, Onru) fmen st Hmar oo (0nr, or1, O M) =
(6,01,04) € Ry x[o,7]x[o,d]. Insearch of a contradiction, assume that {F1(Sar, oar1, 0aru) fmren
does not converge to Fi(6,07,0,). Then, there exist A > 0 and a subsequence {kps}rren
such that either Fi(k,,, 0k .00 Oy ) —F1(0, 01, 04) > Aforall M € Nor Fy(8k,,, Okpsts Ohipgu) —
Fi(0,07,0,) < —A for all M € N. We assume the first case, but the argument is analogous
to the other case. Since limp/—yoo(Orr, onrs, M) = (6,01,04) € Ry X [0,5] x [o,5], we
have that ¢, = 0k,,/ max{ok,, 1,0k u} — ¢ = 6/ max{oy,o,}. Here, there are two cases.

Case 1: § < 00, and so p < 00, or case 2: § = p = 0.

Case 1: 6 < oco. Then, IM; € N s.t. |pg,, — | < A/2 for all M > M;. Then, for all
M > M, we reach the following contradiction.

1)
l-a = (I)(Fl((ska Okl Uk‘MM) + SOkM) - (I)(_Fl(ékM’ Okl UkM7u))

)
> ©(A/24 Fi(6,01,0u) + ¢) = B(=A = F1(6,01,0u))
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(3)
> O(F1(6,01,04) + ¢) — ®(=F1(6,01,04))

W, (A-14)

where (1) holds by (A-12) with ¢ = Fi(0k,,, Okpsts Okpru)s (2) BY Fi(Okpss Okipgis Oipgu) —
Fi(6,01,00) > A and |¢g,, — ¢| < A/2, and (3) by A > 0, and (4) by (A-12) with
c=Fi(0,01,04).

Case 2: § = ¢ = oco. In this case, Fi(6,01,0,) = ®71(1 — a) and ¢i,, — oo. By this and
A >0, dM; € N s.t. for all M > My,

DA+ (1 —a)+pp,) —P(-A -3 (1-0a) > 1—a (A-15)
Then, for all M > M;, we have the following contradiction.

1
-« (:) (I)(Fl(ékM’ Okl UkM,“) + 9OkM) - (I)(_Fl((ska Okl Uk‘MKLL))

A
Vo

q)(A + F1(57 al, Uu) + SDICM) - (b(_A - Fl((sa Ol Uu))

—
w
=

DA+ D (1L —a) + pry,) — D(-A — 2711~ )

4
(>) 1—a,

as desired, where (1) holds by (A-12) with ¢ = F1(0k,,, Okp, 1> Okpsu)s (2) DY Fi(Okyy > Okingls Oipgu) —
Fi(6,01,04) > A, (3) by F1(6,01,04,) = @711 — ), and (4) by (A-15).

We now divide the rest of the argument into its parts.
Part (a). Since (0}, 0y, 61, 6, p) satisfies OBS with parameter (6;(P), 0, (P), 01(P), ou(P), p(P))
and (A-13),

(VN (O, —0,(Pn)), VN By — 0u(Px)), 61,60) % (2101, (2281 — p2+219) 0w, 01, 0), (A-16)
where (Zl, 2’2) ~ N(ngl, 12><2). Then,

Pn(Oy € CI))

W p [ VNO=OEN) =6 (VN By = 0),61,64) < VN(ON = 01(Py)) <
N \/N<éu - QU(PN)) + \/N(HM(PN) - el(PN)) + 6—uF1(\/N(éu - él)7a—laé—u)

(E; p 2107 — U[Fl(ZQUu\/ 1— p2 + Zl(pUu — Ul) + M,Ul,Uu) < —Y; <
(e2v/T— 2 + 210)0u + 1+ 0uFi (720ur/T— 2 + 21 (90w — 01) + 1,01, 0)
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® p {Zl_Fl(ZN“mJFZl(PUu—Uz)+M,UZ,Uu) < _%}ﬂ
{_\1/3771‘/1 < 22ﬂ+21p+F1(220um_|_21(p0.u _O_l) + 4, O'Z,O'U)}

as desired, where (1) holds by (2.4) and (2.5), which give ¢! = F1 (VN (0, — 6;),61,64), (2)
by (A-13), (A-16), the continuity of Fy(d, 0y, 0,), and the CMT, and (3) by 07,0, > o > 0.

Part (b). This argument is analogous to part (a), and it is thus omitted. m

Lemma 2 (CI2). Assume a € (0,0.5) and that (8;,0.,61,64,p) satisfies OBS with pa-
rameter (0;(P),0,(P),0;(P),04(P),p(P)) and set P. Consider any sequence {(Pn,0n) €
P x GI(PN)C}NGN with

( 01(Px), 0u(PN), o1(Px), 0u(Py), p(Px), >
VN (0, (Pxn) — 0,(PN)), VN(0,(Py) — On), VN(On — 0,(Pn))

— (01,00, 00,00, p, 11, ¥, ¥,) ER X R X [0,7] X [0,7] x [-1,1] x Ry x RxR.  (A-17)
Under these conditions, we have the following results.
(a) If p = o0 and ¥; >0,
Jim Py (fy € CI?) = ®(@ Y1 —a)—T/0).
(b) If p =00 and ¥, >0,
Jim Py(fy € CI?) = ®(@ (1 —a)—V,/0,).
(c) If p € Ry and V; >0, then oy =0, =0, p=1, and
Jim Py (0 € CI;) = ®((¥1+p)/o+Gu/0) = @(Vi/o = G(u/o)),

where G(y) : Ry — Ry is as defined in Lemma 5.

(d) If n € Ry and ¥, >0, then oy =0y =0, p=1, and
Jim Py(On € CI3) = (W +p)/o + Gu/0)) = @ (V)0 — G(p/0)),

where G(y) : Ry — Ry is as defined in Lemma 5.
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Proof. Let Cs : Ry x [0,5] x [0,5] x [~1,1] = R? be the following correspondence:

(c1,cu) ER?E 5ot
Cy(8,01,0u,p) = PH{—ag <zn}n{pz1 <cy+0/oy+/1—p?z}) > 1—a and ;,
P{—c—6/o1+ /1 —p*22<pzxn}n{z <c}) > 1-q,
(A-18)
be the following

where (21, 22) ~ N(02x1,Iax2), let Sy : Ry x [0,7] % [o,7] x [-1,1] = R?
(A-19)

minimizer correspondence:
(o1 + oucy),

arg min
(Clvcu)eCZ (670'1 aa'uvp)

52(57 01,0y, p)

and let Fy = (Fyy, Foy) @ Ry x [0,5] X [0,5] x [-1,1] — R? be the choice in Sy used to
implement CI2. By (2.6) and (2.7), we have that ¢ = Fo(v/N(0y — 0;), 61,64, ).

We now study the continuity properties of F5. For our purposes, it suffices to determine

the limit of { F2(0ar, 01,1, 0w, )} mren for two types of sequences {(dar, oari, Onius PM) Faren:

(i) those converging to (0o, 0y, 0y, p) With (07,04, p) € [0,7] X [g,7] x [—1, 1] and (ii) those

converging to (8,0, 0,1) with (3,0) € Ry x [o,7].
First, consider {F2(5M, UMJ, O’M,u, pM)}MeN fOl“ limM_,oo((SM, UMJ, UM,u; pM) = (OO, O]y Oqy p)

and (o7, 04, p) € [0,7] X [0,7] x [-1,1]. It is not hard to verify that

{(cr,cu) €R? s, ®(¢) >1—a and ®(c,) >1—a},

Oé), q)il(l - a))}v

= (@0~
= (@71 —-0a),® (1 -0)).

02(007 T, Oy, p)

S2(007 01, 0u, p)

F2(007 01, Oy, p)
Furthermore, part (a) of Lemma 7 shows that C5 is continuous at (4, 07, 0y, p) = (00, 07, Ow, p).
Then, Lemma 9 shows that Fy is continuous at (J, oy, 0y, p) = (00, 07, 04, p), i.€.,
= (@ '1—-a),® (1 -a)). (A-20)

lim F2(5M,UM,I7UM,u7PM)
(5M701»1,110M,u,PM)—>(00701 0wspP)

Second, consider {F>(dar, oar1, Onus pr) faren for imps o0 (00r, a0, o, p1r) = (0,0,0,1)

and (0,0) € Ry x [g,5]. It is not hard to verify that
d/o) > 1—« }

(ci,cu) €ER? st
O(cy+9d/0) —P(—¢) > 1—a and P(cy) — P(—¢ —

Cy(d,0,0,1) = {
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In turn, Lemma 6 shows that
S2(0,0,0,1) ={(G(6/0),G(6/0))} and Fz(0,0,0,1) = (G(§/0),G(d/0)).

Furthermore, part (b) of Lemma 7 shows that Cy is continuous at (4, oy, oy, p) = (6, 0,0,1).
Under these conditions, Lemma 9 shows that Fj is continuous at (9, oy, 0y, p) = (0,0,0,1),

i.e.,

lim Fa(Sar, 0000, 0ars par) = (G(8/0), G(5]07)). (A-21)

(000 M, 1,0 M usPM ) —(0,0,0,1)

We now divide the rest of the argument into its parts.

Part (a). Since (él, O, 51, Gus p) satisfies OBS with parameter (6;(P), 0, (P),o;(P),ou(P), p(P))
and (A-17),

(VN — 0:(Px)), VN (0 — 0,(Px)), 61,60, p) = (2101, (228/1 = p2 + 219)0u, 01, 0, p),
(A-22)
where (21, 22) ~ N(02x1,I2x2). Then,

Pn(0x € CI?)

O p. ( VN0, — 0,(PN)) — 61521 (VN (0 — 6)),61, 64, p) < \/N(QN - ?I(PN)) < )
\/7(0 - 9 ( )) + \/>( (PN) - QI(PN)) + 5'uF2,u(\/N(9u - el)a&l76uaﬁ)

(32 P(z107 — 0'[@71(1 —a) < =)

—~
=

= ‘I)((I)_l(l — a) — \I/l/Ul),

as desired, where (1) holds by (2.6) and (2.7), which give ¢2 = Fy(vV'N (8, — 6,), 61,64, p),
(2) by (A-17), (A-20), (A-22), u = oo, and the CMT, and (3) by 07,0, > ¢ > 0 and
Z1 ~ N(O, 1).

Part (b). This argument is analogous to part (a) and it is therefore omitted.

Part (c). Since (0, 0,, 61, 64, p) satisfies OBS with parameter (6;(P), 0y (P), o1(P), ou(P), p(P))

and (A-17), (A-22) holds. Moreover, by Lemma 4, 0; = 0, and p = 1. We set 0 = 07 = 0y,.
Then,

PN(QN € CIO%)

) PN( VN (6, — HZ(PN))—51F21(\/N(éu—éz),5z,6u7ﬁ)SW(QN—?I(PN))S )
VN 0y — 04(Px)) + VN (0u,(Pn) — 01(PN)) + 6uFou(VN(0u — 6,), 61,6, )
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(32 P(oz1 —o0G(p/o) < =V, < z10+ p+ 0G(u/o))

O (¥ +p)/o+Gp/o)) — @ (Vi/o - G(u/0)),

Iz

as desired, where (1) holds by (2.6) and (2.7), which give ¢2 = Fy(vV/N(0y — 6,), 61,64, p),
(2) by 0 =07 = oy, p =1, (A-17), (A-21), (A-22), and the CMT, and (3) by 0 > o > 0
and z; ~ N (0,1).

Part (d). This argument is analogous to part (c), and it is thus omitted. m

Lemma 3 (CI3). Assume a € (0,0.5) and that (6;,0y,61,64,p) satisfies OBS with pa-
rameter (0;(P),0,(P),0;(P),04(P),p(P)) and set P. Consider any sequence {(Pn,0n) €
P x @I(PN)C}NEN with

01(Px), 0u(PN), 01(PN), 0u(PN), p(Px), VN (0u(Pn) — 6i(Py)), .
VN (0.(Pn) — 6/(Pn) = bn), VN (6,(Pn) — 6n), VN(0n — 6u(Px)),

(elaeuya-laau’palféana\Ijlv\Pu) € RxRx [Q7E] X [Q,E] X [_17 1] X IS&Jr xR xR xR
(A-23)

Finally, assume that {bx}nen satisfies by — 0 and bnVN = oo. Under these conditions,

we have the following results.
(a) If p =00 and U; > 0, then

lim inf Py (0 € CI3) > (@ (1 —a)— /o).
—00

(b) If w=00,n=0, and ¥; > 0, then oy =0, =0, p=1, and

limsup Py(fy € CI3) < ®(®71(1—a/2)—¥,/0).

N—oo
(c) If w =00, n € (0,00], and ¥; >0,

lim Py(y € CIZ) = ®(@71(1—a)—T/a).

N—o0
(d) If p = 00, n € [—0,0), and V; >0, then oy =0, =0, p=1, and

Jim Py(fy € CI3) = (@ (1 —«/2) — U;/0).
—00
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(e) If p € Ry and Uy >0, then oy =0, =0, p=1, and

Jim Py (0 € CI3) = (U +p)/o+@'(1-a/2) —@ (V)0 — 7' (1 —a/2),

(f) If p = o0 and ¥, > 0, then

liminf Py (0 € CI3) > ®(® 1(1-a)—T,/0,).
—00

(9) If pu =00, =0, and ¥,, >0, then oy =0, =0, p=1, and

limsup Py(On € CI3) < ®(@7H(1—a/2) - ¥,/0).

N—o0
(h) If p = 00, n € (0,00], and ¥, > 0,

lim Py(fx € CI3)

N—oo

(@1 —a)— U, /0,).

(i) If p = 00, n € [—0,0), and V,, >0, then oy =0, =0, p=1, and

lim Py(fy € CIZ) = ®(@ 11— a/2)—¥,/0).

N—o0
(G) If n € Ry and ¥, >0, then oy =0y =0, p=1, and

lim Py(Oy € CI3) = @ (T +p)/o+ 07 (1—a/2)) =@ (/o — 271 (1 — a/2)),

N—oo

Proof. Let C3: Ry x R x [0,5] x [¢,5] x [~1,1] = R? be the following correspondence:

C3(01, 02,01, 04, p)

(c1,cu) ER?E 5ot

= P{—c <z} N {pz1 <cy+011[02 > 0]/oy + /1 —p?22}) > 1—«aand p,
P({—Cl—(511[52>0]/0’l+\/1—p222§p2:1} N {21 §cu}) > 1—aq,
(A-24)

where (21, 22) ~ N (02x1,I2x2), let S3 : Ry x R x [0,7] x [0,5] x [-1,1] = R? be the

following minimizer correspondence:

S3(01, 02,01, 0u,p) = arg min (o101 + oucy), (A-25)
(c1,cu)€C3(81,02,01,0u,p)

and let F3 = (F3;,F3,) : Ry x R x [0,7] x [¢,5] x [~1,1] — R? be the choice in
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S3(81, 62,07, 0, p) used to implement CI3. By (2.8), (2.9), and Lemma 11, we have that

¢t = F3(V/N(0y — 0,),VN(0, — ) — VNby, 61,64, p) as

Part (a). We first show that (c;,c,) € C3(61,02, 01,04, p) satisfies ¢;, ¢, > ®71(1 — a) > 0.
To show this for ¢;, note that the first constraint in (A-24) implies that

P(—¢q<z) > P{—a <z} N {pz1 <cy+ 012 >0/on+V1—p?22}) > 1—a,

which implies ¢; > ®~1(1 — ). In turn, note that ®~1(1 —«) > 0 by a € (0,0.5). A similar
argument using the second constraint in (A-24) implies that ¢, > ®~!(1 — a) > 0. Since
F3(01, 62, 01,00, p) € S3(01,02, 01, 0u, p) € C3(01, 02, 01, 0, p),

F3 (VN By — 0,), VN (b — 0) — VNbx, 61,60, p) >

)

> o 1(1-a)
F3 u(\/ﬁ(éu - él), \/N(éu - él) - \/NbNa a'lva-ua ﬁ) >

d
711 - a). (A-26)

Since (6;,0., 61, 64, p) satisfies OBS with parameter (6;(P), 0, (P),o;(P),ou(P), p(P))
and (A-23),

(VN6 — 6,(PN)), VN By — 0u(PN)), 61,60, ) = (2100, (22V/1 = p? + 219) 0w, 01, Tus p),

(A-27)
where (21, 22) ~ N(02x1,I2x2). Then,
Pn(0y € CI3)
: VN6, = 01(Px)) = 61F3; (VN (By — 6,), VN (8 — 6, — by), 61,60, )
D py| < VN(Oy — 6;(Py)) < W(é — 0,(PN)) + VN(0,(Pn) — 0;(Pn))+
GuFs(VN (B — 00), VN (B — 0, — by), 61,60, p)
@ VNG = 6i(Py)) — 1@ (1 — a) < VN(On — 6i(Py)) <
> Py VN(0y — 0,(PN)) + VN (0. (Py) — 6i(Py))+
GuF3u(VN (0, — 0), VN (0, — 0, — b)), 61,54, )
@ P (zlcrl — UZ<I>_1(1 —a) < —\Ifl)
W @ 11— a) - ¥ /0), (A-28)

where (1) holds by Lemma 11, (2.8), and (2.9), which give ¢® = F3(vN(0, — 6;), VN (0, —
él) - \/NbN75-l70A-uaﬁ) a.8., (2) by (A_26)7 ( ) by (A_23)7 (A_26)a (A_27)7 H = 00, and the
CMT, and (4) by 0y > ¢ > 0 and 21 ~ N(0,1). The desired result is implied by (A-28).

Part (b). Note that N (0,(Px) — 6;(Px) —by) — 7 = 0 and by — 0 implies 6, (Py) —
0;(Pn) — 0. Lemma 4 then 1mphes that (A-23) holds with (07,04, p) = (0,0,1) for some
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o€ log,aq].

We now derive the desired limiting result. It suffices to show that, for any € > 0,

limsup Py(Oy € CI3) < &(@L(1 - a/2) + ¢ — /o). (A-29)

N—oo

To see why, note that the desired limit follows from (A-29) as ¢ | 0. To this end, we fix
€ > 0 arbitrarily for the remainder of this part.

Since (0}, 04,67, 64, p) satisfies OBS with parameter (6;(P),0,(P),o;(P),ou(P), p(P))
and (A-23),

(VN6 — 0,(Px)), VN By — 04(PN)), 61,60, ) = (z0,z20,0,0,1), (A-30)

where z ~ N (0, 1).

Next, we introduce some definitions. Define Ay = {(f, — ;) > by}. Let Cp: [-1,1] =

R? be the following correspondence:

(ci,cu) €R? s,

Co(p) = PH{— <z} N {pz1 <cu++1—p?2}) > 1—aand ;,
P{—a+v1-p*22<pat N {zn<c}) 2 1-q

where (z1,22) ~ N(02x1,I2x2), let So : [0,7] x [o,7] x [~1,1] = R? be the following

minimizer correspondence:

So(or,0u,p) = arg min (o + oycy), (A-31)
(e1,eu)€Co(p)
and let Fy = (Foy, Fou) : [0,0] % [0,5] x [-1,1] = R? be the choice in Sy(o;, 0y, p) used to
implement C'I3 when A, occurs. By repeating arguments in part (b) of Lemma 8, it follows
that Cp is continuous at p = 1. Also note that Sy(o,0,1) = {(2~1(1—a/2),® 1 (1—/2))}.
Then, by repeating the arguments of Lemma 10, we obtain that Fj is continuous at (o, 0, 1)
and Fy(o,0,1) = (®71(1 — a/2),®71(1 — a/2)). By this and (A-30),

Fo(61,6u,0) = (27'(1 - a/2),97'(1 - a/2)). (A-32)
Let Cy be defined as in (A-18), Sy be defined as in (A-19), and Fy» = (Fyy, Foy)
Ry x [g,7] x [0,7] x [-1,1] = R? be the choice in Sy used to implement C'I3 when Ay

occurs. Recall from Lemma 7 that Cy in (A-18) is continuous at (00,0, 0,1). Also, note
from the definition in (A-19) and Lemmas 5 and 6, we obtain S3(c0,0,0,1) = {(®~1(1 —

33



a),® (1 — «))}. From this and Lemma 9, it follows that F% is continuous at (co,0, 0, 1)
and Fy(00,0,0,1) = (®71(1 — a),®" (1 — «)). By this and (A-30),

FQ(\/N(HU - el)ya-la 6u»16) £> ((I)_l(l - a)a (I)_l(l - Oé)) (A‘33)

Next, define Ex = {F3;(V N0y — 01), VN By — 0; — bx), 61,60, p) > D11 — a/2) + €}
By construction,

F31(VN(By — 0;), VN (0, — 0, — by), 61,64, p)
== FQ}[(\/N(@U - 9[)76776-’!“[)) X I{AN} + FO,l(&h&u?ﬁ) X I{Aﬁ\f} . (A_34)

Then,

PN(EN) = PN(ENQAN)—FPN(ENQA?V)
{ Py({Foi(VN By — 61),61,60,p) > ® 11— a/2) + e} N Ax) }

—~
—_
N

+PN({Fo(61,6u,p) > @71 (1 — @/2) + €} N Af)
PN(FQ,I(\/N(éu - él)a a-la a-uaﬁ) > q)_l(l - a/2) + 6)
+PN(F071(6l,&u,pA) > (I)fl<1 — CV/Q) + 8)

@, (A-35)
where (1) holds by (A-34) and (2) by (A-32) and (A-33). To complete the proof, note that

Pn(0y € CI3)

VN0 — 01(Px)) — 61F3 (VN (0 — 0,), V' N0y — 01 — by), 61,6, p)
= Py | < VNN - el(PN)) < \F(é Gu(PN)> + VN (0u(Pn) — 0:(Pn))+
PMVN@f@GWDfﬁ&K¢7( o)

—~
N

u - 91 - bN),O'l,O'u,p)

AT IA

Py(VN (0, — 0,(Py)) — 61(27 (1 — a/2) + €) < VN(Oy — 6,(Pn))) + Pn(En)

O o@1(1—a/2) +e— U /o),

where (1) holds by Lemma 11, (2.8) and (2.9), (2) by definition of Ey, and (3) by (A-30)
and (A-35). This derivation implies (A-29), and concludes the proof of this part.

Part (c). We divide the analysis into two cases.

Case 1: 7 € (0,00). By V'N(0u.(Pn) — 6;(Py) — by) — n € (0,00) and by — 0, we
conclude that 6, (Px) — 6;(Pn) — 0. Lemma 4 then implies (0;(Pn), ou(Pn), p(Pn)) —
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(0,0,1) with o € [g,7].
We now study the continuity properties of F for any sequence {(dar,1, 00,2, 015 O My PM )} MeEN
with imas—e0(0ar,1, 00,2, Or 15 OMu, pM) = (00,7, 0,0,1). By evaluating in (A-24), we get
Cs3(00,m,0,0,1) = {(a,cu) € R? s.t. ®(c;)) > 1—aand ®(c,) > 1— al.

In turn, Lemma 6 shows that

53(0077770707 1) {( ( )7@71(1_(1))}
Fy(00,n,0,0,1) = (2711 —a),® (1 -a)).

Furthermore, part (a) of Lemma 8 shows that Cj is continuous at (01,02,07,04,p) =
(00,7, 0,0,1). Under these conditions, Lemma 10 shows that F3 is continuous at (d1, d2, 07, 0y, p) =

(00777707 g, 1)7 Le

lim F3(601,1, 00,2 00 O o) = (@711 =), @71 (1 — o).
(00,100,250 M, 1,0 M u>PM ) —(00,0,0,0,1)
(A-36)

Since (6;,0., 67, 64, p) satisfies OBS with parameter (6;(P), 0, (P),o;(P),ou(P), p(P))
and (A-23),

(VN(@, — 0,(Pn)), VN(y — 04(PN)), 61,60, p) > (20,20,0,0,1), (A-37)
where z ~ N(0,1). Then,

Pn(Oy € CI3)

) VN (O — 01(Px)) — 61F31(VN (0 — 0,), VN (0 — 0, — bn), 61,60, )
Y py | <Ny - el<PN>>s\F N (6.~ 0u(P >>+f (6(Pn) — 6,(P))+
O'uF3,u(\/7(é ) \/7( _gl )70176U7ﬁ)

@ o1 - a) - W /0), (A-38)

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give ¢ = F5(v/N (6, —
0)), VN0, — 0, — by), 61,64, p) as., and (2) by (A-23), (A-36), (A-37), and the CMT.

Case 2: n = co. We now study continuity properties of F3 for any convergent sequence

{(6a1,1,001,2, 001,05 Odr s P ) aren With imias o0 (6ar,1, 01,2, O0L15 Oty PM) = (00,00, 07, 0, p)
with (07,04, p) € |0,0]) X [g,7] X [-1,1]. By evaluating in (A-24), we get

C3(00,00,07,04,p) = {(c1,¢cu) € R? s.t. ®(¢;) > 1—aand ®(c,) > 1— al.
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In turn, Lemma 6 shows that

Sg(O0,00,0’l,O'u,p) = {((I)il(l_a)vcﬁil(l_a))}
F3(00,00,00,04,p) = (@711 —a),® (1 -a)).

Furthermore, part (a) of Lemma 8 shows that Cj is continuous at (01,02,07,04,p) =
(00, 00,07, 0y, p) With (07,04, p) € [g,7] x [g,7] X [-1,1]. Under these conditions, Lemma

10 shows that Fj is continuous at (01, d2, 07, 0y, p) = (00, 00, 07, 0w, p), 1.€.,

lim F3(00,1, 00,2, 005 Ot pra) = (@71 (1=a), @7 (1-a)).
(004,150,250 M, 10 M usPM )~ (00,00,01,0u,p)
(A-39)

Since (0, 04,67, 64, p) satisfies OBS with parameter (6;(P),0,(P),o;(P),ou(P), p(P))
and (A-23),

(VN6 — 0,(PN)), VN 0y — 0u(PN)), 61,60, ) = (2100, (22V/1 — p? + 219) 0w, 01, Tus p),

(A-40)
where (21, 22) ~ N (02x1,Iox2). Then,
Pn(Oy € CI3)
X VN0, — 0,(PN)) — 61F3 (VN (0 — 0,), VN8, — 01 — by), 61,5, p)
) Py | <VN(@x —0,(Py)) < \/>(t§ — 0u(PN)) + VN(0u(Py) — 0/(Pn))+
GuFsu(VN By — 01), VN (0, — 0, — bx), 61,64, p)
® o@1(1-a) - W/0), (A-41)

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give ¢ = F5(v/N (6, —
0)), VN (0, — 0, — by), 61,64, p) as., and (2) by (A-23), (A-39), (A-40), and the CMT.

Part (d). We now show that 6, (Py)—6;(Pn) — 0. To see this, note that we have two cases:
n € (—00,0) or n = —oo. If n € (—00,0), VN(0,(Py) — 0;(Py) — by) — n € (—00,0).
By this and by — 0, we get that 6,(Pn) — 6;(Py) — 0. If n = —00, 0,(Pn) — 6;(Pn) <
—1/V/N + by for all sufficiently large N. By this, 6,(Py) — 6;(Pyx) > 0, and by — 0,
we get that 6,(Py) — 6;(Py) — 0. Since 6,(Pyn) — 6;(Pn) — 0, Lemma 4 then implies
(o1(PN),0u(Pn), p(PN)) = (0,0,1) with o € [g,7].

We now study the continuity properties of F3 for any sequence {(dar,1, 00,2, 0,15 OMus PM )} MeEN

with limps—e0 (01,1, 00,2, OM 0 Oy M) = (00,1, 0,0,1). By evaluating in (A-24), we get

Cs(00,m,0,0,1) = {(cj,cu) €ER? s6. P(—y <21 <¢ey) > 1—a}.
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In turn, Lemma 6 shows that

53(007777 g,0, 1) = {(@71(1 - 04/2), (I)il(l - Oé/2))}
Fy(co,n,0,0,1) = (711 —a/2),o (1 —a/2)).

Furthermore, part (a) of Lemma 8 shows that Cj is continuous at (01,02,0,04,p) =

(00,7, 0,0,1). Under these conditions, Lemma 10 shows that F3 is continuous at (31, d2, 07, 0y, p) =

(00, m,0,0,1), ie.,

lim F3(000,1, 00,2, 00 OMu pra) = (@71 (1—a/2), @71 (1—a/2)).
(6a1,1,001,2,0 M 1,0 M, usP M) —(00,1,0,0,1)
(A-42)

Since (0,04, 67,64, p) satisfies OBS with parameter (6;(P),0,(P),o1(P),ou(P), p(P))
and (A-23),

(VN(@@ — 0,(Px)), VN(By — 04(PN)), 61,60, p) > (20, 20,0,0,1), (A-43)
where z ~ N(0,1). Then,

Pn(Oy € CI3)

" VN (0 — 6(Px)) — 61F3 (VN (04 — ), VN (00 — 00 — b)), 61,6, )

Y py | <Ny - 0,(Py)) < \F(é — 0u(PN)) + VN(0u(Py) — 0,(Px))+
6uF3.u(VN By — 0)),VN(by — 0, — by), 61,60, D)

@ o1 - a/2) - /o), (A-44)

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give ¢3 = F3(vN (6, —
0)), VN (0, — 0, — by), 61,64, p) as., and (2) by (A-23), (A-42), (A-43), and the CMT.

Part (¢). By VN(0,(Pn) — 6;(Py)) — 1 € Ry and by — 0, we conclude that 6,(Py) —
0;(Py) — 0. Lemma 4 then implies (0;(Py),04(Pn),p(Pn)) — (0,0,1) with o € [g,5].
Also, by v Nby — 00, we conclude that v/N(6,(Py) — 6;(Px) — by) — —oo.

We now study the continuity properties of F3 for any sequence {(dar,1, a2, 15 OMus PM) } MeEN
with Bmas—eo(das,1, 00,2, 001, OMus p) = (pt, —00,0,0,1) with (u,0) € Ry X [¢,5]. By
evaluating in (A-24), we get

Cs(p, —00,0,0,1) = {(c,cy) €ER? st. P(—q <21 <¢,) > 1—a}.
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In turn, Lemma 6 shows that

SS(:u’a —-—&0,0,0, 1) = {(@71(1 —06/2),(1)71(1—&/2))}
F3(M7—0070a07 1) - (q)il(l_a/z)vcbil(l_a/z))'
Furthermore, part (a) of Lemma 8 shows that Cj is continuous at (01,02,07,04,p) =

(1, —00, 0,0, 1). Under these conditions, Lemma 10 shows that F3 is continuous at (d1, d2, 07, 0y, p) =

(1, —00,0,0,1), i.e.,

lim F3(00,1, 00,2, 00 0rt pra) = (@71 (1—a/2), @7 (1-a/2)).
(6a1,1,001,2+0 M ,1,0 M w00 ) — (14, —00,0,0,1)
(A-45)

Since (0, 0., 61,6, p) satisfies OBS with parameter (6;(P), 0, (P),o;(P),ou(P), p(P)) and
(A-23),

(VN(0, — 0:(Px)), VN (0 — 0u(P)), 61,6, ) > (20, 20,0,0,1), (A-46)
where z ~ N (0,1). Then,

Pn(Oy € CI3)

VN, — 0,(Px)) — 61F31(V'N 8y — 01), VN (8, — 6, — bn), 61,6, p)
Py | <VN(Oy —0/(Pn)) < VN(y — 0u(Px)) + VN(Ou(Prn) — 0,(Py))+
(}uF?),u(\/N(éu - él)y \/N(éu - él - bN)a &la &uvﬁ)

Ploz—0® ' (1—a/2) < -V < zo+p+00 (1 —a/2))

—~
[
~

&

—
=

= @ (U +p)/o+@ H(1—a/2) -2 (V)0 — 21— a/2),

as desired, where (1) holds by Lemma 11, (2.8), and (2.9), which give ¢} = F3(v/N (6, —
0), VN (0y — 0, — by), 61,64, p) a.s., (2) by (A-23), (A-45), (A-46), and the CMT, and (3)
by o > o >0 and z ~ N(0,1).

Parts (f)-(j). These are analogous to those in parts (a)-(e), respectively, and are thus omit-
ted. m

Lemma 4. Let (0,0, 61,64, p) satisfy OBS with parameters (0;(P), 0y (P),01(P), ou(P), p(P))
and P. Then, for any sequence of distributions {Pn}n>1 that satisfies

Gu(PN) — QI(PN) — 0, (A—47)
(p(Pn),01(PN),0u(PN)) — (p,o1,0u) € [-1,1] X [g,5] X [a,5], (A-48)
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we have that p =1 and o7 = oy.

Proof. By (A-47), we can construct a subsequence {ky}n>1 of {N}n>1 s.t. VN (0u(Pry) —
0;(Py,)) — 0. Construct the subsequence recursively as follows. First, set k; = 1, and
so Pp, = P;. Next, for any N € N with N > 1, find ky € N s.t. ky > kny—; and
|V N(0u(Pry) —0;(Pry))| < 1/N. (This is always possible because of (A-47)). By repeating
this construction iteratively, and taking limits as N — 0o, we get /N (0 (Pry ) —01(Pry)) —
0. Next, consider the sequence {ZBN} N>1 with ]5N = P, . By construction, we get

VN (6u(Py) — 6i(Py)) — 0. (A-49)

Since { Py} n>1 is a subsequence of { Py} y>1, (A-48) implies that

(p(PN)val(PN)aau(PN)) — (pvalvau)' (A‘50)

To complete the proof, it suffices to show that p =1 and o; = oy,.

First, note that OBS applied to {Py}n>1 and (A-50) imply
0, — 6,(P 2 ’
N At B P NGO R (A-51)
0, — 0. (PN) P10y, o2

Let Zy = VN(0; — 6,). Then, consider the following derivation.

Zy = VN0 — 6,(Px)) = VN(Ou — 6u(Pn)) = VN (0u(Px) — 6i(Px))
4 7~ N(0,07 + 02 — 2p010,). (A-52)

where the convergence holds by (A-49) and (A-51). By OBS, Py(Zy < 0) = Py(6; < 6,) =
1. This and (A-52) then imply that o7 + 02 — 2pay0,, = 0 or, equivalently,

(07— 0u)? = 2(p—1)oy0. (A-53)
To see why, note that (A-52) and 07+ 02 —2poj0,, > 0 imply Pn(Zn <0) — P(Z <0) < 1,
which contradicts Py(Zy < 0) = 1.

We are now ready to conclude the proof. First, note that (A-53), (o7 — 0y)? > 0, and
(p,o1,04) € [-1,1] X [0,7] X [g,7] imply that p = 1. In turn, (A-53) and p = 1 imply that

(07 — 04)? = 0 or, equivalently, o; = 0. ®

Lemma 5. Assume that o € (0,1/2), and let o, > 0 be as in Definition 1. Let H :
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[0,5] x Ry x Ry — R be defined as follows:
H(o,p, ) = (X 1 G(L) - o(L - G(L)), (A-54)
where G(y) : Ry — Ry is implicitly defined as the unique ¢ > 0 that solves
O(c+y)—P(—c) = 1—a. (A-55)
Then, we have the following results.

(a) H(o,pu, V) is weakly increasing in o for all (o,p, V) € [0,7] x Ry x Ry,

(b) H(o,u, V) is strictly increasing in o for all (o, u, V) € [0,7] x Ry x Ri4.

Proof. We first verify that (A-55) has a unique and positive solution. For any y € Ry, let
L(c) = ®(c+y) — ¢(—c) denote the left-hand side of (A-55). Note that L is continuous and
strictly increasing because L'(c) = ¢(c + y) + ¢(—c) > 0. Moreover, L(0) = ®(y) — ®(0) <
0.5 <1—aandlim. o L(c) =1 > 1—a. Thus, by the intermediate value theorem, (A-55)
has a solution. Strict monotonicity gives uniqueness, and L(0) < 1 — « implies that the

solution is positive.

Note that H(o,pu, ¥) is differentiable in o. Therefore, part (a) follows from verifying
that, for all (o, u, V) € [0,7] x Ry x Ry,

OH v
OH(o ¥) - (A-56)
0o
Moreover, part (b) follows from verifying that (A-56) becomes strict when ¥ € (0, c0).
We divide the proof into cases.

Case 1: ¥ = oo. This case implies that H (o, u,00) = 0, and so 0H (o, u, 00) /0o = 0.

Case 2: ¥ < co. Note that

oH(ow)  (HEE+GE) (G +1) i+ 0) +o(% = G) (G4 —v))

do o2

(A-57)
We complete our proof by showing that the numerator of (A-57) is non-positive or, equiv-

alently,

exp (— (£ = G(4))%/2) (¥ =G (L)) > exp (— (2L +G(4)*/2) (G'(E) + Dp+ 1),
(A-58)
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and that this becomes strict when ¥ > 0.
We now divide the analysis into three sub-cases.
Case 2.1: p =0 and ¥ = 0. In this case, (A-58) is equivalent to 0 > 0.
Case 2.2: p=0and ¥ € (0,00). In this case, the strict inequality in (A-58) is equivalent to

(X _G(0)? < (% + G(0))? which, in turn, is equivalent to G(O)% > 0. This follows from

[

G(0)>0and 0 > o > 0.

Case 2.3: u >0 and ¥ € [0,00). As a preliminary result, we now show that

—0(G(5) +5)
(G(5) + 5) +o(=G(5))

To this end, note that for any y € Ry, G(y) satisfies F(y) = ®(G(y) +y) — ®(—G(y)) —
(1 — a) = 0. Since the relationship holds for all y € R, we have that F'(y) =0, i.e.,

< 0. (A-59)

) =

?(G(y) +y)(G'(y) + 1) + ¢(—G(y))G' (y) = 0.

By evaluating on y = u/o with (o, 1) € [0, ] x Ry and solving for G'(u/0), (A-59) follows.
Since G'(£) < 0 (by (A-59)), ¥ >0, and p > 0, we have that ¥ — G'(£)p > 0, and so

(A-58) is equivalent to

G'(E)+)p+ v

L Vtp EV22 L% o E2) > A-
exp (3572 + GNP = §(F - 60)) = =g (A-60)
By combining with (A-59), (A-60) is equivalent to
<g N $(G(E)+E) ) exp (Y 1 L2 4 G()2%tn) s(-G(£)) L
B eG(E)+E)+e(-G(5) o2 1 207 ol o S gaH+ Do) o
(A-61)
To verify (A-61), it suffices to check that:
(U/p) exp (% + L5 + G(4)2LH) > w/p,
$(Gufo) + nfo) exp (B + £ + G(HZEL) > ¢(-G(ufo).  (A62)

Both of these can be shown by algebra and the fact that ¥ > 0, u > 0, G(£) > 0, and
c>ag>0.

Finally, we note that ¥ > 0 further implies that both inequalities in (A-62) hold strictly.
By retracing our steps, this implies that (A-58), (A-60), and (A-61) all become strict in this
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case. m

Lemma 6. For any a < 1/2, § > 0, and o > 0, consider the problem:

i .L.
Jnin (c+cy)o s

D(cy+6/o)—P(—¢)>1—a and P (cy) —P(—¢—6/0)>1— . (A-63)

This problem has a unique solution (cf,c;) = (G(6/0),G(6/0)), where G(y) : Ry — Ry4

is defined in Lemma 5.

Proof. First, we show that ¢}, c;;, > 0. To see why, note that ¢; < 0 implies a violation of
the first constraint in (A-63) and ¢ < 0 would imply a violation of the second constraint

in (A-63). For brevity, we only show the first one. To see this, note that ¢; < 0 implies
O(c, +9/0) —P(—¢]) < 1—-P(—¢) = P(¢f) < ¢(0) = 1/2 < 1 -«

This is a violation of the first constraint, as desired.

By ¢f,c;, > 0 and o > 0, we have that (A-63) is equivalent to

i .t.
le?ulgR(cl +cy) s

O(cy+96/0)+P(;) >2—a and P(cy) + P(c;+0/0) > 2 — a. (A-64)

We focus on (A-64) for the remainder of the proof.

We now show that at any solution (¢}, ;) one of the two constraints must be binding. To
see why, suppose that this is not the case and (¢, ;) minimizes (¢; +¢,) with ®(c, +6/0)+
®(c¢;) > 2 —a and D(¢y,) + P(¢; + /o) > 2 — a. Since P is continuous and the constraints

are slack, we can then find an alternative candidate solution (¢}, &) with 0 < & < ¢f and

0 < ¢, < ¢, that also satisfies the constraints. Since ¢ + ¢;, < ¢ + ¢y, this contradicts that

*

*) was a minimizer.

(cfsc

We now show that the solution is unique. Suppose that this is not the case, and that

~%

(¢}, cy) and (¢, ¢;) are solutions to the problem and (cj,c;) # (&, ¢;,). Let V. =¢f + ¢} =

¢ + ¢, denote their (common) minimized value.
Then, consider ((¢] + &)/2, (c; + ¢;,)/2) as another candidate solution. Note that this

achieves the same minimized value (¢ + ¢;,)/2 + (¢f + &)/2 = V. Then, we have

x4 cyer, 1 (e D(cf) + (e d(er) 3
(I)(cu;—cu_i_(g/a)_'_q)(z;rz) (>) (cj,+6/0) + (Cl)‘; (¢, +6/o) + () S 9

—
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e i+ 2) ®(ct) + P(cf (k) + d(cF O]
(p(cu—;—cu)_i_q)(z‘;‘z +6/0) (>) (ch) + (01—1—5/0)—; (¢h) +@(cf +0/0) S

—aq,

(A-65)

where (1) and (2) hold by ¢}, ¢}, &, ¢, >0 and /0 > 0, ®(z) is strictly concave for z > 0,

and either ¢ # ¢} or ¢, # ¢;;, and (3) and (4) hold because (¢}, c;;) and (], ¢;,) satisfy the

u

constraints. Note that (A-65) implies that ((¢] + ¢&)/2, (¢;, + ¢;)/2) is an optimal solution

where neither constraint is binding (i.e., an interior solution), which is a contradiction.

Next, we show that the unique solution (¢}, ;) satisfies ¢/ = ¢;. Suppose this is not the
case, i.e., ¢f # ;. From here, it is easy to see that ((¢j + ¢})/2, (] + ¢},)/2) is a different
candidate that is feasible and achieves the same minimized value. But this then implies

that the solution is not unique, which is a contradiction.

By combining all previous arguments, we get that the unique solution is (¢}, c};) = (¢, ¢)
with ¢ > 0 that satisfies ®(c+6/0)—P(—c) > 1—a or &(¢)—P(—c—3d/0) > 1—a, one of the
two constraints with equality. We now show that this implies that both hold with equality.
To this end, suppose that the first one holds with equality, i.e., ®(c+0/0) — ®(—c) = 1—au.
This is equivalent to ®(c+6/0)+ P(c) = 2—« or, equivalently, ®(c¢) —P(—c—3d/0) =1—a,
which is the second equality. Finally, we note that the first constraint with equality is

exactly how we define G(d/0), completing the proof. m

Lemma 7. The correspondence Cy : Ry x [0,5] x [0,5] x [-1,1] = R? in (A-18) is
continuous (i.e., both UHC and LHC) at the following values:

(a) (875%5'%[)) = (00,01, 0u, p) with (01,04, p) € [0,7] X [0,7] x [-1,1].

(b) (8,61,6u,p) = (6,0,0,1) with (§,0) € Ry x [0,7].

Proof. Part (a). For any (07, 04, p) € [g,7] %[0, 7] x[—1, 1], consider (8,61, 6u,p) = (00,07, 00, p)-

We first show UHC. Let limps—o0 (901, 0011, Ort,us prr) = (00, 01, 0, p) and (cary, Caru) €
Co(dns onr, Ontyus par) With limpy oo (eary, caru) = (1, cu). By (A-18), (e, emu) €
02(5M7 OM,ly O M,us PM) lmphes

l—«

IN

P({—camy < 21}y N {pmz1 < e+ 0n/onu + /1 — pagz2}) < 1 —®(—cary)

1—a < P({—camy—0m/omg+ /1 —prze < puzi} Nz < enmu}) < Plearu)
(A-66)

Taking limits in both equations in (A-66) as M — oo yields 1 — ®(—¢) > 1 — a and
®(cy) > 1 — . By (A-18), this is equivalent to (¢, ¢,,) € Co(00, 07, 04, p), proving UHC.
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We now show LHC. Let limas—o0(0ar, a1, O, par) = (00,01, 04, p) and fix (¢, ¢,) €
C5(00, 0,04, p). Foreach k € N, set ¢, ; = ¢;+1/k and ¢, = cy+1/k. Then limy_,o0(Cr 1, Chu) =
(cyen), 1 — ®(—Cry) > 1 — o, and P(ék,) > 1 — a. Moreover, for each fixed k € N,

Bmps—o0 (001, 0011, O Mty p) = (00,07, 04, p) and the dominated convergence theorem give

lim P({*ékyl <z}N {,Ole < Cpy + 5M/0'M,u +4/1— p%MZ?}) =1- (I)(*é]w) > 1—a,

M—oco
J‘}igloop({ — Gy — Omfoma+ /1 — Pz < puzi N {z < Ckul) = P(Ghw) > 1—a,

where (z1,22) ~ N (02x1,I2x2). Hence, for each fixed k € N, there exists My € N such
that (¢, Cku) € Co(On,on, Orru, par) for all M > M. Without loss of generality, we
can take M € N strictly increasing in k. Then, for any M € N, proceed as follows. For
M < My, set (cay, cmu) = (00,00). For M € [My, Myy1) with k € N, set (eprr, epmu) =
(Ch1s Cru). By construction, this means that (casy, cvu) € Co2(dn, onr, Oru, par) for all
M € N. Moreover, since M}, is strictly increasing, the index k corresponding to the inter-
val M € [My, My41) satisfies k — oo as M — oo. Therefore, as limy/—o0(car, cru) =
limps—o0(Ck i, €uw) = (c1,¢4). Thus, we have constructed a sequence (cpsi, car,y) satisfy-
ing (carg, caru) € Co(Onr, Onats O, par) With limas oo (cary, caru) = (€15 cu), which proves
LHC.

Part (b). For any (§,0) € Ry x [o,5], consider (5,51,6u,,5) = (0,0,0,1). If 6 = oo, the

result follows from part (a), so suppose that 6 < oo.

We first show UHC. Let limps—o0 (901, 0rs,0, 00wy prr) = (6,0,0,1) and (cari, cau) €
Co(dn, 001, OMus par) With limas oo (Car, caru) = (cr, ¢u). Since § < 0o, we have dy < 0o
for all sufficiently large M. By (A-18), (cari, cvu) € C2(0nr, 0ar 1, O M, par) implies that

P({—cmy <z} 0 {pmzr < ey + 0m/omu + /1 — piyz2}) > 1—aq,
P({ —cmg — Om/omg+ 41— pirze < ple} N{z < cM,u}) > 1-a. (A-67)

Moreover, lims—so0 (001, Oar1, 0N, prr) = (0,0,0,1) and the dominated convergence theo-

rem give

A}igloop({—CM,z < zyN{pmz < emu+ On/omu + /1 = pze}) = ®(cu+6/0) — (—a),

N}igloop({ —cmg — O /oma+ /1 — iz < puz N {z < cmra}) = ®B(eu) — O(—c —6/0),
(A-68)

where (21, 22) ~ N(02x1,I2x2). Combining (A-67) and (A-68) implies that ®(c, + d/0) —
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O(—¢) > 1 —a and P(¢,) — P(—¢ — /o) > 1 — a. By (A-18), this is equivalent to
(c1,¢y) € Co(6,0,0,1), proving UHC.

We now show LHC. Let limy/—oo(das, 0ar1, 0rtu, prr) = (6,0,0,1) and fix (¢, cy) €

C5(d,0,0,1). Foreach k € N, let ¢;; = ¢;+1/k and ¢, = ¢y, +1/k. Then limy_, oo (Cr 1, Cru) =

(ctycu), ®(Ehu+ 2) — ®(—E1) > 1 —a, and ®(Gry) — P(—ry — g) > 1 — a. Moreover, for

ag
each fixed k € N, limps—00(0nr, 0r1,05, M, P1r) = (0, 0,0,1) and the dominated convergence

theorem give

. - - s - 5 -
A}lgloop({—ck,z < zyN{pmz < G+ ourn T/ PArz2}) = P(Chu+2) — B(—éry) >1—a,

lim P({ — Ek,l — Om + 1/1 — p?\/[ZQ < ple} N {21 < Ek,u}) = (I)(Ek,u) - ‘P(—ékjl — g) >1-— (e

M—o0 oM

where (z1,22) ~ N(02x1,I2x2). Hence, for each fixed k¥ € N, there exists My € N
such that (Gxy,¢ku) € Co(Om, oM OMu, par) for all M > M. Without loss of gener-
ality, we can take M} € N strictly increasing in k. Then, proceed as follows for ev-
ery M € N. For M < M, set (camy,cmu) = (00,00). For M € [My, M) with
k € N, set (camy, cmu) = (CrigyCru). By construction, this means that (car,cyu) €
Co(dn, 00, Onus par) for all M € N. Moreover, since M, is strictly increasing, the index
k corresponding to the interval M € [My, My1) satisfies & — oo as M — oo. There-
fore, limps o0 (Car, Crrw) = BMar—oo(€ary 15 Erayu) = (c1,¢u). Thus, we have constructed a
sequence (carr, cmu) € C2(0n, onrt, O, par) With limaroo(eary, cvu) = (¢, ¢y), which
proves LHC. m

Lemma 8. The correspondence C3 : Ry x R x [0,7] x [0,7] x [~1,1] = R? in (A-24) is
continuous (i.e., UHC and LHC) at the following values:

(a) (61,02,51,6u,p) = (00,1, 01,04, p) with (0, 01,04, p) € (R\{0}) X [2,7] x [0,7] x [~1,1].

(b) (81,09,61,6u,p) = (8, —00,0,0,1) with (8,0) € Ry x [0, 7).

Proof. By (A-18) and (A-24), C3(01, 02, 01, 0, p) = C2(611[62 > 0], 01, 04, p) for all (61, 62, o1, 7w, p).
We divide the rest of the argument into parts.

Part (a) Consider (Sla 82, 6l7&u7 ﬁ) = (OO, 1,01, Uuwo) with (T,’ Ol 0u, p) € (R\{O}) X [Q, E] X
[0,5] x [—1,1]. Let {(6ar,1,00,2, 001, M, PM) Fmen be a convergence sequence that satis-

fies (Oas,1, 00,2, O 0, Oy PM) — (00,1, 07, 0w, p) @8 M — 00.

First, suppose that 7 > 0. Then dps2 > 0 for all sufficiently large M, and so dp7,11[0n,2 >
0] = dp,1 — oo. Therefore, for all sufficiently large M, Cs(dar,1,00,2, 001 OM s PM) =
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CZ(5M,17 OM,l50M,u, PM), and 03(007 7,01,0u, P) = 02(007 g1, Ou, P) ThUS, the UHC and
LHC of Cj follow from Part (a) of Lemma 7.

Now suppose that < 0. Then dys2 < 0 for all sufficiently large M, and so dpr11[0nr,2 >
0] = 0. Hence, for all sufficiently large M, C3(dnr,1,00.2, 00115 Oy ) = C2(0, 0015 O, PM)
and C3(oc0,n, 01,04, p) = C2(0, 07, 0y, p).

We first show UHC in this case. Let (cari, cvu) € C3(dn,1, 00,2, 00, OMw, PM) With
lmpr—oo(Crris eru) = (€1, cu). By (A-24), membership implies that, for all sufficiently large
M,

P({—cay < 21y N{pmzr < emru + /1= phr22}) > 1—a,
P({*CMJ +4/1—= p?MZQ <pmz1}Niz < CM,u}) > 1—a. (A-69)

Moreover, the dominated convergence theorem gives

]\}igloop({_cM,l <z} N{pmz < emu+ /1= pi22}) = P{—a <z}n{pz <cu+V1-p?2}),

A}iglooP({—CM,z +4/1=pz0 < puzs} N{z1 <ema}) = P{—a+ V1—p>z < pzi}N{z < cu}),
(A-70)

where (z1,22) ~ N(02x1,I2x2). Combining (A-69) and (A-70) implies that (c¢;,c,) €

C3(0, 01,04, p). Since Cs(oo,n, 07, 04, p) = C2(0, 07, 0y, p), this proves UHC.

We now show LHC in the case with nn < 0. Fix (¢, ¢,) € C3(00,n, 07, 04, p) = C2(0, 07, 04, p).
For each k € N, set ¢; = ¢; + 1/k and ¢, = ¢y + 1/k. Then limy_,o0 (k1 Cru) = (c1, Cu),
and the two defining inequalities for C3(0, 0y, 0y, p) hold strictly at (éx,¢k,). Moreover,

for each fixed k € N, the dominated convergence theorem gives
z\/}gnoop({_ék’l <z} {pmz < ru+ /1 — pir22})
= P({_ék,l < 2’1} N {le < 6k,u + 11— p222}) > 1—a,

and

. ~ 2 ~
A}gnoop({—ck,z +\/1—p322 < puzi} N {2z < Gul)
= P({_ék,l + 1 - p22’2 < pzl} N {21 < Ek,u}) > 1— .

Hence, for each fixed k € N, there exists M}, € Nsuch that (¢4, ¢xu) € C3(0nr,1, 00,2, OM 1 TMu, PM)
for all M > Mj. Without loss of generality, we can take M} € N strictly increasing
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in k. For M < M, set (cyp,cmu) = (00,00). For M € [My, My11) with k € N, set
(e, emu) = (Chy, Cro). By construction, (casi, cavu) € C3(0n,1, 00,25 On gy OMu, pMr) fOr
all M € N. Moreover, since My, is strictly increasing, the index k corresponding to the
interval M € [My, Mj41) satisfies & — oo as M — oo. Therefore, limps_,o0(Cars, Caru) =
(€M, 1> €M) = (€15 ¢y). This proves LHC, completing the proof of part (a).

Part (b). Consider (51,52,&1,&u,ﬁ) = (6, —00,0,0,1) with (§,0) € Ry x [0,7]. Let

lmps o0 (001,15 0012, 0011, O, ) = (6, —00,0,0,1). Since dpr2 < 0 for all sufficiently
large M, dp11{0p2 > 0] = 0 for all sufficiently large M. Therefore, for all sufficiently
large M, C3(da,1, 002,000, Oy pv) = C2(0, 000, 00w, pir) and C3(5, —00,0,0,1) =
C5(0,0,0,1). The UHC and LHC of C5 at this point therefore follow directly from Part (b)

of Lemma 7, applied with 6 = 0. m

Lemma 9. If the correspondence Co : Ry x [0,7] x [0,5] x [~1,1] = R? in (A-18) is
continuous at (8,6;,54,p) and the correspondence Sy : Ry x [0,7] x [0,5] x [-1,1] = R?
in (A-19) is a singleton at (0,6, 6, p), the function Fy : Ry x [0,7] x [0,7] % [~1,1] — R2

that arbitrarily selects a solution from So is continuous at (5,5;, Ty P)-

Proof. This result follows by restricting the second coordinate of the argument in Cs5, S3,

and F3 in Lemma 10 to (0,00]. m

Lemma 10. If the correspondence C3 : Ry x R x [0,7] X [¢,7] x [-1,1] = R? in (A-24) is
continuous at (01,082,571, Gu, p) and the correspondence Sz : Ry xR x 0,7 x[g,T7]x[-1,1] =
R2 in (A-25) is a singleton at (81,02,5;, 6y, p), the function F3 : Ry x R X [0,7] X [o,7] x

[—1,1] — R? that arbitrarily selects a solution from Sz is continuous at (81,0,51, Gy, p).

Proof. We divide the proof into two parts.
Part 1. Show that Ss is UHC at (81, 02, 67, 5, P)-

We prove this by contradiction: we assume that there is {(0ar,1, 00,2, Or15 OMus PM )} MeEN
that satisfies (das,1, 0n,2, Oar, OM s PM) — (51, b, 51, Gu, p) as M — oo, and {(car, ) fvren
with (car, cau) € S3(0n,15 00,2, T a0y O, par) for all M e N with (earg, earn) — (¢f, ¢)
as M — oo, and (¢f,c;) & S3(81, 02,67, 64,p). Since 53(51,52,51,&u,ﬁ) is a singleton,
we have (cf,ct) # (é,&,). Since S3(31,02,61,6u,p) = {(&,¢4)}, we have that (¢,¢,) €
03(51, 89,51, Gu, p). Since C5 is LHC at (51, 02,51, Gu,s p), we can find a subsequence {ks} pren
St {(Oknr 1 Oknr.2s Thng s Thengus Pheag ) M1 WIth (ks 14 Oens 25 Theng ds Thing s Phing) — (01,02, 51, Gy )
as M — oo, and {(Ck,, 15 Chpyu) Fvren With (€00 Gy ) € C3(0kpys 15 Okns .2 Thingils Thingus Phing)
for all M € N with (¢,, 1, Cky,u) = (€1, Cu) as M — oo. We focus on this subsequence for
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the remainder of the part. Along this subsequence, we have

. ~ x| o~k
lim Okpg 1Charl T OkpruChpru = O1C] + OyuCy. (A—71)
M —o0

Since (Ckpy 15 Chinpu) € S3(Okns 15 Oking 25 Thingils Ohing s Phing) S C3(Okps 15 0kps.2> Ohing ls Thingus Phing)
for all M € N, (CkM’l,Cka) S C3<5kM,1a5kM,2aakM,l70'kM,mpkM> for all M € N. Thus, we

have that {(0ky;,1, Okr,2) Tkag s Okag s Phag) szt WIh ML 00 (Okpg, 15 Okay 25 Ohag s g s Py ) =

(517 827 01, Ou, ﬁ) and {(CkM,b CkM,U)}M21 with (CkM,l7 ckM,u) € C3(6k1\4717 6k1\4727 Okl Okpg,us pkM)
for all M € N with limps e (Chy, 15 Chpru) = (¢f, ;). This implies that

lim O'kM,léksM,l"‘o'kM,uékM,u = 01C + TyCy. (A—72)
M—o00

Since C3 is UHC at (51, SQ, oy, 5’u,ﬁ), (Czk, CZ) S 03(51,82,51, &u,ﬁ). By (CT,CZ) S 03(81, 82, oy, &u,ﬁ)
and (cf,ct) & S3(01, 09,61, Gy, p) = {(é1,E4)}, we deduce that

(}lczk + 5ucz > 07C] + 0yCy- (A—73)
By (A-71), (A-72), and (A-73), we deduce that 3M s.t.
Okt lCharl t OkpruChingu > GkMJEkMJ + UkM,uékM,u for all M > M. (A'74)

However, (A-74) contradicts (¢k,, i, Chpru) € S3(Okps 15 Oking .25 Thingils Thingous Phing) A (Chpy 1 Chopgu) €

03(5kM,175kM,2kaM,laUch,mPkM) for all M € N.
Part 2. Show that F3 : Ry xRx [0, 7] %[, 7] x[~1,1] — R is continuous at (81, 02, 57, Gy, f)-

We prove this by contradiction: we assume {(0k,,.1,0k,,.2, Okps 1> Ohkpsus Phing ) MEN Sat-
isfies (Okpy.15 0k ps,2> Oking ls Oking s Phing) — (61,09,51,64,p) as M — oo, but the sequence
{F5(Okps 15 Oking .20 Thingols Ohingous Phipy )} dO€S MOt converge to Fg(Sl,Sg,&l,&u,ﬁ) = (¢,¢y) as
M — oo. By this and the compactness of R2, it follows that there is a subsequence
{anryaren of {kartaren 8-t F3(0ans,150ars,25 Oans ity Tansus Pans) — (¢ ¢y) # (&1, E0) as M —

0o. Since F3 selects from S3, (cf,c;

) is the limit of a sequence with each element in

S3(5GM,17 6(1]»1,27 UaM,l; O-a]\/[,ua pa]u)'

By part 1, S3 is UHC at (51,52,51, Gu, p). This implies that (¢}, ¢}) € S3(81, 02,67, 6us P)-
Since S3(61, 02,51, 6w, p) = {(é1, )}, we conclude that (¢}, cy) = (&, ¢y), which is a contra-

diction. m

Lemma 11. If (él,éu,ﬁl,&u,,ﬁ) satisfies OBS and o € (0,0.5),
P(CIE =0, — 563 /VN, 0, +5uc3/VN]) = 1. (A-75)
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Proof. We first show that (c}, c3) satisfies ¢}, 2 > 0. We only show ¢} > 0, as the proof of

u u

¢3 > 0 is analogous. Suppose that c? > 0 fails, i.e., cf’ < 0. Then,

1
05 ¥ P(—c} < 21)

> P ({—c? <z}n {ﬁzl < b 4 YNOOGub2bn] /7 ﬁ2z2} ’é,, Ou, 61, (}u,ﬁ)
(2)
> 1—aq, (A-76)

where (1) holds by ¢} < 0 and z; ~ N(0,1), and (2) by (2.9). Note that (A-76) contradicts
a < 0.5, which proves the desired result.

Since (él, Oy, 61, Gu, p) satisfies OBS, we have that P(él < éu) =1and 6;,6, > 0. If we
combine these with c? ,c0 >0, we get

P(0; — 616} /NN < 0y 4 64¢3 ]VN) = 1. (A-77)

To conclude the proof, note that (2.8) and (A-77) imply (A-75), as desired. m

A.3 An example that does not satisfy OBS

Example 2. Consider a linear regression model with missing outcome data. In this exam-
ple, {(Y;, Zi, X;) £i1 are i.1.d. from a distribution P, where Y; > 0 is a nonnegative outcome
variable, X; is a scalar regressor with support Sx = {—1,1}, and Z; € {0,1} is a binary
variable that indicates whether Y; is observed (Z; = 1) or not (Z; =0). Assume that these

variables satisfy the following linear regression model:

where § € © = R is the parameter of interest and &; € R is the unobserved regression
residual. The data are not assumed to be missing at random, i.e., Eple;| X, Z;] is not

necessarily zero.

In this framework, Y; is only observed when Z; = 1. Thus, the available data are
the i.i.d. sample {(Y;Z;, Zi, Xi)}I¥.,. The econometric model implies the following moment

inequalities:

@
1420 Y EplYiZi+ (1- Z)YilXi=a] > EplYiZi|X;=1] forzeSx, (A-79)

where (1) holds by (A-78), and (2) by Y; > 0. By evaluating (A-79) at x € Sx = {-1,1},
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we deduce that the identified set for 0 is given by ©1(P) = [0;(P),0.(P)], where 6;(P) =
EplYiZi|X; = 1] = 1 and 0,(P) = 1 — EplY;Z;|X; = —1]. We also assume that P(Z; =
1,X; =) >0 and Vp[Y;Z;| X; = 2] € (0,00) for all x € {—1,1}.

In this context, it is natural to estimate the bounds using sample analogs:

.0, = (SEizdxi= oy S NZIX=—
(Ob) = (BEiBUEsll g - DAL=

Standard asymptotic arguments imply

\/ﬁ(él - HZ(P)aéu - gu(P))

Lz BeVizIXi=) XK= S SN (YZi- BplYiZil Xi=— 1) [{Xi=—1}
B ¥ T {X=1} ’ I3V {X=1)
4 N {09, plYiZ; | J/P( ) ‘
0 VplYiZ; | X; = —1]/P(X; = —1)
(A-80)

It is not hard to wverify that OBS can fail in this econometric model. For example,
consider the case with Ep[Y;Zi|X; = 1] — 1 = 1 — Ep[Y;Z;|X; = —1], or, equivalently,
01(P) = 0,(P), so the model is point identified. Then,

<00 = PO/NG-6(P) < VNG, —0u(P) & 2. (A-81)

where (1) holds by (A-80). Note that (A-81) implies that P(6; < 6,) < 1 for all N large

enough.
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