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Abstract

This document provides results regarding CT2 that were omitted from the main text
in Bugni et al. (2024).

1 Proof of Theorems

Proof of part (¢) of Theorem 1. We prove (3.3) by contradiction. That is, suppose that
lim inf y 00 (Pyn(Oy € CI4) — Py(0y € CIL)) < 0 for some j = 1,2,3. We can then find a

subsequence {ky}nen S-t.

(Piy Oy € CI2) — Pyp (0gy € CI2)) > 0 for some j = 1,2,3. (S.1)

lim
N—oo

The proof is completed by showing that (S.1) cannot hold.
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By possibly taking a further subsequence,

VEN(0u(Pry) = 01(Pry) = by )s VEN(01(Pry) — Ok )s VEN Oy — 0u(Pry))
— (0179’1170770717107 /'L7n7\Ill7\Ilu)‘ (82)

( 01(Piox )+ 0u(Pin ) 91(Piy ) 0u(Pry )y P(Proy )s VEN (0u(Proy) — 01(Prey, ), )

where {by}n>1 is the tuning parameter sequence used to implement C'1T, g

We then divide the argument into six exhaustive cases, depending on possible values of
(p, ¥y, ¥,,). In this regard, note that O € ©;(Py)¢ implies that either (i) vEn(0;(Pry) —
Oky) > 0 or (ii) VEN(Oky — Ou(Pry)) > 0. By taking limits, we conclude that either (i)
U; > 0 or (ii) ¥, > 0. The result is completed by showing that none of the following

exhaustive cases satisfy (S.1).

Case 1: =00, ¥; >0, and n € (0,00]. Then, for any j = 1,2, 3, consider the following

derivation.

1)
PkN (ekN € Clé) > PkN(ekN € Clé’a)

= Poy (01— 61¢(p) /N < Opy < 04+ uc(p)/VEn)

{(VEN (O — 01(Piy)) /61 — c(p) < —VEN(O1(Pry) — Ory ) /6030
Py { ~VEN(O(Pry) = Ory) /50 = VEN (0u(Piy) = 01(Piy))/6u <
\/ﬁ(éu - eu(PkN))/&u + C(ﬁ)

P({z1 = clp) < =Wi/or} N{=(Vi+ p)/ou < 221/ 1 = p* + 21p+ ¢(p)})

P({z1 —c(p) < =¥ /01})
®(c(p) — Vi /o)

(71— a) ~ Ui/oy)

&

—
w
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—
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lim Py, (O, € CI2), (S.3)

where (1) holds by CIa® C CI* with CIZ® = [0, — 61¢(p) /VEN, Bu + 6uc(p)/V/EN] with ¢(-)
as in Definition S.1, (2) by (S.2), Lemma S.1, and OBS (Definition 1), (3) by p = oo, (4)
by Lemma S.2, and (5) by part (a) of Lemma 1, Fy(co,0,0,) = ®71(1 — a), part (a) of
Lemma 2, and part (c) of Lemma 3. Note that (S.3) implies that (S.1) fails.

Case 2: u =00, ¥; >0, and 1 € [—00,0]. By this and Lemma 4, we deduce that p =1 and

o = 07 = 0. Then, for any j = 1,2, 3, consider the following derivation.

Q)
Py (Ory € Clé) > Poy(Ory € Cfé’a)

}



(VEN (O = 0,(Piy)) /61 — ¢(p) < —vVEN(O1(Pry) = Ory) /6130
= P, { —VEN(01(Pry) = Oky)/ 6w — VEN (0u(Piy) — 0(Piy))/6u }
< VEN(Ou — 0u(Pey)) /60 + c(p)
& P({z1 - e(1) < 0, /0))

D Pz — 01— a/2) < —Wy /o))

= (@11 - /2) - T /0)

@ ,

> limsup Py, (0, € CI)), (S.4)

N—o0

where (1) holds by CI3® C CI* with CIa® = [0, — 61¢(p) /VEN, Ou + 6uc(p) /v k] with c(-)
as in Definition S.1, (2) by (S.2), Lemma S.1, and OBS (Definition 1), (3) by Lemma S.3,
and (4) by @ 1(1 — a/2) > & }(1 — a), Lemma 1, Fi(c0,0,0) = ®~ (1 — a), part (a) of
Lemmas 1 and 2, and parts (b) and (d) of Lemma 3. Note that (S.4) implies that (S.1)
fails.

Case 3: u < oo and ¥; > 0. By p € Ry, it follows that 6,(Px, ) — 6;(Px,) — 0. By this
and Lemma 4, we deduce that p = 1 and 0 = 0; = g,. Also, by repeating the argument
in (A-5), we deduce that ®~ (1 — a/2) > G(u/o). Then, for any j = 1,2, 3, consider the
following derivation.

—

P\ (01, € CI3) i) Py (01 € CI2)
{(VEN(B; — 01(Pey)) /61 — c(p) < —VENOI(Pry) — OBry ) /6130
= Py { ~VENO(Pry) = Or) /50 — VEN (Ou(Piy) = 01(Pry)) /6 }
< VEN(Oy — 0u(Piy)) /60 + c(p)

@ p(fz1 — e(1) < W /o) N {=(W + ) /o < 21 + ¢(1)})
2 (W +p)/o+ 71— a/2) ~ B(V1/o — (1~ a/2))

4 )
2 ]\}gnoo PkN(gkN € CI}), (S.5)
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where (1) holds by CIay® C CI* with CIZ® = [0, — 61¢(p) /VEN, Ou + 6uc(p)/VEN] with ¢(-)
as in Definition S.1, (2) by (S.2), Lemma S.1, and OBS (Definition 1), (3) by Lemma S.3,
and (4) by ®~1(1 — a/2) > G(u/o), Lemma 1, Fi(u,0,0) = G(u/o), part (a) of Lemma, 2,
and part (e) of Lemma 3. Note that (S.5) implies that (S.1) fails.

Case 4: 1 = 0o, ¥,, > 0, and 1 € (0,00]. This case is analogous to case 1 and, therefore,
omitted.



Case 5: p = o0, ¥,, > 0, and n € [—00,0]. This case is analogous to case 2 and, therefore,

omitted.
Case 6: u < oo and ¥, > 0. This case is analogous to case 3 and, therefore, omitted.

To conclude the proof, it suffices to verify (3.3) holds strictly for suitably chosen se-
quences {(Py,0n) € P x ©7(Pyx)°}nen. We use Example 1 with Y =0, Y =1, {V;|Z; =
1} ~ Be(1/2), and Z; ~ Be(l — n(Py)), where n(Py) = (InN)/VN +ai/vVN | 0 for
some a; > 0. We consider coverage of O = 0;(Pn) — ag/\/]v € ©7(Py)° for some as > 0
and CI2 implemented with by = (In N)/v/N and the full sample the data (i.e., A = 1).

By repeating arguments presented in the proof of Theorem 2, we deduce that the vector
(01,04, 01,00, P, 11,m, W) = (1/2,1/2,1/2,1/2,1, 00, a1, az), and part (c¢) of Lemma 3 implies
that

lim Py(Oy € CI2) = ®(® (1 — ) — 2V ay). (S.6)
N—o00
In turn, Lemmas 1, 2, S.3, and S.4 imply that

lim Py(fy € CIZ) = &(® (1 —a)—2VAay) forj=1,2,

N—o0

Jim Py (0y € CIY) = (11— a/2) — 2V Aag). (S.7)

The desired result follows from (S.6), (S.7), and ®~*(1 — a) < ®~1(1 — a/2). For instance,
using a; = 1.5, ag = 0.01, and « = 0.05 yields limy_, Pv(On € Cfg) =0.974 > 0.948 =
limpy oo Pn(On € CIL) = limy 00 Py (O € CI2) = limy_ o Py(Oy € CI3). m

Proof of Theorem 5. To show this result, we construct specific sequences where (3.9) and

(3.10) can occur. We focus on sequences {(Py,0n) € P X O1(Pn)¢}nen s.t.

(exPN) W(Px), o (Py),oF(Px), p <PN>,a{<PN>,aﬁ<PN>,pI<PN>)
VN (0u(Px) — 61(Px)), VN (0,(Px) — On), VN (Ox — 04 (Py))

(GI,HU,UZ, u,p O'l, u,p Wy, Uy, (S.8)

E

with ¥; > 0 and p € R,. By Lemma 4, p¥ = p! =1 and O'ZE =0, I

, and O'lI = 0y,

We can construct concrete sequences in the context of Example 1. In particular, we
use Example 1 with Y = 0, Y = 1, {V;|Z; = 1} ~ Be(1/2), and Z; ~ Be(l — n(Py)),
where 7(Py) = a1/vVN | 0 for some a; > 0. We consider coverage of Oy = 6;(Py) —
az/V'N € O7(Py)¢ for some as > 0 and CI? implemented with the subsample of the data
{(Y;, Z)} LiJIVJ for A € (0, 1]. In this context, we consider two estimators for the bounds. The

)



efficient estimator uses the full sample, while the inefficient estimator uses only a fraction
A =as € (0,1) of the sample. By repeating arguments in Theorem 2, we deduce that (S.8)
holds with

1 11
2727272

—_

1 1

1, —
72\/@72\/@7

(9[,HU,O'ZE,O'E,,OE,O'[I,O'{“,OI,/,L, \I/laqlu) = ( 17a17a27_(a1+a2)>‘

Part (b) of Lemma S.4 then yields

lim Py(0n € CIZY) = ®(2(az +a1) + 2711 — /2)) — ®(2a2 — @~ (1 — a/2)),

N—oo

Jim Py (0y € CIM) = o(2yaz(az +ar1) + @711 — a/2)) — ®(2y/azaz — (1 — a/2)).
—00

We now verify the strict inequalities. To obtain (3.9), set a; = ag = 1, a3 = 0.3, and

a = 0.05, which give

lim Py(fy € CIZF) = 048 < 0.81 = lim Py(0y € CIZT).
N—oo

N—oo

To obtain (3.10), set a; = 0.15, ag = 0.01, as = 0.3, and « = 0.05, which give

lim Py(0y € CIZF) = 0.963 > 0.958 = Jim Py (fy c oI,
—00

N—oo

This completes the proof. m

2 Auxiliary material
This section collects auxiliary definitions and intermediate results that are useful for proving
parts (e)-(f) of Theorem 1 and Theorem 5.

Definition S.1. For any p € [—1,1], ¢(p) is the unique ¢ that solves

inf P {1 —=A—¢c<0<pz1 +200/1—p2+c} U 1w
A0 \ {|(14p)z1 + 22/ 1 = p2 = Al < V2+2p27 (1 — a/2)} ’

where z = (21, 22) ~ N (02x1,Iax2).

Remark S-1. By definition, Stoye (2020) uses ¢* = c(p). To see this, observe that z =
(21,22) ~ N(02x1,I2x2) is equivalent to Z(p) = (Z1(p), 22(p)) = (21, pz1 + 220/1 — p?) ~



N (0241, [1, p; p,1]). Therefore, c(p) can equivalently be characterized as the unique ¢ solving

inf P
A>0

( {Z1(p) = A — ¢ < 0 < 5(p) + c}U >:1_a.
{121(p) + Z2(p) — Al < VIT 20071 (1 — 0/2)}

If we set p = p and condition on p, the above expression coincides with the one in Stoye
(2020).

Lemma S.1. ¢(p) in Definition S.1 is a continuous function of p € [—1,1].

Proof. Recall Ry = [0, c]. Define the function G : [-1,1] x Ry x Ry — [0, 1] as follows:

G(pAc):]D( {21 = A—c<0< pzy +220/1 — p2+cJU )

10+ p)m +2y/T— 2 — Al < VZF 290711 - a/2)}

where G(p, A, 00) = 1 and G(p, 00, ¢) = ®(c). Define also G(p,¢) = infa>o G(p, A, c). It is

easy to see that G is continuous in all its arguments.’ By definition,

c(p) = {c:Glp,)=1-a},
where the uniqueness of the solution follows from Stoye (2020).

Suppose ¢(p) is not a continuous function of p € [—1,1], i.e., {pm }men With pn, — p €
[—1,1] and ¢(py) # c(p). By possibly taking a subsequence, we have that ¢(p.,) — ¢ # c(p)
as m — oo, where ¢ € [0, 00]. By definition of ¢(pp,),

Glpmsclpm)) = 1-a. (3.9)

Since ¢(p) is unique and & # ¢(p), we have G(p, ) # 1 — o. There are two cases: G(p,¢) >
1—a«or é(p, ¢) < 1 — a. To complete the proof, it suffices to show that both cases are

contradictory.

Case 1: G(p,é) > 1 —a. Then, 3= > 0 s.t. G(p,é) > 1 — a + . By continuity of
G, limy, 00 G(pms c(pm)) = G(p,@) > 1 — a + e. Therefore, IM s.t. for all m > M,

G(pm,c(pm)) > 1 — a+ ¢/2, which is a contradiction to (S.9).

'For any sequence (pn,cn) — (p,¢), 3An, Ao € Ry st. G(pn,cn) = G(pn, An,cn) and G(p,c) =
G(p, Ao, c). By taking subsequence if necessary we can assume that A, — A for some A. When p > —1,
the continuity of G on (—1, 1] xRy xR and definition of G imply é(p, c) < G(p, A, c) = limyeo C:'(pn7 cn) <
limp— o0 G(pn, Ao, cn) = é(p, ¢); hence C:'(p, ¢) = limn—oo C:’(pn,cn). When p = —1, the result follows by
similar arguments, using é(—l, c) = ®(c), the continuity of G on [—1, 1] x (0, 00] x R, for the upper bound,
and the fact that, uniformly over A > 0, the first event contains z1 < ¢, pz1 + 224/1 — p? > —c for the lower
bound.



Case 2: G(p,¢) < 1 —a. Then, 3¢ > 0 s.t. G(p,¢) < 1 — a — e. By continuity of G,

limy, 00 G(pm, c(pm)) = G(p,¢) < 1 — a — ¢/2. Therefore, IM s.t. for all m > M,

G(pm,c(pm)) <1—a—¢e/4, which is a contradiction to (S.9). m

Lemma S.2. For any p € [—1,1] and a € (0,1), ¢(p) in Definition S.1 satisfies c(p) >
11 - a).

Proof. Fix p € [~1,1] arbitrarily. Assume the result is false, i.e., c(p) < ®~1(1 — a). Then,
Je > 0s.t. c(p) < @7 1(1 — ) —e. Define

{z1 = A —c <0< p21 + 29¢/1 — p? + c}U

II(c) = inf P A—2F2p07 11— a)2) <
21(14p) + 220/1 = p2 < A+ /25 2p07 (1 — /2)

It is easy to see that II(c) is nondecreasing in c.

By II(c(p)) = 1 — a and ¢(p) < @~ 1(1 — a) — &, the monotonicity of II(c) implies that
(@ 1(1 —a)—¢) >1—a. Then, for any A >0,

(@11 —a)—¢)

is less than or equal to

P {21 - A—-d 11 -a)+e <0< p2y +200/1 = p2 + 0711 —a) —e}U
(A~ VITZp0 (1 —a/2) < (14 ) + VTP < At VITe- (1 a/2)} )

Now evaluate this inequality for a sequence A,,, — oo to obtain
M@ '(1—a)—e) <PO<pun+2V1I-pP+d (1-a)—c)=a (<I>_1(1 —a)—¢) ,
where we used z = pz; + zz\/m ~ N(0,1) in the last equality. Finally, we obtain
(@ '1l-a) <@ 'l-a)—¢) < (7 '1-a)—¢),

which is a contradiction. m

Lemma S.3. For any a € (0,1), c(p) in Definition S.1 satisfies c¢(1) = @711 — a/2).
Proof. By definition,

c(l) = {c:ian( B {_CSZSA—}_C} N )zl—a}.
A>0 {A)2-0711-a/2) <2< d71(1-a/2)+A/2}

7



Given any ¢ € R, consider the minimization of
G(A) = d(max{® (1 —a/2) + A/2,A +c}) — d(min{A/2 — &1 (1 — a/2), —c})

with respect to A > 0. We have two cases.

Case 1: 2071 (1—a/2)—2¢ > 0. If A > 2071 (1—a/2)—2¢, then, A+c > & 1 (1—a/2)+A/2
and —c < A/2 - ® (1 —«/2), and so G(A) = ®(A +¢) — ®(—c). Hence G is increasing in
Aon 20711 —a/2) —2¢,00). If A < 20711 —/2) —2¢, then, G(A) = &(®~ (1 —a/2) +
AJ2)—®(A/2—®1(1—a/2)). The function G is decreasing in A on [0,2®~ (1 —a/2)—2¢].
Therefore, in this case, G is minimized by setting A = 2®~1(1 — a/2) — 2c.

Case 2: 207 1(1 — a/2) —2¢ < 0. Since A > 0, we have A > 2®~1(1 — a/2) — 2c. The same
argument with the constraint A > 0 yields A = 0.

Combining all cases,

nf G(A) — { He™H(1 —0/2) 2 (@007 (1~ 0/2) — ) ~#(~0) } ($.10)
A>0 +I{>7' (1 — a/2) < c}(P(c) — P(—0))

Now, we solve for ¢ s.t. (S.10) equals 1 — o which, by definition, equals ¢(1).

We now show that ®~!(1 — a/2) > c. Suppose otherwise that ®~!(1 — a/2) < c. Then,
the right-hand side of (S.10) equals ®(c) — ®(—c). Then, the desired solution ¢ satisfies
®(c) — ®(—c) = 1 — a, which yields ®(c) = 1 — /2, and, so, ¢ = ®1(1 — /2), which
contradicts the premise that ®~1(1 — «/2) < c.

Since @~ !(1—a/2) > ¢, the right-hand side of (S.10) equals ®(20~1(1—a/2)—c)—®(—c).

Then, the desired solution c satisfies
D201 —a/2) —¢) —B(—c) = 1—a. (S.11)

Note that the left-hand side of (S.11) is strictly increasing in ¢ whenever ®~1(1 —«/2) > ¢
holds. Therefore, the unique solution is ¢ = ®~1(1 — a/2), as desired. ®

Lemma S.4. Let a € (0,0.5) and Assumption 1 hold. Let {(Pn,0n) € P X O1(PN)°}NeN

be a sequence s.t.

( 01(PN), 0u(Pn), 01(Pn), ou(Pn), p(Pr), )
VN (6u(Pn) — 6i(Px)), VN (0/(Pn) — On), VN(On — 04(Pn))
— (Hlaeuaalaauypnu'aqllalpu)- (812)



Moreover, assume that ¥; > 0. Then,
() 1f p = 00, POy € CI2) = Belp) — Wifon).
(b) If p € Ry, then p =1, oy = oy, and, if we denote 0 = 07 = oy, we get
Py(Oy € CIY) — (U +p)/o+ D11 —a/2)) — B(V; /o — D~ (1 — a/2)).
Proof. As a preliminary result, note that
U, = —lm(VNG(Py) — 6(Px) + VN@O(PY) — Ox)) = —p—W.  (S13)

We divide the proof into two parts.

Part (a): In this case, 4 = co. Then ¥; > 0 and, by (5.13), ¥,, = —oo. Hence,

Pn(Oy € CI2)
= Py(Oy € CIZ* U CIAY)

{VN (6 — 61(Pn)) /61— c(p) < —VN(B:(Py) — 0n) /6130
{ —VN(O(Px) = 05) /60 = VN(Bu(Px) = 6(PY)) /64 }
< VN(Ou = 0u(Px)) /60 + c(p)
VN(Ox = 0u(PN)) /60 — VN(Oi(Px) — On) /61 — V2 +2p2 7 (1 — /2)
U < VN — 0,(Pn)) /61 + VN (By — 0u(Py)) /60 <
VN(Ox = 0u(PN)) /60 — VN(Oi(Px) — On) /61 4+ V2 +2p2 7 (1 — /2)
’ {{z1 —clp) < —W/oi} N{-W/ou — p/ou < pz1 + 22¢/1 = p* + c(p) }}U
Y p Uy /00— W jor — VZF2p0 (1 — a/2) < (14 p)z1 + 220/ — p2
{ <V, /on— U /o1+ 2+ 20271 (1 — /2) }
(2)

= P(z1 —c(p) < =Y /o) = @(c(p) — ¥i/0y),

as desired, where (1) holds by (S.12), Lemma S.1, and OBS (Definition 1), and (2) by
w =00, ¥; >0, and (S.13), which implies that ¥,, = —c0.

Part (b): In this case, 4 € R;. Lemma 4 then implies that p = 1 and 0; = o,. Let

o = 0; = 0. By a similar derivation as in part (a),

X {{z1 —c(l) < =W/o} N{=(V1 +p)/o < 21+ c(1)}}
Py (On € CI2) Y p U (U, — U)o —2071(1 —a/2) <2z
< (¥, — V) /o +2071(1 - a/2)

—~

D P~y + 1) /o -7 (1—/2) € 21 < ~Wyfo + &1 - a/2))

9




— DU+ ) fo+ (L - /2)) — B(T /o — B (1 - a/2)),

where (1) holds by (S.12), Lemma S.1, and OBS (Definition 1), and (2) by Lemma 5.3,
w>0,¥; >0, and (S.13), which implies that ¥,, = —pu — ¥;. m
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